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To my family 


Preface 


Modern chemistry was built on quantum mechanical foundations, but the amount 
of time allowed for chemistry students to learn both fundamental principles of 
quantum mechanics and details of its applications to molecular systems is very 
limited. Therefore, instruction of quantum mechanics in typical undergraduate and 
graduate chemistry curricula has been fairly limited in its depth. Rather, the focus 
of conventional physical chemistry or quantum chemistry education has been more 
on mastering facts and data resulting from applications of quantum mechanics that 
are essential for developing key chemical intuition and reasoning ability. However, 
in this age of unlimited accessibility to huge amount of data, the role of course 
instruction as a means to deliver comprehensive information can be relieved to a 
large extent. On the other hand, the need to lay a strong conceptual foundation 
remains irreplaceable and may have become even more important considering the 
demand for reasoning skills to assess information and data critically. This is the 
main motivation for writing this book. 

As the title Quantum Mechanics for Chemistry suggests, this book intends to 
provide standard lessons on quantum mechanics as completely as possible, but also 
focuses on helping readers understand implications and applications of those lessons 
for molecular sciences. Thus, for example, standard lessons on quantum mechanical 
vibration, rotation, and hydrogen-like systems are combined with key principles and 
ideas of related spectroscopies in same chapters. 

An important feature of this book is that the Dirac notation is introduced in a 
rather abstract manner and as completely as possible from the outset. This is because 
the Dirac notation serves as the most effective language to describe most quantum 
mechanical ideas and is the major notation being used for research level publications 
in physical chemistry and quantum chemistry. 

Significant effort has also been made to provide clear quantum mechanical 
understanding of subtle and qualitative details of atomic and molecular properties, 
based on ideas and approximations that are as simple as possible. These lessons are 
then complemented by presentations of more advanced theories and computational 
methods in Appendices or later chapters of the book. 
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A unique feature of this book is that lessons that are not treated in most quantum 
chemistry textbooks such as general derivations of Fermi’s golden rule, path integral 
approaches, and open system quantum dynamics theories are included while also 
providing reasonable description of electronic structure calculation theories. This 
is because new directions of research call for more balanced and comprehensive 
understanding of the structure, the energetics, and the dynamics of molecular 
systems altogether. 

Intended readers of this book are upper level undergraduate chemistry students 
or beginning graduate students. Chapters 1—9 can be used as a text or reference for 
undergraduate level physical chemistry course. Chapters 1—11 can be used as a text 
for the first year graduate level quantum chemistry course. Chapter 12 is to provide 
preliminary lessons for those who plan to pursue theoretical and computational 
research in physical chemistry and chemical physics. This book can also be a 
useful reference for physics students and researchers who are interested in learning 
molecular quantum mechanics and quantum dynamics methods. 

This book is an outcome of notes that I have developed for 17 years while 
teaching both undergraduate and graduate level quantum chemistry classes at 
Queens College and the Graduate Center of the City University of New York 
(CUNY), but major undertaking of writing this book started during the COVID-19 
campus lockdown in 2020. Final completion of this book became possible through 
supports from the Korea Institute for Advanced Study (KIAS) for summer visit 
through its KIAS scholar program and from the Korea Advanced Institute of Science 
and Technology (KAIST), in particular the KAIX program, for my sabbatical stay 
in Fall 2022, during which I also taught a graduate level quantum chemistry course 
for students at KAIST. 

Hardly anything presented in this book is original. Most standard contents were 
developed from textbooks and references that I used to learn and teach physical 
chemistry and quantum chemistry. Key references that I should mention here are 
Quantum Chemistry by McQuarrie [1], which was used for developing Chaps. 3-9; 
Quantum Chemistry by Levine [2], which served as an amazing reference for all 
the details of theories and methods that can be taught for quantum chemistry class; 
and Quantum Mechanics in Chemistry by Schatz and Ratner [3], which helped me 
learn broad subjects of quantum mechanics used in chemistry and also motivated 
the choice of the title of this book. In addition, many ideas for lessons originated 
from well-known books on quantum mechanics [4—8], group theory [9, 10], physical 
chemistry [11-13] quantum/computational chemistry [14, 15], and some books on 
advanced topics [16-18]. 

Completion of this book would not have been possible without assistances from 
Dr. Murali Devi who read manuscripts carefully and offered numerous valuable 
comments, Dr. Pablo Ramos who provided many key figures/illustrations and 
suggestions for improving Chap. 11, and Taner Ture who also provided many 
important figures and validated many equations. I also would like to thank all 
the students at Queens College and the Graduate Center of CUNY and at KAIST 
who took my classes and provided valuable feedbacks. In particular, YoungKyun 
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Ahn, Junsoo Lee, Sowon Kim at KAIST are appreciated for providing important 
comments on earlier versions of the manuscript for this book. 

Supports from the National Science Foundation, the Department of Energy, 
and the Camille Dreyfus foundation for my research and teaching all have made 
significant contributions to the development of this book. Encouragements and 
comments from my colleagues and intellectual mentors also have played important 
roles. In particular, I would like to thank Profs. George Schatz, Jeff Cina, Jae Woo 
Park, Weita Yang, and Greg Voth, and Dr. Qin Wu for their positive feedback and 
comments. Profs. Changbong Hyeon at KIAS and Young Min Rhee at KAIST 
are also appreciated for hosting my visits and valuable comments. I also would 
like to thank Sam Harrison of Springer Nature for generous consideration and 
encouragement of this book. Most of all, my family’s support and love gave me 
lasting power to work on this book project. 


Queens, NY, USA Seogjoo Julian Jang 
January 2023 
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Physical Constants and Abbreviations 


Table | contains important physical constants as follows. 


Table 1 Physical constants in SI units from the NIST reference data 


Constant Symbol SI units 

Planck constant h 6.62607015 x 1074 J - s 
Planck constant, reduced h 1.054571817 x 10-4 J - s 
Speed of light c 2.99792458 x 108 m - s7! 
Boltzmann constant kg 1.380649 x 10-73 J. K7! 
Electron mass Me 9.1093837015 x 107°! kg 
Proton mass Mp 1.67262192369 x 10-7’ kg 
Elementary charge e 1.602176634 x 107! C 
Rydberg constant Roo 1.0973731568160 x 107 m7! 
Bohr radius ao 5.29177210903 x 107!! m 
Bohr magneton Bp 9.2740100783 x 10-74 J. T7! 
Vacuum permittivity €o 8.8541878128 x 107!? C2N7! m7! 
Hartree En 4.3597447222071 x 107!8 J 


Unit Conventions 


e Atomic units (a.u.) are in / (action), e (electric charge), ag (length), and me 
(mass). Thus, the unit energy in a.u. is Ep = h? /(meao). 

e eV is a unit of energy defined as electron charge e times volt (JC~!). Thus, 
1 eV = 1.602176634 x 10719 J. 

e Wavenumber (cm~!) is energy divided by hc = 1.98644586 x 10~7? J-cm and is 
used as a unit of energy in spectroscopy. Thus, 1 eV = 8.06554393 x 10° cm™!. 
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Physical Constants and Abbreviations 


Abbreviations 

BO Born-Oppenheimer 

B.O. Bond Order 

CI Configuration Interaction 

DFT Density Functional Theory 

FGR Fermi’s Golden Rule 

HF Hartree-Fock 

Irrep. Irreducible Representation 

LCAO-MO Linear Combination of Atomic Orbitals as Molecular Orbital 
MO Molecular Orbital 

POVM Positive Operator Valued Measure 

QME Quantum Master Equation 

SCF Self-Consistent Field 

TD-DFT Time-Dependent Density Functional Theory 


Chapter 1 A 
Concepts and Assumptions of Quantum one | 
Mechanics 


To exist is to be free from contradiction. 


— Henri Poincare 


Abstract This chapter introduces key concepts, major assumptions, and basic 
formulations of quantum mechanics. For contextual understanding, assumptions 
of classical mechanics are clarified first. Then, light quanta, material wave, and 
uncertainty principles are explained. The wavefunction and Schrödinger equation 
defined in a one dimensional space are introduced along with their major properties. 
The chapter concludes with a solution of a quantum particle in a one dimensional 
box in order to illustrate the major concepts and ideas of quantum mechanics. 


1.1 Assumptions of Classical Mechanics 


Before the development of quantum mechanics, classical mechanics was believed 
to explain the state and the dynamics of all physical objects. The assumption behind 
this belief was that it should be possible to represent any physical object as a 
collection of classical point particles, whereas fields such as electromagnetic waves 
act as agents for forces and are governed by laws that are also well understood. 


1.1.1 Classical Point Particles 


A point particle in classical mechanics is completely specified by its position 
and momentum that can be determined simultaneously and precisely. Then, such 
information can be used for solving the Newtonian equation of motion for the 
particle (or Hamilton’s equations in more general terms), so as to predict or retrodict 
its position and momentum at another time. In other words, according to classical 
mechanics, the position and momentum of a point particle, once known completely 
at a given time, can be determined fully at any past or future time. The rest of issue 
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2 1 Concepts and Assumptions of Quantum Mechanics 


in understanding the physical world then falls down to finding out the way a given 
object can be represented as a collection of point particles and determining all the 
forces (or potential energies) governing the dynamics of these particles. 

For example, consider a point particle with mass m in one dimension. The 
position and momentum of this particle at a given time ¢ are x(t) and p(t), 
respectively. Assuming that there are no other degrees of freedom interacting with 
this particle and that the force on this particle depends only on the value of position, 
they can be shown to satisfy the following coupled equations of motion: 


dx(t) = PO (1.1) 
dt m 

dp(t) | _ _dV(x) 

a F(x(t)) = Je f (1.2) 


x=x(t) 


where V (x) is the potential energy of the particle at position x. Combination of the 
above two equations of motion results in the familiar Newtonian equation of motion 
involving the acceleration, a(x(t)) = F (x(t))/m. 

Solving Eqs. (1.1) and (1.2) along with known values of position and momentum 
xo and po at a certain time ¢ = tọ, one can obtain the position and momentum at any 
other time, x(t; xo, po) and p(t; xo, po). This results in a completely deterministic 
trajectory of the particle in the abstract space of position and momentum, which 
is called phase space. Along the trajectory of the particle in phase space, the 
Newtonian equation of motion ensures that the following Hamiltonian of the particle 
remains a conserved quantity. ! 


p? 
A(x, p) = rad V(x). (1.3) 


This can be proved directly using Eqs. (1.1) and (1.2) as follows: 


4 _ [dx(t) ðH, p) _ dp(t) AH (x, p) 
TH (xt), poo) = | dt ax = dt dp i 
_ POAVEDM) dV@M) PO _ 9 (1.4) 
m dx(t) dx(t) m 


Thus, the trajectory determined by the Newtonian equation of motion is the one 
conserving the Hamiltonian, which in general can be considered as the energy of 
the particle expressed as a function of position and momentum. 

At this point, it is important to note that the point particle, the limit of an object 
with negligible spatial extent, is a mathematical idealization in classical mechanics. 


' For more general and complete account of classical mechanics, refer to advanced textbooks on 
classical mechanics, for example, by Goldstein [19]. 
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However, for the description of realistic objects with significant spatial extent, it is 
possible to devise a limiting procedure that divides the body into as small volume 
elements as possible so that each of the volume element can be treated like a point 
particle. Thus, as long as any object can be represented by a collection of finite or 
infinite number of interacting point particles with precisely determinable positions 
and momenta, it should be possible to completely understand the state and dynamics 
of the object on the basis of classical mechanics. 

The advance of chemistry and physics in late nineteenth century revealed that all 
materials consisted of interacting atoms and molecules that can serve as ultimate 
building blocks of point particles. Thus, the reality of the physical world as 
portrayed by classical mechanics appeared to be all but confirmed.” An important 
exception to such description was light, or more broadly, the electromagnetic field. 
For this, Maxwell has already compiled and refined four distinct equations, now 
known as Maxwell’s equations, which provide a complete description of an electro- 
magnetic field in space and time and the manner of its interaction with materials. 
However, the question of how electromagnetic waves interact with materials at the 
atomic and molecular level was never clearly understood. Furthermore, detailed 
properties of individual atoms and molecules and those of subatomic particles such 
as the electron and the proton had yet to be understood well. 


1.1.2 Wave: Classical View 


What is a wave? A wave is characterized by a periodic motion of amplitude, in 
general, both in time and space, which can be standing or traveling, regardless of 
whether we can see them directly or not. One of the simplest wave equation in one 
dimension is 


1a @ 
wa aad u(x,t) = 0, (1.5) 


which is a partial differential equation with f(x + vt) as a general solution. A 
well-known class of functions that can represent these solutions are sine and cosine 
functions. For example, the following sine function can easily be shown to be the 
solution of the above equation: 


Xx 
u(x,t) = Asin(k(x — vt)) = Asin (rÈ = vt) (1.6) 


2 Indeed, outcomes of many modern computational simulations have confirmed that much of 
material systems we know of can be accurately described in terms of classical mechanics for 
molecules represented as a set of interacting point particles as long as all forces are determined 
accurately. 
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€x (Direction of electric field) 
E = e,E sin(2n($ - v) 


(Direction of propagation) 


B = eB sin(2x( + - vt) 
ey (Direction of magnetic field) 


Fig. 1.1 Illustration of an electromagnetic field propagating along the z-direction with g = 0 
In the above expression, A is an amplitude, k is a wavevector, and v is the speed, or 


the magnitude of the phase velocity, of the wave, A is wavelength, and v is frequency. 
The above equation implies the following relationships between these quantities: 


pa (1.7) 
—_ x $ . 
kv 
Sy 1.8 
á 27 (13) 
v = àv. (1.9) 


The speed of the electromagnetic wave in vacuum, denoted as c, has the value 
of 2.99792458 - - - x 10!°cm/s. If we define the direction of the propagation of the 
electromagnetic wave as the z-direction, the electric and magnetic field components 
of most commonly used forms? in vacuum are (see Fig. 1.1) 


E =e, Esin (2n( —vt)+@), (1.10) 
B=e,B sin (2r — v) +9), (1.11) 
where ey and e, are directions along which the electric and magnetic field 


components oscillate, ọ is an arbitrary phase factor, and the wavelength A and 
frequency v are related to the speed of light c through the following relationship: 


c=vA. (1.12) 


3 These correspond to one particular polarization direction of traverse wave in Coulomb gauge. 
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For an electromagnetic wave, its mass and position cannot be defined like a 
classical point particle. However, a well-defined concept of the energy density for 
the wave, which is consistent with experimental results, exists. The energy of a wave 
is the energy associated with filling up the space with the wave. The exact expression 
for the energy density depends on the specific units of choice, but it can always be 
expressed as a linear combination of E? and B*. Thus, the energy of the (classical) 
electromagnetic wave increases as the square of their amplitudes. For example, in 
Gaussian units, the energy density of an electromagnetic wave is 


é=—( 2+ B?). (1.13) 
87 

This expression implies that the energy of an electromagnetic wave depends on 
the square of its amplitude and can be made as small as possible. It turns out 
that abandoning this definition of energy density has become the starting point of 
quantum mechanics. 


1.1.3 Particle Versus Wave 


The dichotomy of the physical world into those of particles and waves, thus into 
full locality and non-locality, appeared to be intact until the late nineteenth century. 
However, with the progress of experimental capability, puzzling evidence that 
could not be explained in terms of known physical laws and concepts started to 
emerge. In retrospect, this is not surprising because the assumptions and concepts 
of classical mechanics and electromagnetism relied on observations of macroscopic 
phenomena, which then became idealized through mathematical abstraction. In fact, 
there was no guarantee that the physical behavior at atomic and molecular scale 
should obey the same law as those we observe with our senses directly. 

Contrary to what was firmly believed, the key assumption of classical mechanics 
that (i) both position and momentum of any object can be determined with arbitrary 
precision had never been confirmed with sufficient accuracy for particles with very 
small mass. Another important assumption implicit in both classical mechanics and 
electromagnetism was that (ii) the magnitude of the energy of a particle or the energy 
density of an electromagnetic wave can be made arbitrarily small in a continuous 
manner, without restriction. Discoveries of subatomic particles such as the electron 
and the proton proved the existence of indivisible units in mass and charge, but it 
was still too difficult to test whether the two assumptions (i) and (ii) were valid 
for such particles in the early days of those discoveries. On the other hand, solid 
experimental findings for light and its interaction with electrons were recognized as 
not being consistent with classical theories, which made it necessary to examine the 
two assumptions (i) and (ii). It turned out that not only these assumptions but even 
the classical concept of particle versus wave needed to be altered in a fundamental 
manner, which then led to new concepts and ideas of quantum mechanics. 
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1.2 Concepts of Quantum Mechanics 


1.2.1 Blackbody Radiation 


What is light? How does light interact with matter? Pursuing answers for these 
questions has motivated the development of key concepts and principles of quantum 
mechanics. The beginning of this was Max Planck’s success in explaining the energy 
distribution of light radiated from a blackbody. 

A blackbody is a perfect absorber. The light that comes out of it is in full 
equilibrium with the body at a given temperature (see Fig. 1.2). The most puzzling 
experimental result concerning the blackbody radiation was that the measured distri- 
bution of light energy intensity in the high frequency region was drastically different 
from theoretical prediction based on Eq. (1.13). Experimentally, the light energy 
density reaches a maximum at certain frequency and decays to zero as the frequency 
increases. On the other hand, according to Eq. (1.13), such behavior is impossible to 
understand because the light wave should be packed more densely, namely with 
more modes of wave, as the frequency increases (wavelength decreases). This 
results in the energy density increasing as a quadratic function of its frequency, and 
thus leads to a hypothetical catastrophic behavior called ultraviolet divergence. On 
the other hand, the actual distribution of light energy coming from the blackbody 
has vanishing density as its frequency increases. 

In an effort to solve the mystery of the blackbody radiation, Max Planck came up 
with an idea that the energy of light emitted from a blackbody is always quantized, 
which turned out to be one of the greatest discoveries in physics. He showed that the 
experimental data on blackbody radiation can be explained by a single assumption 
that the energy of light is an integer multiple of its frequency times a universal 
constant as follows: 


Flight = ”hv, n=1,2,..., (1.14) 


Fig. 1.2 Illustration of a 
blackbody. Light gets 
absorbed into the body and 
remitted numerous times 
before they make way out 
through the small hole 


1.2 Concepts of Quantum Mechanics 7 


where h = 6.626--- x 10734 J - s and v is the frequency of light. The fundamental 
constant h is now known as the Planck constant and can be considered as the unit of 
the action’ of light. 

Equation (1.14) represented a drastic departure from known concepts and 
principles that were believed to provide a complete description of light. It was 
firmly believe that the energy of light, as an electromagnetic wave fully describable 
by Maxwell’s equations, can have arbitrary magnitude according to Eq. (1.13). 
However, this very assumption was simply an outcome of human perception of 
waves observable at macroscopic scale. In fact, the energy of light turned out to 
be a quantity that can be defined in a new way without affecting the validity of 
Maxwell’s equations. 

The acceptance of Eq. (1.14) even by Planck himself was a reluctant one. Ini- 
tially, this was proposed as a remedy specific for fixing the “ultraviolet divergence” 
of the blackbody radiation. It was indeed possible to explain the blackbody radiation 
very accurately on the basis of Eq. (1.14), after accounting for some effects of 
statistical and geometric factors. As yet, Planck himself at the time of this discovery 
was not sure whether Eq. (1.14) was due to the specific nature of interaction between 
heated oscillators within the blackbody and the light trapped inside or whether it 
indeed represents an intrinsic property of light. 


1.2.2 Photoelectric Effect and Photon 


The simplest interpretation of Eq. (1.14) is that light is a collection of independent 
particles, each with energy hv. Albert Einstein used this concept of “packets of 
light” energy, which were named as photons later, and successfully explained a 
photoelectric effect that was difficult to understand with classical theories. 

When light hits a metal surface, some electrons can be ejected from the surface. 
If one assumes that such phenomenon occurs as a result of the activation of electrons 
in metal surface by the driving of classical electromagnetic field, the ejection 
of the electron should depended entirely on the intensity of light. However, the 
experimental observation was that only the number of ejected electrons depended 
on the intensity of light. Careful analyses of experimental results established that 
(1) whether electrons are ejected or not and (2) the magnitude of the kinetic energy 
of the ejected electron depended only on the frequency of light, not the intensity of 
light. These can be summarized by the following relationship: 


4 Action is a rather abstract physical quantity originally introduced in a reformulation of Newtonian 
Mechanics and is defined as the product of momentum and position or that of energy and time. In 
other words, it is a cumulation of the energy of a certain physical “action” over certain duration of 
time. 
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1 
hv= zev? +, (1.15) 


where v is the frequency of the incident light, me is the mass of electron, v is the 
speed of ejected electron, and ® is the work function of the metal. 

Both the blackbody radiation and the photoelectric effect can be explained in 
the simplest possible manner by assuming that light indeed consists of independent 
photons, each with energy hv. Then, what is the implication of this interpretation 
with regard to all other existing experimental evidences supporting the wave-nature 
of light? Since the two views of light as wave and particle are based on well- 
established experimental evidences, one compromising solution is that light can 
be viewed as either particle or wave depending on experimental condition and 
measurement type. But is this logically possible? It turns out that the answer for 
this can be yes as long as each photon retains the full characteristics of wave. 

Once the notion of photon as a light particle is accepted,’ the natural question 
that arises is what is its physical properties. First, the energy of a single photon is 
simply given by 


Eph = hv. (1.16) 


Since light has zero rest mass and travels with a constant speed c in vacuum, 
the same property should be shared by each photon. According to the theory of 
relativity, the momentum of light with energy E is given by E/c. Therefore, it is 
easy to find that the momentum of a photon is given by 


pa (1.17) 
Poem Ee a 
where A is the wavelength of the photon. Thus, there is an inverse relationship 
between the momentum and the wavelength of a photon. 


1.2.3 de Broglie’s Postulate of Material Wave 


Considering that light can be viewed as either wave or particle depending on the 
physical situation, it is natural to ask whether the same is true for objects that have 
been established as particles. If that is the case, what would be the characteristics 
of such a wave? Equation (1.17) shows that there is clear relationship between 
momentum and wavelength for the case of a photon. Can this relationship also 


5 However, the meaning of photon and the necessity to define it had been debated even after full 
development of quantum theory because most interaction with light could be explained in terms of 
assumption of classical wave before the advance of laser and modern quantum optics experiments 


[20]. 
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be used for any particle? Indeed, de Broglie suggested that it can be used for 
any material, and supposed the existence of material wave with the following 
wavelength: 


h 
AdB = —, (1.18) 
p 


where p is the magnitude of the momentum of the particle. 

de Broglie’s suggestion of Eq. (1.18) was extraordinary in the sense that it 
was made without any experimental backing at all. Soon it became a reality 
through confirmation by the Davisson-Germer’s experiment [21], according to 
which a beam of electrons passing through a nickel foil showed diffraction pattern 
corresponding to a wave with the de Broglie wavelength of an electron. Even with 
such confirmation, the full physical meaning of de Broglie’s material wave remained 
unclear, except that it linked particle with some kind of wave properties. Genuine 
understanding of this required development of a comprehensive theory. 

As will be detailed later in this book, de Broglie’s material wave also serves as 
a good justification for Bohr’s quantization rule for explaining energy levels of an 
electron in a hydrogen atom. It can also serve as an essential component for proving 
and demonstrating Heisenberg’s uncertainty principle. Most importantly, it can be 
viewed as the precursor of Schrédinger’s theory of wave mechanics, now known as 
quantum mechanics. 


1.2.4 Heisenberg’s Uncertainty Principle 


Upon further reflection on the nature of physical observables from a deeper 
philosophical viewpoint, namely, from the view that any given physical observable 
has its true meaning only to the extent of “definite experiment” by which it can 
be determined, Heisenberg reached a conclusion that there has to be an intrinsic 
limit in the accuracy of the position and the momentum that can be determined 
simultaneously. His initial estimate was that the lower limit for the simultaneous 
indeterminacy or uncertainty is Ax Ap ~ h, where Ax and Ap are uncertainties of 
the values of the position and momentum. This relationship is also consistent with 
de Broglie’s theory given that Ax ~ Agg and Ap ~ p. 

Heisenberg recognized that the uncertainty is a fundamental limit that cannot 
be overcome by any improvement of experimental precision. He viewed this as 
the only way for the principle of causality, a fundamental cornerstone in any 
scientific reasoning, not to be violated while accepting wave-like nature of particle. 
Heisenberg also came up with a similar relationship between the energy and time, 
namely, that the minimum of the product of uncertainties of the energy and time is 
about AE At ~ h. However, the physical origin and interpretation of this is different 
from that between position and momentum. Following a suggestion by Niels Bohr, 
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who strongly believed this as reflecting the dual nature of particle-like and wave-like 
properties that quantum objects have, Heisenberg termed these relationships as the 
uncertainty principle. 

An exact statement of the uncertainty principle, which was clarified later through 
a well-defined mathematical analysis, corresponds to the following inequality: 


h 
Ax Ap = 7 (1.19) 


where A = h/(27) = 1.0551 --- x 107°4Js. In the above expression, Ax and Ap 
are defined as standard deviations from average values of position and momentum 
being measured at the same time. In fact, this relationship is not confined to only 
between position and momentum. Similar relationships can be found for any pair of 
observables that cannot be determined simultaneously. 


1.2.5 Wave-Particle Duality 


Niels Bohr’s contribution to quantum mechanics goes far beyond the model of a 
hydrogen atom. He laid out a fundamental conceptual basis for quantum mechanics 
along with Max Born by developing a key concept of the duality of particle and 
wave nature. He viewed that the concepts of particle and wave, taken separately, are 
not sufficient for describing physical phenomena in the quantum limit, but that they 
rather have to be combined together for a full description because they in fact play 
complementary roles. 

The concept of wave-particle duality is easy to misunderstand or misinterpret. 
Even what Bohr meant by this remains not fully understood because he never agreed 
with others’ interpretation of his view on this concept [22]. It is however easy to say 
what it is not. The concept of duality certainly does not imply that a small object 
such as electron suddenly becomes particle or wave depending on physical situation 
and the type of measurement. This would break the principle of causality, which 
ensures that there is objective reality that proceeds by a well-defined cause and effect 
relationship, a principle that serves as one of the two most important cornerstones 
of physics along with that of energy conservation. 

In order for the concept of wave-particle duality to be consistent with the 
principle of causality, both properties of particle and wave should remain as intrinsic 
possibilities that can show up when an appropriate projection (measurement) is 
made while being governed by an objective causal relationship. It is important to 
recognize that the concepts of particle and wave are born out of human perception 
of the physical world, and are not guaranteed to be the best means to describe 


6 We will go through more details of this when we study hydrogen-like systems. 
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the quantum phenomena. Understanding what the duality really means remains an 
important philosophical question that goes beyond the scope of this book. 

At the minimum, the duality means that we should abandon the simple concept 
of particle and wave that can be visualized easily as in classical theories. Rather, it is 
much more convenient to assume that there is a certain quantum state with unknown 
characteristics to be specified, which appear to have particle-like properties or 
wave-like properties depending on the types of physical measurement being made. 
Heisenberg assumed that such a quantum state can be represented by a complex 
valued vector in an abstract space. On the other hand, Schrödinger introduced a 
wavefunction, which turned out to embody the dual nature of particle and wave in 
the most precise way. This will be described in more detail in the following section. 


1.3 Schrödinger Equation (in One Dimension) 
and Probability Amplitude 


Shortly after Heisenberg developed the theory of quantum mechanics in terms 
of matrix equations, Schrödinger completed an alternative mathematical theory 
by introducing the concept of wavefunction, which represents a general quantum 
mechanical state, and identifying a powerful partial differential equation that allows 
its full specification. 


1.3.1 Wavefunction and Time Dependent Schrödinger 
Equation 


Given a wavefunction w(x, f), a complex valued function of position and time, 
representing a quantum mechanical state of an object or system, the time dependent 
Schrödinger equation that determines its time evolution in one dimension is given 
by 


2 92 


ih W(x, 1) =- iava, (1.20) 
where m is the mass of the object that the wavefunction represents and V(x) is 
the potential energy it is subject to. This potential energy is assumed to be time 
independent in the above expression but can be extended to time dependent cases. 
The peculiar nature of y(x, t) is that it is in general a complex valued function. 
An example is eie! = cos(kx — wt) + i sin(kx — wt). The physical meaning 
of the wavefunction has been under intense debate during the formative period of 
quantum mechanics. The standard interpretation that is now well-established is that 
w(x, tf) gives the probability to find a quantum mechanical particle as prescribed 


below. 
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Implication and Properties of Wavefunction 


For a system represented by a wavefunction with its value y(x, t) at x and at 
time f, the probability to find the system is as follows: 


lw (x,t) [dx : Probability to find the system between x and x + dx at time t 


It is important to note that the above interpretation is consistent with the 
concept of the wave-particle duality and the principle of causality. The former 
is ensured by the probabilistic nature of the wavefunction and the latter is 
guaranteed by the fact that the time dependent Schrödinger equation governs 
its time evolution deterministically. 

There are two important properties a wavefunction should satisfy. 


e A wavefunction for a bounded system is normalized’ as 


/ I(x, t)? dx = 1, (1.21) 
R 


where R is the region where the wavefunction is defined. The normaliza- 
tion condition exists because the total probability has to be equal to one. 

e A wavefunction should be continuous in space. This is because the 
probability density has to be defined uniquely at any point in space. It is 
important to note that the wavefunction becomes zero in the region where 
the potential becomes infinite. 


7Bounded system means that the potential energy renders the particle to be localized at a 
region of finite volume. For unbounded systems, a different convention for normalization is 
used. 


1.3.2 Measurement as Mathematical Operation 
on Wavefunction 


An important assumption in Schrédinger’s formulation is that measuring a physical 
property of a quantum mechanical state can be represented by a “mathematical” 
operation on the wavefunction. For example, the operation corresponding to a 
position measurement is represented by the following simple multiplication: 


îy, t) = xy (x,t). (1.22) 


In the same way, measuring any function of position A(x) simply amounts to 
multiplication with this function. In other words, the operation of A (£) is defined as 
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A(X) w(x, t) = A(x) WG, t). (1.23) 
Note that xy (x, t) and A(x) w(x, t) are not constant multiples of w(x, t) in general. 
Thus, measurement of this position dependent physical observable changes the 
quantum state in general. The exception for this is when the wavefunction is fully 
localized at one specific point, for which a special definition of function is needed 
as will become clear later in this chapter. 


On the other hand, the measurement of momentum turns out to be a differentia- 
tion given by 


x ħ ð 
PY, t) = -— WG, t). (1.24) 
i ox 


For the case where y(x, t) ~ e!**—/@!, which represents a complex valued wave 
with definite wavelength à = 27/k, the above definition results in the following 
value for the momentum: 


Thus, Eq. (1.24) is consistent with de Broglie’s postulate of a material wave. 
Classically, the kinetic energy is given by p?/(2m). This definition can be used 
to define quantum mechanical kinetic energy operator as 


Re ee (1.26) 


The combination of Eq. (1.23), with V(x) for A(x), and Eq. (1.26) leads to 
a compact expression for the time dependent Schrödinger equation (1.20) as 
summarized below. 


Time-Dependent Schrédinger Equation and Hamiltonian 

ae a 

a — Oe), (1.27) 
where Å is the Hamiltonian operator defined as 


oS DET (ee ey ay (1.28) 
m m ox 


(continued) 
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The implication of this is that the Hamiltonian operator generates the time 
evolution of the wavefunction. Thus, information on the Hamiltonian and the 
wavefunction at a given time t = to allows determination of the quantum state 
at any time. 


1.3.3 Stationary States and Time Independent Schrödinger 
Equation 


Let us define a stationary quantum mechanical state yy; (x, t) as the one satisfying 
the following relationship: 


in s(x.) = Ews(x, t). (1.29) 


Let us also assume that the dependences of the wavefunction on position and time 
can be decoupled from each other as follows: Ws (x,t) = W(x) f(t). Inserting this 
relation into the above equation, we obtain 


d 
nO yx) = Ef(t)w). (1.30) 


For nonzero w(x), the above relation implies that 


df (t) 
dt 


_ iE cag 
=- O (1.31) 


the solution of which is f(t) = f (0)e iE". Let us now assume that the time 
independent part of the wavefunction is equal to the full time dependent wave 
function at t = 0. That is, W(x) = Ws (x, 0). Then, f(0) = 1 and 


fH=e (1.32) 


Inserting ws (x, t) = f (t)ẹY (x), with the above expression for f(t), into Eq. (1.29), 
we obtain 


A(x) = Ey (x). (1.33) 


Thus, for a special kind of wavefunction w(x) that satisfies the above equation, 
the corresponding time dependent wavefunction that satisfies Schrddinger’s time 
dependent equation, Eq. (1.27), is obtained by simply multiplying it with e~/£"/". 
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Time Independent Schrödinger Equation and Eigenvalue of Hamiltonian 


Equation (1.33) is known as time independent Schrödinger equation and 
can be used for complete specification of all the stationary states and 
corresponding energies for a given Hamiltonian. Not all wavefunctions and 
energy E satisfy this equation. In fact, this is an eigenvalue problem, for 
which both E and w(x) should be determined. Let us denote the wavefunction 
satisfying Eq. (1.33) for a specific value of E as yr, (x). Namely, 


Ay, (x) = Ev, (x). (1.34) 


Mathematically, w,, (x) is called an eigenfunction of the Hamiltonian operator 
with eigenvalue Æ. Physically, what this means is that, if the energy is 
measured for a system represented by y, (x), the state is not disturbed and the 
result of the energy measurement is the value of E. For a given Hamiltonian, 
there is a well-defined set of finite or infinite eigenfunctions and eigenvalues, 
the determination of which amounts to fully solving the time independent 
Schrödinger equation. 


1.3.4 Eigenfunction and Eigenvalue 


Eigenfunction and eigenvalue are general mathematical terms that are not necessar- 
ily limited to quantum mechanics. For any mathematical operator O satisfying the 
following condition: 


OW (x) = Ava), (1.35) 


one can call yy (x) as an eigenfunction of O with eigenvalue à. Solving this 
eigenvalue problem is often the major step for finding a general solution involving 
the operator Ô. 

Even within quantum mechanics, eigenfunction and eigenvalue are not limited to 
the Hamiltonian operator but can also be defined for other physical observables. For 
example, consider $x (x) = e!kx where k is a real number. Then, 


Pok) = oe = hke'™ = nkdy(x). (1.36) 
l Xx 


The above relation shows that ; (x) is an eigenfunction of the momentum operator 
with eigenvalue Ak. In other words, g(x) represents a quantum mechanical state 
with a definite momentum /fik. 
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For a quantum particle moving freely in space without any potential energy, the 
Hamiltonian operator is 


2. 2 2 
x P ħ o 
Ar = — = —-— —. 1.37 
fp am 2m ə3x2 ( 3 ) 
Then, 
2 2 272 
A ol o, hek- . 
Bip) =n ge a (1.38) 


This shows that x(x) is also an eigenfunction of H fp With eigenvalue A2k /(2m). 
On the other hand, if there is nonzero potential V(x), (x) no longer becomes 
the eigenfunction of the Hamiltonian as shown below. 


24,2 


A hek 
A(x) = (= + va) k(x) F Apk (x), for any a (1.39) 


2m 


As the above equation indicates, (x) is not an eigenfunction of Ê for nonzero 
potential because V (x)@, (x) cannot be a constant multiple of g(x). 


1.3.5 Linear and Hermitian Operator 


For any physically measurable quantity, there should be a well-defined operator for 
which eigenvalues and eigenfunctions can be identified. However, it is important to 
note that not all kinds of mathematical operators can be used to represent a physical 
observable. 

First, it is assumed that any operator corresponding to physical observable is 
linear. The definition of a linear operator is as follows. 


Definition of Linear Operator 


An operator acting on a set of complex functions, F, is called linear, if for any 
functions f(x) and f2 (x) belonging to F and complex coefficients cı and c2, 
the following identity always holds: 


Ô (ci fis) + 2 fo(x)) = c1 Ô fix) + 20 falx). (1.40) 


The above definition implicitly assumes that any linear combination (with 
complex coefficients) of functions belonging to F still remains in F. It is easy 
to show that the position, momentum, and Hamiltonian operators are all linear 
operators. 
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Second, the eigenvalues of operators corresponding to physical observables have 
to be real-valued because no physical measurement can produce complex numbers. 
A class of operators called Hermitian operators guarantee this property. Therefore, 
all operators corresponding to physical observables are assumed to be Hermitian. 
The definition of a Hermitian operator is as follow. 


Definition of Hermitian Operator 


An operator A that acts on a complex valued function of one dimensional 
variable x is called Hermitian if it satisfies the following identity for any 
complex valued functions (x) and w(x): 


i dx $*(x)AW(x) = ( Í dx wodeon) (1.41) 


where R represents the domain of x where the functions are defined (including 
its boundary condition) and (---)* denote complex conjugate. It is assumed 
that the operator A acts on the function on its righthand side. The above 
definition can be extended to functions of multi-variables by simply extending 
the integration to corresponding multi-dimensional integration. 


’More generally, it is possible to define an operator acting on the function on the lefthand 
side, for which the definition of a Hermitian operator remains the same. 


It is easy to show that the position operator and any function of position operator 
are Hermitian. The proof that momentum operator is a Hermitian operator can also 
be proved employing integration by parts given that the boundary terms do not 
contribute. The fact that the eigenvalue of a Hermitian operator is a real number 
can be shown easily as follows. 


Theorem 1.1 Jf) (x) is an eigenfunction of a Hermitian operator A, its eigenvalue 
à is always a real number. 


Proof By employing w(x) = d(x) = ġa (x) on the lefthand side of Eq. (1.41) and 
using the fact that Ad, (x) = Ad, (x), we obtain 


Í dx $3(x)Adx(x) = f AO AET [ diwo (1.42) 


On the other hand, using the same definitions and identity on the righthand side of 
Eq. (1.41), we also obtain 


(f dx gå) = (> fas gon) =a f as lp), 
(1.43) 
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where the fact that f pax px (x), (x) is a real number has been used. Since the fact 


that A is Hermitian implies that Eqs. (1.42) and (1.43) are the same and because 
Sr dx O (x) (x) is nonzero, we find that A = à*. Thus, À is a real number. o 


1.3.6 Results of Measurement and Expectation Value 


When a quantum system is in an eigenstate of a physical observable Â, the result 
of the measurement is always the corresponding eigenvalue. What if the state is not 
any of the eigenstates? Then, the result of the measurement is not certain. However, 
even in this case, a possible value of individual measurement result is always one of 
the known eigenvalues of Â. 

To be more specific, let us assume that the state of the system at a certain time 
is y(x) and the eigenstates of A are oj (x)’s with eigenvalues A;’s, where j is an 
index labeling the eigenstates. Then, the statement given above can be represented 
by the following probability for the result of the measurement made for the state 
w(x) to be the eigenvalue Aj: 

2 
f (1.44) 


pi) = | Í dx b* (x) W(x) 


In case yr (x) is $; (x), this probability is equal to one because @; (x) is normalized. 
Thus, the measurement result is always Aj. In case w(x) is (x) for different 
Ax Æ Aj, it is logically clear that this probability should be zero. This is possible 
only if 


f dx D5 apk) = 0, for Aj # Ag. (1.45) 
R 
This can be proved using the fact that A is Hermitian as follows. 


Theorem 1.2 Two eigenfunctions of a Hermitian operator with different eigenval- 
ues are always orthogonal to each other. 


Proof Equation (1.41) for the case of 6; (x) and g(x) becomes 
z * 
/ dx p7 (x) Age (x) = (J dx HAG) f (1.46) 
R R 
Since Adx (x) = Agog (x) and Ag; (x) = Ajo; (x), the above relation implies that 


At Í dx B (x)be(x) = (4, [ dx ot) (1.47) 


1.3 Schrödinger Equation (in One Dimension) and Probability Amplitude 19 


Since A; is a real number and (6{(x)@j(x))* = ok (x); (x), the above identity 
implies that l 


(Ax — Aj) Í dx bj x)pk x) = 0. (1.48) 


Since Ag — Aj 4 0, the above identity is equivalent to Eq. (1.45). o 


Let us consider more general case where the wavefunction is given by a linear 
combination of different ¢,(x)’s for which all the eigenvalues Ax’s are different as 
follows: 


W(x) = J Cko), (1.49) 
k 


where C;’s are complex coefficients that can be arbitrary except for the constraint 
that $`; |Cx > = 1. The reason for this constraint will soon become clear. 
Employing Eq. (1.44), we find that 


2 2 


pi) = =|C;/, (1.50) 


Dex f dagoa) 
k R 


X Crud jx 
k 


where Theorem 1.2 has been used and 6, is the Kronecker-delta symbol.’ This 
means that the absolute square of each coefficient in Eq. (1.49) corresponds to the 
probability. Therefore, >>, |Ck|? = 1 because the sum of all probabilities have to 
become one. 

For the case where some of the eigenvalues A ;’s are the same, the orthogonality 
given by Theorem 1.2 is not always satisfied. However, even in this case, it is 
always possible to identify orthogonal ¢,(x)’s with respect to which a unique 
linear combination given by Eq. (1.49) can be identified for any wavefunction y (x). 
Then, each |C,|? can be interpreted as the probability for the state to exist in the 
state represented by g(x). Thus, for such a general state, although the results of 
measurement are not always certain, one can expect that the average over many 
repeated measurements, so called expectation value can always be calculated as 
described below. 


Expectation Value 


For a general normalized quantum state given by Eq. (1.49) the expectation 
value for the measurement of an operator A is given by 


(âj =Y p=» 
k 


k 


2 
Ar. (1.51) 


[a bj (x) (x) 


(continued) 


° The Kronecker-delta symbol 6 jk = 1 for j = k and is zero otherwise. 
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Alternatively, the expectation value can be expressed as 


(A) =e w*(x)AW (x). (1.52) 


The equivalence of Eqs. (1.51) and (1.52) can be proved by using Eq. (1.49) 
and employing the orthogonality Theorem 1.2. 


1.4 Quantum Particle in a One-Dimensional Box 


Let us consider a particle with mass m contained in a one-dimensional box of length 
l. That is, the potential V(x) = 0 for 0 < x < l, and V(x) = œ for x < Oor 
x > l. Figure 1.3 illustrates the system and an example of a classical trajectory that 
bounces back and forth between two infinite walls at constant speed. The quantum 
mechanical behavior of this particle is drastically different, as will be shown in this 
section. The Hamiltonian operator within the box and the wavefunction outside the 
box are given by 


A p? 
H = — for0 <x <l, 
2m 


wWi(x,t) =Oforx <Oorx >1. 


Fig. 1.3 One dimensional 
box, where the potential 
energy is zero forO < x < L 
and infinite outside of this 
region. The ordinate 
represents energy. The blue 
circle represents a classical 
particle, and the arrows 
represent the direction of 
their movement at different 
positions within the box 
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1.4.1 Time Independent Schrödinger Equation 


Let us denote the eigenfunction with energy E as g(x). Then, for 0 < x < l, 


z h? 9? 
Hyr) = -5 VEO) = Eye), (1.53) 


with the following boundary conditions: Wg(0) = we) = 0. A general solution 
for Eq. (1.53) is given by 


We(x) = Cii + Ce. (1.54) 
By plugging this into Eq. (1.53), one can show that 


re 
E = —. (1.55) 
2m 
However, this does not complete the solution yet because the boundary conditions 
need to be satisfied as well. Imposing the boundary conditions limits the possible 
values of k (therefore E). In other words, the wavefunction should become zero 
when x = 0 and x = l. Thus, 


Wwe(0) =Ci+C2=0, (1.56) 
from which we get Cı = —C2. Inserting this into Eq. (1.54) and imposing that 
w(l) = 0, we get 

wed) = Ci (ei! — e™) = 2iC, sin(kl) = 0. (1.57) 


This condition is satisfied for nonzero C; only if k = nz/l withn = 1,2,.... 
Inserting this into Eq. (1.55), we find that the energy is quantized as follows: 


E, = n= ly Dees (1.58) 


Up to now, the constant Cı has not been determined yet. Let us introduce a new 
constant C = 2iC, and label each eigenfunction with the integer quantum number 
n. Then, 


Un(x) = C sin (=) (1.59) 
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The normalization condition can be used to determine the constant C as follows: 
: 2. 2 i 2 NIT X 
1= | dxl¥%n@l = |C] dx sin (=) 
0 0 l 
C 2 l 2 C 2] 
= HE f dx | 1 — cos diki = Ic] i (1.60) 
2 Jo l 2 


Assuming that C is real and positive,!° the above equation shows that C = ./2/1. 
Therefore, the nth eigenfunction is given by 


pra) = [2 sin (“). (1.61) 


One can directly confirm that Ya (x) given above satisfies the time independent 
Schrödinger equation, Eq. (1.53), for the energy given by Eq. (1.58). 

It is clear that Yn (x) given by Eq. (1.61) is not an eigenfunction of the position 
or momentum operator. On the other hand, it is an eigenfunction of p* with an 
eigenvalue h?27n?/1?. This is because the wavefunction is a combination of equal 
weight of those with positive and negative values of the same magnitude of the 
momentum, fzn/!. This value of momentum indeed satisfies the de Broglie’s 
relationship given that the wavelength A, = 2l/n of y,(x) is used. Thus, the de 
Broglie wave is nothing but the Schrédinger’s wavefunction. 

The expectation value of position for Ww, (x) can be calculated as 


2 | >. /NTX . /NTX 
— dx sin (ZZZ) xsin (=) 
L Jo l l 


2 [ 1 — cos(2nrx/1) l 
= — dx x= ý 
l Jo 2 2 


Thus, the average position is the center of the box and is independent of the quantum 
number n. On the other hand, the expectation value of momentum is always zero as 
follows: 


(x) 


eer cos (275) =0, (1.62) 


10 C in fact can be a complex value with unit norm, which does not affect the outcome of any 
physical observable. Thus, this assumption is more of convenience rather than necessity. 
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In order to check the uncertainty relationship, let us also calculate the expectation 
values of £? and p*. First, the expectation value of £? is given by 


2 l 
a dx sin (275) x” sin (=) 
lL Jo l l 
2 f! 1 — cos(2nr x/l 
z Í 7 (=n) 2 
l Jo 2 
P 1 l Qnm x 
= + x cos 
3 ni Qn l 
P P 


= — — ——. 1.63 
3 ě 2mn?n? (Po?) 


(3&7) 


l 


0 


On the other hand, since yn (x) is an eigenfunction of p7, the expectation value is 
equal to the eigenvalue as follows: 


hen? 22 


(p°) = 2mEp A 


(1.64) 


Therefore, the uncertainties of position and momentum are as follows: 


2 2 1/2 IRES) 1/2 
Anta aT 2 
12. 2n2x?2 2nx 3 i 


(1.65) 


f 1/2 h 
Ap = (16°) - (87°) Re (1.66) 


The product of the above two uncertainties satisfies Heisenberg’s uncertainty 
principle as follows: 


hinen? 1/2 ħ [x2 1/2 
AxAp = = —2 >-|— -2 > 
2 3 2\ 3 


1.4.2 Time Dependent States 


(1.67) 


N| ot 


For each eigenfunction, one can define the following time dependent stationary 
wavefunction. 


AN 2. ANNIN _; 
Yn (X, t) = Vn (xe E — [2 sin (Fe iEnt/h (1.68) 
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where En is given by Eq. (1.58). This satisfies the time dependent Schrödinger 
equation as shown below. 


in nxt = Entn(x,t) = Â yr, t). (1.69) 


Now let us consider the following linear combination: 


Wx, t) = > Cavnle.) = > Cua >in (=) ei Ent /h (1.70) 
n=1 


n=1 


Then, one can show that 


a = a 
in Wat) =) Crit Wale, 1) 


n=1 


=Y Cn EnVn(s, S CoA dn(x, = AY(x, 0), (1.71) 


n=1 n=1 


where the last equality holds because H isa linear operator. 

Equation (1.71) proves that any linear combination of the eigenstates with 
appropriate time dependent factor e~!""/" satisfies the time dependent Schrödinger 
equation. Although we have specifically assumed that Wy (x) is the solution of the 
time independent Schrédinger equation for a quantum particle in a box, Eq. (1.71) 
is generally true for any Hamiltonian. 


1.4.3 Completeness 


The eigenfunctions of the Hamiltonian form a complete orthonormal basis set for all 
quadratically integrable functions defined for 0 < x < l. The meaning of this will 
be explained in more detail below. First, orthonormality!! can be shown explicitly 


as 
[roont (EEEa 


S] (==) (a) 
== cos cos 
T Jo i i 


ônm, (1.72) 


11 This means being orthogonal and normalized. 
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where nm is the Kronecker-delta symbol introduced in Eq. (1.50). The set of 
eigenfunctions form a complete basis in the sense that any well-behaved function 
can be expressed as 


fŒ = Y CAO, (1.73) 


m=1 


where C, is uniquely determined by the following relation: 


l oo l lee) 
[ WES dx= Y Cn [ WE (x) Um (x)dx = Y Cmônm = Cn. (1.74 


m=1 m=1 


Inserting the above relation into Eq. (1.73), 


oo I 1 œ 
FO) = Yo mA f EDA = S D vin wri Fd" 
m=1 m=1 


(1.75) 


Because the above relation holds for any function f(x), we come up with the 
following identity: 


XO vin (eR aN = 8(x — x’), (1.76) 


m=1 


where 6(x — x’) is called Dirac-delta function, a singular “function” that is in fact 
something called a “distribution” mathematically. More detailed description of this 
is provided in Appendix. 

Equation (1.76) is an example of the completeness relationship. Although this 
was demonstrated here for the particular example of the particle in a box, it is in 
fact possible to identify a set of eigenfunctions satisfying such an identity for any 
Hamiltonian. Such eigenfunctions form a complete basis set. 


1.5 Summary and Questions 


The theory of quantum mechanics is based on two principles well established 
through classical mechanics. These are fundamental principles that (i) the energy of 
a closed isolated system remains conserved (the principle of energy conservation), 
and that (ii) any physical processes are manifestations of clear relationships between 
certain causes and effects that are both well defined and quantifiable (the principle 
of causality). 
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However, the theory of quantum mechanics is a complete departure from that of 
classical mechanics in that simultaneous determination of position and momentum 
of any physical object cannot be made with arbitrary precision. Rather, the precision 
of one or the other has to be given up according to the uncertainty principle, as 
shown by Eq. (1.19) for the case of one dimensional position and momentum. 

Within the formalism of quantum mechanics, the classical notion that position 
and momentum can be determine completely and simultaneously is an approxima- 
tion that appears to be valid only when the action, another well-established concept 
in classical mechanics implying “the outcome of applying force for certain time,” is 
much larger than fi, the reduced Planck constant. This posed serious problem both 
conceptually and practically because it meant that classical Newton’s equation or 
classical Hamiltonian dynamics (a more general form of classical dynamics) can no 
longer be used as rules to describe the dynamics or to understand the relationship of 
causality. 

The notion of the “dual nature of wave and particle,’ as first expressed by 
de Broglie for simple cases, Eq. (1.18), and articulated by Bohr, provided new 
conceptual basis for understanding the uncertainty principle and motivated further 
experimental discoveries. Then, the formulations by Schrödinger and Heisenberg 
made it possible to describe states and dynamics of quantum particles while not 
violating the two fundamental principles of energy conservation and causality, as 
stated by (i) and (ii) above. 

The success of Schrödinger equation, Eq. (1.27), and its time independent version 
for stationary states, Eq. (1.34), led to the establishment of the theory of quantum 
mechanics as an ultimate theory for all atomic and molecular properties and 
phenomena. Although there have been and are still fundamental debates about the 
physical meaning of the Schrödinger equation, the fact that actual states of a system 
and physically measured quantities have to be considered separately is now well 
established. 

While the Schrödinger equation appears to provide a full description of a 
quantum mechanical state, what is being described by the equation, namely a 
wavefunction, cannot in fact be measured experimentally. Rather, a wavefunction 
can provide only the probability of certain outcomes of the measurements in 
general. The exception to this is when the state is in an eigenstate of the operator 
corresponding to measurement, which often involves the measurement process itself 
as ways to prepare such states. In this case, the outcome of the measurement is 
certain and it is assumed that the complete information on the state of the system 
can be deduced once we are able to determine the eigenstates of all other compatible 
physical observables. 

Another difficulty of quantum mechanics as a theory lies in the fact that the 
solution of the Schrédinger equation is difficult to get exactly except for very 
simple model systems. As yet, detailed study of such few examples, for which exact 
solutions are available, helps understand clearly major concepts and phenomena 
that are unique for quantum mechanics. These include superposition states as 
linear combinations of other states and important rules concerning definitions and 
interpretations of measurements. A short overview of the problem of quantum 
particle in a one dimensional box, described in Sect. 1.4, serves as a good example. 
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Questions 


e Can blackbody radiation and the photoelectric effect be explained only if 
the energy of light is proportional to its frequency? 

e Is it possible for both the position of a quantum particle and momentum 
along the same direction to be determined with arbitrary precision? 

e What happens to the de Broglie wave if a particle completely stops? 

e Given that the dynamics of a closed classical system is energy conserving, 
is the dynamics of the corresponding closed quantum system also energy 
conserving? 

e For any quantum system, does full information on its wavefunction allow 
calculation of the outcome of any physical observable? 

e Is it possible for the eigenvalue of a Hermitian operator to become a 
complex number? 

e What happens if a quantum mechanical operator is not linear? 

e What is the relationship between time dependent and time independent 
Schrödinger equations? 


Appendix: Dirac-Delta Function 


Dirac-delta function [23] is defined by the following two properties: 
(x — x^) =O forx Æ x’, (1.77) 


T dxf (x)d(x — x') = f(x", (1.78) 


where f(x) is an arbitrary continuous and integrable function. In fact, the Dirac- 
delta function is not a genuine function, but a limit of a series of functions, which 
is known as distribution in mathematics. Thus, more rigorously, the Dirac-delta 
function is defined as follows: 


d(x) = lim 6°(x), (1.79) 


where 5) (x) is a well-defined function for finite € but becomes singular in the limit 
of € = 0. There is no unique way to define the sequence of 6“ (x). Well-known 
forms of 5) (x) are as follows. 


l/e, —€/2 < x <€/2 


: 1.80 
0, |x| > €/2 ( ) 


SO (x) = | 
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i 
s(x) = ee (1.81) 
s(x) - L_£ (1.82) 
i mx? + eE? l 
1 27-2 
5) = —x"/e : 1.83 
Pe) = oe (1.83) 
1 si 1 [1 , 
gga IE) =| elk dk, (1.84) 
IU x 27 —I/e 


In the above equations, different subscripts denote different ways to define the 
sequence such as “hard step function,” “exponential function,” “Lorentzian func- 
tion,’ “Gaussian function,” and “sine function.” Note that the second equality in 
Eq. (1.84) can be shown by direct integration of the last expression. One of the 
most frequently used form of Dirac-delta function in quantum mechanics employs 
Eq. (1.84). When this is inserted into Eq. (1.79), the resulting Dirac-delta function 
becomes 


1 be ikx 
8(x) = — I el dk, (1.85) 
20 


—oo 


Exercise Problems with Solutions 


1.1 How many photons per second are generated in a 100.0 watt beam of red light 
with 700.0 nm wavelength? 


Solution 1.1 The 100.0 watt beam of light corresponds to Ejjgn; = 100.0 J per 
second. According to Eqs.(1.14) and (1.12), this corresponds to the following 
number of photons per second: 


100.0 7.000 x 1077 


= = 3.523 x 107°, 
6.626 x 10-34 2.998 x 108 5 


n 


1.2 Light is incident on a metal with work function 1 eV (1.602 x 107! J), which 
causes ejection of electrons with 1.00 nm de Broglie wavelength. Assuming that the 
magnitude of the momentum of electron is given by meve, where me and ve are the 
mass and speed of electron, determine the frequency of the incident light? 


Solution 1.2 According to Eq. (1.18) and the assumption that pe = mev, the speed 
of the electron is given by 


h 6.626 x 10-*4#kgm?s~! 


ve zasme (1.00 x 10-%m) x (9.109 x 1031kg) 
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Using the above value in Eq. (1.15), we find that the frequency of incident light is 
given by 


P Men 14-1 
v = — + — v4 = 6.055 x 10 “s~. 

h 2h € 
1.3 A particle with mass 1 g is placed on a sharp tip of 1.00mm width. The 
particle falls off the tip if it goes outside of its width. According to the Heisenberg’s 
uncertainty principle, what is the maximum time the particle can stay on top of the 
tip? 
Solution 1.3 For the particle to stay on top of the tip, the uncertainty of position has 
to be equal to or less than 1 mm. According to the Heisenberg’s uncertainty relation, 
Eq. (1.19), this implies that 


. ft _ 6.626 x 10°* kgm*s"! 
= Ax 4x 3.14 x 1.00 x 10-3m 


Ap = 5.28 x 10° kg- m- s7!. 


If the particle stays on top of the tip for Af, this means that the magnitude of the 
momentum is approximately given by mAx/At. Since p > Ap, this means that 


mAx mAx 
< 


At & < 
p Ap 
-3 =3 
— (1:00 x 107? kg) x (1.00 x 107° m) Li g9 x 1035s. 
5.26 x 10732 kg- m- s7! 


1.4 A proton is confined in a one dimensional box of 0.2nm length. Use the 
uncertainty principle to determine its minimum kinetic energy. 


Solution 1.4 The minimum uncertainty in the momentum of the proton with the 
uncertainty in position of 2 Å, according to Eq. (1.19), is given by 


Ap = ET 1077kg - ms™!. 
2Ax 


For the above minimum uncertainty in momentum, the minimum kinetic energy is 
given by 


1 Ap? 
Emin = -2P = 2.08 x 10773 J. 
2m 


1.5 The wavefunction of a particle in one dimension is given by 
u(x) = Ne’, 


Determine the normalization constant N. Prove that Heisenberg’s uncertainty 
principle is satisfied for this wavefunction. 
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Solution 1.5 For the wavefunction to be normalized, 
Co Cc 2 
i=/ asyo =n? f dxe™™ = N? VT. 
iO 0g 


Therefore, N = 1/z'!/4. With this normalization constant, it is straightforward 
to calculate the expectation values of position, position square, momentum, and 
momentum square as follows: 


T J—oo 
1 CO 
(27) = =| dxx*e~* 

T J—oo 
1 1 i EE fe 

= — -5e + =f dxe™ | 
T 2 roa Zi ee 
1 1 1 

= ea" = 7’ 


Employing the above results, we can calculate the uncertainties of position and 
momentum as follows: 


The above results show that AxAp = h/2. Thus, the given wavefunction is a 
minimum uncertainty state. 


1.6 An operator O is defined by the following action on a given function f(x). 
Of (x) = fy’. 


Prove that this operator is not linear. 
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Solution 1.6 Given that f(x) = C1 f(x) + C2 fo(x), 


ÔC fix) + Co falx)) = (Ci fis) + C2 fo(x))? 
= Ci fix)? + 2C1C2 file) (x) + Ca fala)’. 


This is not in general equal to CiOf (x) + C20 f(x) = Ci fi (x)* + Co fo(x)?. 
Therefore, the given operator is not linear. 


1.7 An operator O is defined by the following action on a given function f(x). 


^ d 
of) = Ge 


Prove that this operator is linear. 


Solution 1.7 Given that f(x) = C1 fi(x) + C2 fa(x), 
5 d 
OC A) + Cr fae) = yr (Ci fi) + Cf) 


d d 
= Cigo) + Coho) 
= C1 Ô fi(x) + C2Ô folx). 


Therefore, the given operator is linear. 


1.8 Use the particle in a box problem, where the wavefunction is zero outside the 
region of 0 < x < l, to prove that momentum operator is Hermitian. Hint: You need 
to use integration by part. 


Solution 1.8 For arbitrary wavefunctions W(x) and ¢ (x) for the particle in a box 
of length /, integration by part results in the following identity: 


l l * 
a i a8 H) Ya). 
o iJo Ox 


Since w(x) and $(x) are zero for x = O,/, the first on the righthand side of the 
above equation vanishes. Therefore, 


AY aih EF — hð : 
f axo @)>-—Vv@)= (J dxy wT ew) . 
0 i ox 0 i ox 


This proves that the momentum operator is Hermitian. 


th h, 
f too mo PN 
0 i ox i 


1.9 Consider a particle in a box of unit length (¿ = 1) with the following 
wavefunction: 


W(x) = sin(zx) + sin(27x). 
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If energy is measured for this particle, what are possible values of the measurement 
and their respective probabilities? What is the probability for this particle to be 
found in the region of 0 < x < 1/4? 


Solution 1.9 For a particle in a box of unit length, the normalized eigenfunctions 
are 


én(x) = V2sin(nzx), n = 1,2,3,... (1.86) 


for which the eigenvalue of the Hamiltonian, En = hen2n? /(2m). Therefore, the 
given function can be expressed as 
1 1 


Fm + poa. 


This expression implies that possible values of the measurement of energy are EF; = 
h?s*/(2m) and E = 4h*x7/(2m), both with probability 1/2. The probability for 
the particle to be in the region between 0 and 1/4 can be calculated as follows: 


w(x) = 


1/4 
Pr[0 <x < 1/4] = Iy (x)|? dx 
0 
1/4 
= / (sin*(@rx) + 2sin(r x) sin(2x) + sin? (27x) dx 
0 
1/4 /1 
= I G (1 — cos(27x)) + cos(mx) — cos(37x) 
0 
+5 d- cos(tr))) dx 


1 1 1 
= |x — — sinQzx) + — sin(nx) — — sinGrx) 
4r T 3r 


1 1/4 
-— sin(tx) = 0.32. 
82 0 


1.10 A quantum particle with unit mass (m = 1) is confined in a box of length 
l = 2, and is in a state represented by the following wavefunction: w(x) = 
N (sin(zx) + sin(27x)), where N is a normalization constant. Determine N and 
calculate the expectation value of the energy. 


Solution 1.10 The normalized eigenfunction and eigenvalue are respectively, 


hen? n? 
8 


’ 


`. nmx 
on (x) = sin(—_), En = 
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where n = 1, 2,---. Therefore, 


W(x) = N (2x) + a(x). 


It is clear or possible to show by direct integration that 2N? = 1. As a result, 
N = 1/,/2. Either by direct integration or using the above expression for y(x), we 
find that 

z 5 


1 1 hn? 
Ej = -E E4 = hen? = Rre. 
AE eg. T qe 


1.11 Consider a particle in a box with / = 2. Assume that the wavefunction at t = 0 
is given by (x) in Problem 1.9. Then, what is the wavefunction at time t = 1? 


Solution 1.11 For particle in a box of length / = 2, the eigenfunctions of the 
Hamiltonian are 


on(x) = sin (55) 1D 


for which the eigenvalue E, = hn? n? / (8m). Thus, the given y(x) can be 
expressed as follows: 


W(x) = b2(x) + ba(x). 


For the above wavefunction as that for w(x, t = 0), the wavefunction at arbitrary 
time is then given by 
W(x, t) = oP by (x) + eH a(x) 


= oe ihr? Om) 4, (x) + eTii tm py (x). 


Problems 


1.12 Calculate de Broglie wavelength for each case described below. 


(a) An electron moving at the speed of 10° m/s. 

(b) A proton moving at the speed of 10° m/s. 

(c) An oxygen molecule moving at the speed of 300 m/s. 

(d) A human body of mass 70 kg moving at the speed of 10 m/s. 


1.13 Prove that Eqs. (1.51) and (1.52) for the expectation value are equivalent. 
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1.14 Use the example of particle in a box problem to prove that the following 
operator is Hermitian: 


AA A 


~ | 
A= 5 (Ê+ Px). 


1.15 Consider a particle of unit mass (m = 1) in a box of unit length (J = 1) with 
the following wavefunction: 


W(x) = N(sin(zx) — 2 sinQzx) + sin(37x)). 


(a) Determine the normalization constant N so that the wavefunction w(x) is 
normalized. 

(b) Determine the expectation value of the energy for this particle. 

(c) If the energy is measured for this particle, what are actual values of the 
individual measurement possible and their respective probabilities? 

(d) Given that the wavefunction above is (x, t = 0), determine the smallest time 
t > 0 for which w(x, t) = w(x). 


1.16 For a particle with unit mass (m = 1) confined in a box of unit length / = 1, 
its wavefunction is given by w(x) = 4Nx for 0 < x < 1/4, N for 1/4 < x < 3/4, 
and 4N (1 — x) for 3/4 < x < 1. Answer the following questions. 


(a) Determine N so that the wavefunction is normalized. 

(b) Determine the expectation value of the energy for this particle. 

(c) Calculate the probability for the particle to have energy h?7/2. 

(d) Calculate the probability for the particle to have energy 2h72?. 

(e) Calculate the uncertainty in the position of the particle. What is the expected 
minimum of the uncertainty in the momentum of this particle? 


Chapter 2 A 
Dirac Notation and Principles cre | 
of Quantum Mechanics 


The fundamental laws necessary for the mathematical treatment 
of a large part of physics and the whole of chemistry are thus 
completely known, .... 


— Paul A. M. Dirac 


Abstract This chapter introduces Dirac’s notations for kets and bras, which 
represent quantum states, and the rules for inner and outer products between them. 
Operators are defined as linear combinations of outer products between kets and 
bras. The definition of a Hermitian operator in this Dirac notation and proofs of 
its properties are provided. Based on expressions for position, momentum, and 
Hamiltonian operators, time dependent and time independent Schrödinger equations 
are also provided. After important identities concerning commutators and unitary 
operators are detailed, the results for particle in a box problem are re-expressed in 
the Dirac notation. The chapter concludes with introduction of direct products that 
are used to expand the dimension of the state space. 


2.1 Formulation of Quantum Mechanics 


Schrédinger’s formulation of quantum mechanics, as introduced in Chap. 1, is based 
on the assumption that quantum states can be represented by complex functions 
of position and that all physical observables can be expressed as operators acting 
on the wavefunction through the position variable. Schrédinger’s formulation has 
been essential in obtaining practical solutions of quantum mechanical problems. 
However, because it gives the position a special role, the distinctions between 
position as a variable for describing quantum state, as an operator for position 
measurement, and as an outcome of the measurement, are not always expressed 
clearly. This can sometimes cause confusion and misunderstanding. 

On the other hand, within Heisenberg’s formulation of quantum mechanics, 
which in fact preceded Schrédinger’s formulation by a few months, states and 
operators are represented as vectors and matrices, and position and momentum 
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operators are treated in more equivalent manner. Another major difference of 
Heisenberg’s formulation is that what changes with time are operators themselves, 
rather than the state of a quantum system as assumed in Schrédinger’s formulation. 
Heisenberg’s formulation makes the role of an operator clear. It is also convenient 
if the eigenstates and eigenvalues are known or can be determined by other means. 
However, dealing with all the matrix and vector elements often can be cumbersome 
if the number of states is large or infinite. 

Although the two formulations by Schrödinger and Heisenberg appear to be 
completely different, they can in fact be related to each other through an appropriate 
transformation from the function space to the vector space. Dirac facilitated 
clarification of this relationship by inventing an elegant set of notations and rules, 
which make such transformations look very natural.! The efficacy of the Dirac 
notations in exposing the major principles of quantum mechanics has made it the 
most popular framework for describing quantum mechanics. 

This chapter provides a concise description of the Dirac notation and presents the 
principles of quantum mechanics embedded in that notation [5, 6, 8]. The approach 
here is somewhat axiomatic in the sense that abstract mathematical definitions are 
given first without offering clear physical justifications. However, once a reader 
becomes familiar with them, understanding quantum mechanical principles will be 
much more straightforward. 


2.2 Ket, Bra, and Products 


It is important to note that the state of a quantum system in Schrédinger’s 
formulation is represented by the entirety of the wavefunction, not by its particular 
value at certain position as the notation w(x) may suggest. Likewise, a quantum 
mechanical operator should be viewed as the entire mapping from one state (the full 
set of values of wavefunction at all positions) to another state. Thus, A) w(x) in 
Schrédinger’s formulation should be viewed as representing the full set of results of 
“multiplying the value of function A(x) with the value of the wavefunction at the 
same position x.” 

A quantum mechanical state, even when represented by Schrédinger’s wavefunc- 
tion, can be viewed as a complex-valued vector in Hilbert space [24], with each 
element of this vector representing the value of the wavefunction at specific position. 
Once this notion of a vector in abstract function space is accepted, its components 
can be transformed to different ones involving parameters other than position 
variable through an appropriate transformation. In this sense, one can perceive a 
quantum state as a vector in abstract function space, which exists independent of 
how it is represented. Dirac represented such a vector by a ket or a bra equivalently. 


' Mathematically speaking, Dirac notation can simply be considered as an effective visualization 
tool to introduce a complete and normed (or inner product) complex vector space, so called Hilbert 
space, and mappings defined in the Hilbert space. 
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Fig. 2.1 A simple illustration of the relationship between a ket |æ}, its Hermitian adjoin, bra (œ|, 
and the corresponding norm, (@|@), which corresponds to the projection on to the positive side of 
the real axis 


The relationship between a ket and its corresponding bra is like a complex number 
and its conjugate (see Fig. 2.1). More detailed description is provided below. 


Notation and Properties of Ket and Ket Space 


A ket is denoted as |---), where --- represents the parameters specifying the 
ket, and has the following properties. 


e Given two quantum mechanical states respectively represented by |æ} and 
|6) defined in the same vector space, it is possible to construct a different 
ket as their linear combinations as follows: 


ly) = cila) + c2/B), (2.1) 


where cı and c2 are arbitrary complex numbers. This linear combination, 
indeed, represents a different quantum mechanical state as long as |œ) and 
|6) are independent, which means that the two are not related to each other 
by a constant factor. 

e Any two kets related by a constant factor is viewed as representing the 
same state. In other words, one of the major assumptions of quantum 
mechanics is that multiplying a ket with a nonzero complex number does 
not alter the physical state. That is, |œ) and c|~) (with c Æ 0) represent the 
same quantum state.2 For this reason, only the relative value of c to c2 
does matter in Eq. (2.1). 

e A complete set of all the kets that can be constructed through linear 
combinations constitute an abstract vector space called ket space. 


Multiplication of any ket or bra with zero results in the null ket or bra. 
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A bra space is a vector space dual to a ket space. Mathematically, these two 
can define an inner product space as will be shown below. Using the terms of 
matrix theory, a ket can be viewed as a column vector of complex numbers, and 
bra as its complex conjugate and transpose, thus a row vector consisting of complex 
conjugates. For every ket |œ), there exists a unique bra denoted as (œ| and vice versa. 
Given a ket defined as a linear combination of different kets, the corresponding bra 
can be obtained according to the following rule. 


Relationship Between Ket and Bra Space 


A state expressed as a linear combination of kets in a ket space is equivalent 
to the same linear combination of bras in the corresponding bra space but with 
complex conjugates of the corresponding coefficients as follows. 


cilæ) + c2|B) +--+ <> (alc + (Bley +++. (2.2) 


Between a bra and a ket, two types of products can be defined. One is the inner 
product, and the other is the outer product. The inner product is defined only 
between a ket on the right hand side and a bra on the left hand side. More detailed 
definitions and properties are provided below. 


Definition and Properties of Inner Product 


The inner product between a ket |œ} and a bra (£| results in a complex number, 
and is expressed as 


(Bl) - (le)) = (Ble), (2.3) 


where - is a temporary symbol used to denote the product. There are three 
important properties involving inner products. 


e Two states represented by |œ) and |6) are called orthogonal to each other 
if (|B) = (Bla) = 0. 

e The complex conjugate of an inner product is equal to the inner product 
between corresponding ket and bra interchanged as follows: 


(Bla) = (a|B)", (2.4) 
where * represents the complex conjugate. As a result, (w|a) is always real. 


(continued) 


2.2 Ket, Bra, and Products 39 


e The inner product between a ket and bra of the same state is nonnegative. 
Namely, 


(ala) > 0. (2.5) 


The equality above holds true only when |œ) is a null ket that represents 
a non-existent state. The inner product (a|a) serves as the measure of the 
size of the ket (or bra), and its square root is called norm. A normalized 
state has a unit norm. As an outcome of Eq. (2.5), the magnitude of the 
inner product between two normalized states is always less than or equal 
to one (see Appendix of this chapter). 


The outer product is defined only between a ket on the left hand side and a bra 
on the right hand side, and is used to represent a mapping from a ket (bra) to a bra 
(ket). Its notation and detailed properties are provided below. 


Definition and Properties of Outer Product 


The outer product between a ket |œ) and a bra (| is defined as 


(la)) - (BI) = læ) (BI, (2.6) 


where again - is a temporary symbol used to denote the product. In relation 
to inner products, outer products have two important properties as described 
below. 


e The combination of inner and outer products satisfy the following associa- 
tive rule: 


(lor) (BI) - lv) = læ) - Cly) = lo) (Bly). (2.7) 
That is, |æ) (| is nothing but an operator that turns an arbitrary state |v) 


into |æ) multiplied with a complex number (6|y). Similarly, the following 
associative rule always applies: 


(a@lB)) (v1 = (el IB) (v1) = (lb), (2.8) 


which shows that |8)(y| is an operator that turns an arbitrary bra state (a| 
into another bra state (y| multiplied with a complex number (a@|). 


(continued) 
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e Both inner and outer products satisfy distributive rules as follows. 


(a| (C1|B) + Caly)) = Cı (œl) + Cr{aly), (2.9) 
(C118) + Caly)) (al = C118) (ol + Caly) (al. (2.10) 


2.3 Operators 


An operator acts on a ket (bra) and produces another ket (bra). It can always be 
represented as a linear combination of outer products of kets and bras. Like the 
relationship between ket and bra, for a given operator O, there is an equivalent form 
of the same operator that “mirrors” the action in ket space to the one in bra space, 
and vice versa as describe below. 


Hermitian Conjugate of an Operator 


Given an operator O, its Hermitian conjugate Ô satisfies the following dual 
correspondence rule for an arbitrary ket |œ): 


Ola) & (a|O". (2.11) 
Therefore, if Ô = cılæi) (bil + c2|a2)(Bo| +---, 
OF = cï l1) lxil + c3|B2) (oral +++ . (2.12) 


For arbitrary |œ) and |6}, one can show that 


(«1 6*1B) = ((6101a)) . (2.13) 


For a given operator O, its eigenket? is defined as the ket satisfying the following 
relationship: 


Olu) = A,|u), (2.14) 


where A, is the eigenvalue of the operator Ô corresponding to the eigenket |u) 
and is a complex number in general. According to the definition of the Hermitian 


3 The state represented by this eigenket is called eigenstate. 
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conjugate, Eq. (2.14) implies that 
(ulO* = (uļà* = à*{u], (2.15) 


where à% is the complex conjugate of A,. 

The operator that does not alter any ket or bra is called the identity operator, and 
is denoted as Î. That is, any ket or bra is an eigenket or eigenbra of the identity 
operator with its eigenvalue as one. 


2.3.1 Hermitian Operator 


Definition of Hermitian Operator 
An operator Â is Hermitian if it is identical to its own Hermitian conjugate 
as follows: 


A= M, (2.16) 


Therefore, inserting the above identity into Eq. (2.13), one can show that the 
Hermitian operator A satisfies the following identity: 


(a|A|B) = (blÂla)*, (2.17) 


where |œ) and |) are arbitrary states. 


The definition of Hermitian operators given above makes it straightforward to prove 
two theorems proven in Chap. 1 for operators being applied to wavefunctions in one- 
dimensional space. Namely, the eigenvalues of a Hermitian operator are always real 
numbers, and two eigenstates of a Hermitian operator with different eigenvalues are 
always orthogonal. Full statements and proofs of these theorems are provided below. 


Theorem 2.1 Given a Hermitian operator A, all of its eigenvalues are real 
numbers. 


Proof Given that |a) is an eigenstate of Â with finite norm and eigenvalue A,, the 
use of |æ) = |£) = |a) in Eq. (2.17) leads to the following identity: 


àalaļa) = (aļÂla) = (al Ala)* = 25 (ala). (2.18) 


Since (a|a) is real and is assumed to be nonzero, this identity leads to Ag = AZ, 
which is true only when A, is a real number. o 
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Theorem 2.2 The eigenkets of a Hermitian operator A corresponding to different 
eigenvalues are always orthogonal. 


Proof Let us assume that |a’) and |a”) are eigenkets of A with two different 
eigenvalues, Aq and Aq”. Then, 


(a'|Ala"”) = data’ la") = hav {a'la"), (2.19) 


where the first equality results from applying A to (a'| and the second equality 
results from applying A to la”). Since Aq Æ Ag”, the only possibility that the above 
equality is true is that (a’|a”) = 0. This proves the above statement regarding the 
orthogonality. o 


All physical observables correspond to Hermitian operators. If not, one has 
to accept that complex values can result from the measurement of the physical 
observable, which is impossible because all the values we deal with are real 
numbers. Well known examples of physical observables are position and momentum 
operators, which will be described in more detail in the next subsection. Most 
importantly, a Hamiltonian operator is Hermitian. 


2.3.2 One Dimensional Position Operator and Eigenket 


Let us consider a one dimensional position operator £. Then, one can define a 
position eigenket |x) such that 


X|x) = x|x) = |[x)x. (2.20) 
Similarly, the action of the position operator on (x| is defined by 
(x| = (x|x = x(x]. (2.21) 
Then, the Schrédinger’s wavefunction, or its value at particular position x, can be 
defined as an inner product of a state ket with the position bra , (x|. For example, 
consider a state |æ). Then, the corresponding wavefunction can be defined as 
Wo (x) = (xe). (2.22) 


Taking the complex conjugate of this, 


Wg (x) = (ax). (2.23) 
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Combining the above definitions, one can find out the effect of the operation of £ on 
an arbitrary state |œ) as follows: 


(x|X|or) = ((x|X)|a) = x(x). (2.24) 


The set of position eigenkets is always complete as follows: 


i= T dx|x) (x|. (2.25) 


—co 


This means that the values of wavefunction at all positions provide complete 
information on the state. This becomes clear by applying the above identity to an 
arbitrary state as follows: 


la) = Îla) ad dx |x} (x|æ) af dx |x) Ya (x) =f dx Wa(x)|x). 
(2.26) 


Note that the last equality in the above equation results from Yeg (x) being a complex 
number and that its order with respect to the ket does not matter. The above identity 
implies that the value of a Schrédinger’s wavefunction at each x can be viewed 
as nothing but the coefficient (with the inclusion of integration element dx) in the 
expansion of the state |œ) in terms of the position eigenkets. This also ensures that 
the normalization condition within the Dirac notation is the same as that involving 
Schrédinger’s wavefunction as follows: 


CO Cc 
(ala) = (alijay =f dx aala f ax e2 
—oo —0oo 
Applying Eq. (2.25) to another position ket, we also find that 
Cc 
|x’) =i dx |x)(x|x’). (2.28) 
—oo 
Since the above equation must be true for any value of x’, this means that 


(xix) = d(x — x’), (2.29) 


where 5(x — x’) is the Dirac-delta function defined in Chap. 1, and is zero for x 4 x’ 
and oo for x = x’ while its integration is equal to one. Note that this Dirac-delta 
function is not a genuine function, but can be defined only as a limiting value of a 
sequence of functions that attain the stated properties. Thus, care should be taken 
working with the delta function. 
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2.3.3 One Dimensional Momentum Operator and Eigenket 


It was stated in Chap. 1 that measurement of momentum corresponds to taking the 
first order derivative of the wavefunction, as shown by Eq. (1.24). Let us assume that 
op (x) is an eigenfunction of the momentum operator with eigenvalue p. According 
to Schrédinger’s formulation, this should satisfy 


ho 
7 an PO) = Pbp(x). (2.30) 
A general solution of the above equation is 
ppa) = Npe P, (2.31) 


where N, is a normalization constant. In the Dirac notation, the above eigenfunction 
of momentum operator can be viewed as the inner product between momentum 
eigenket and position eigenbra as follows: 


p(x) = (x|p), (2.32) 


where |p) is an eigenstate of the momentum operator satisfying 


P\p) = pip). (2.33) 


As is the case of position ket and bra, the momentum ket and bra are assumed to 
satisfy the following completeness relation: 


7 [0,0] 

i= f ap ipio. (2.34) 
=00 

Then, the normalization constant N, can be determined in the following way: 


B(x — x’) = (x|[x") = (xlÎlx') a dp(x|p)(p|x’) 


oS . 1 ee . i 
= n f dp éP) — nan f dk ek=? (2.35) 


—oo —0o 


This is consistent with the definition of the Dirac-delta function shown in Eq. (1.85) 
if N? = 1/(27ħ). Therefore, 


1 ipx/ħ 
p(x) = (x| p) = Jaa RANE (2.36) 


This identity can be used to find out the effect of the operation of p on the position 
eigenket. 
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2.3.4 Expressions for Momentum Operator 
One can show that 
R ho 
(x|p|p) = (x|plp) = p(xlp) = Tel (2.37) 


Taking complex conjugate of the above equation and noting that p is a Hermitian 
operator, one can find that 


; ho ho 
(plpix) = === (plx) = (pl (-5:). (2.38) 


i ax i ox 


Since the above relationship holds for any (p|, this implies that 


Pix) = ~= |x), (2.39) 
i ox 
where 
ho h ôx) — 
Oo ti, E (2.40) 
i ox i 5x0 ôx 


Note that the sign on the righthand side of Eq. (2.39) is opposite to that for the 
Schrödinger’s definition of momentum measurement given by Eq. (1.24). In fact, 
the two is consistent with each other and can be shown to be equivalent if we use 
a proper version of the Schrödinger’s definition for a momentum operation in the 
Dirac notation as described below. 

Taking the Hermitian conjugate of Eq. (2.39) leads to 


(x|p = =z (xl. (2.41) 


Now taking the inner product of the above identity with an arbitrary state | Yg), one 
can obtain 


7 ho ho 
(IPI Ya) = Fyz la) = > Yeo). (2.42) 


The above identity is equivalent to Eq. (1.24) if we interpret the left hand side as 
an application of the momentum operation on a Schrödinger’s wavefunction. Note 
that Ya (x) does not make sense in the Dirac notation because an operator can be 
applied only to either a ket or bra, not to a complex number. 
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2.3.5 Schrödinger Equations in the Dirac Notation 


Time Dependent Schrédinger Equation 


The time dependent Schrödinger equation for |W; t), a ket representing 
a quantum mechanical state labeled as y and dependent on time ¢ as a 
parameter, is as follows: 


inč: t) = Hw; t). (2.43) 


Taking the Hermitian conjugate of the above equation and noting that 
Hamiltonian operator is Hermitian, the above equation for a ket is equivalent 
to an equation for the following equation for the corresponding bra. 


= in (W: t| = (Y; tÊ. (2.44) 


On the other hand, for the case of a stationary state, namely, |y; t) = [yje i Eh, 


the time independent part of this state satisfies the time independent Schrödinger 
equation as described below. 


Time Independent Schrödinger Equation 


The time independent Schrödinger equation for a stationary eigenket |y) of a 
Hamiltonian H with eigenvalue E is 


Alw) = Ely). (2.45) 


The above equation for an eigenket is equivalent to the following equation for 
the corresponding bra. 


(VIH = E(w. (2.46) 


For a particle with mass m in one dimension subject to a potential energy V(x), 
the Hamiltonian operator is defined 


a2 


Ê=? ive. (2.47) 
2m 
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Note that the above expression is the same as the first form in Eq. (1.28). However, 
note that the second form in this equation has its meaning only when projected to 
the position state. In the Dirac notation, this is realized by taking the inner product 
of the Schrödinger equation with the position state. For example, taking the inner 
product of Eq. (2.45) with (x|, we find that 

p? 
2m 


_(1 (#8), 
m = (72) + V(x) | (lb) 


h? 9? 
= Er + vo w(x) = Ey (x), (2.48) 


(x|H |W) = ct ( +v) IY) 


2m ðx? 


where we have used the identity of Eq. (2.41) twice in obtaining the second equality 
and used the definition of w(x) = (x|w) in the last line. Note that the last line has 
the same form as the original Schrödinger equation. 


2.3.6 Commutator 


Given two operators A and B, there are two ways to order them in creating product 
operations. The difference between them is called a commutator, which plays an 
important role in quantum mechanics and is defined as follows. 


[A, B] = AB — BA. (2.49) 


When the two operators can be measured simultaneously, the above commutator 
is zero. A good example for two commuting operators is the position operator and 
any of its function. Namely, for any operator ÂÂ) defined as a function of position 
operator only, [£, A(&)] = 0. 

If the commutator between two physical observables A and B is nonzero, it is 
impossible to measure them simultaneously with arbitrary precision. Rather, the 
product of uncertainties of the two observables has lower bound given by half the 
absolute value of the expectation value of the commutator. Appendix of this chapter 
provides a detailed derivation of this a general uncertainty relationship. 

Expressing an operator as a sum of outer products in the Dirac notation makes 
it straightforward to calculate the commutator. For example, consider two operators 
|@)(B| and |y)(6|. The commutator between the two is given by 


[æ (Bl, lv) (S11 = la) (Bly) (8 — Iv) (lor) (BI 
= (Bly) ) la) l — ((5]a))1y) L]. (2.50) 
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It is easy to see that this commutator is zero (i) if |æ) = |y) and (6| = (ô|, or (ii) 


(Bly) = (dla) = 0. 
The commutator with the most fundamental importance in quantum mechanics 
is that between position and momentum, which is calculated below. 


Commutator Between Position and Momentum Operator 


Let us first apply [£, p] to an arbitrary ket |æ). Taking the inner product of the 
resulting ket with (x| leads to 


(x|[%, P]la) = (x|(&p — pX)|x) 


= (x£ pla) — (x| pfa) 


2 H O A 
re ee rie 


ho 
Se ele ee 
ho ð 
=tio r Os TER =i O 
= th(x|a) = (x|(ih)|a). (2.51) 


Since the above identity holds true for arbitrary (x| and |æ}, it implies the 
following identity: 


[x, p] = ih. (2.52) 


There are a few important rules that commutators satisfy. From the definition of 
the commutator, it is straightforward to show the following identities: 


[aA, Ê] = [A, a Ê] = al A, Ê], (2.53) 
[A, B] = -[B, A], (2.54) 
[A+ Ê, Ĉ] =[A, Ĉĉ] + [B,C], (2.55) 
[A, Ê + C] = [Â, Ê] + [Â, Cl, (2.56) 


where A, Ê, and Ĉ are arbitrary operators, and a is an arbitrary complex number. 
There is also an important identity involving products between three operators as 
shown below. 


Theorem 2.3 For any operator A, B, and C, the following identity is always true. 


[AB, Ĉĉ] = A[B,C]+[A, C]B. (2.57) 
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Proof Employing the definition of a commutator given by Eq. (2.49), the lefthand 
side of the above equation can be expressed as 


= A[B,C] B. (2.58) 
| 

In a similar manner, one can also prove the following identity: 
[A, BC] = B[A, ĈJ] + [A, BIC. (2.59) 


Finally, it is also easy to prove the following Jacobi identity by directly expanding 
expressions for commutators: 


(A, [B, Cll +[B, [, A]] + [C, fA, BI] = 0. (2.60) 


2.3.7 Compatibility and Completeness 


Two operators A and Ê are called compatible when their commutator [A, Ê] = 0. If 
two operators are compatible, one can always find the set of simultaneous eigenkets 
of A and B. A set of operators is called maximally compatible if all the operators 
in this set are compatible and if there is no additional observable that are compatible 
with all the operators within the set. 

A basis is a set of linearly independent kets (or equivalently a set of linearly 
independent bras). The basis is called orthonormal if all the kets in the set have the 
unit norm and are orthogonal to other kets in the set. A basis set consisting of |n)’s 
is called complete if it satisfies the following identity: 


Yo layin = 1, (2.61) 


where n represents the collection of all parameters need to specify each ket. The 
sum has to become integration if n is a continuous real parameter as in the cases 
of position or momentum. The set of simultaneous eigenkets of maximally com- 
patible observables is orthonormal and complete. The number of such eigenkets is 
called the dimension of the ket or bra space. 
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Let us assume that a set of states |n)’s forms a complete orthonormal basis in the 
sense that Eq. (2.61) holds true and that (n|n’) = 6,,. Then, for a given state |æ), 


a) = ila) = Dain )(nja) = X` orm|n), (2.62) 


where a, = (n|a). Both associative and distributive rules for inner and outer 
products have been used in deriving the above equality. Similarly, 


(| = (a1 = $ (æn) (n| = data (2.63) 


n 


Taking the inner product between (œ| and |œ) shown above, 


(ala) = 5> a|n) (n|m)(m|a) 


n m 


~~ = 2d (|) 8pm (mo) = 2 læn”. (2.64) 


If |æ) is normalized, the above relation implies that }_„ |on 2 =1. 

Given a complete orthonormal basis, it is easy to find an expression for any 
operator A in terms of linear combinations of those involving outer products 
between states within the basis. This expression can be found by applying Eq. (2.61) 
on both sides of A as follows: 


A= ÎÂÎ = X`) |n)(njAjm)(m| 


n m 


= 2y > |n) A nm (m| = 2 2 Anm |n) (m (2.65) 


n m 


where Anm = (n|A|m). For the special case where |n)’s are eigenstates of A, the 
above expression reduces to A = }_„ An|n)(n|. 


2.3.8 Measurement Operator 


Measurement in quantum mechanics is in general a complicated process through 
which an experimental device interacts with a quantum system and produces real 
numbers as its record [25]. How to understand and define measurement process has 
remained an important foundational issue of quantum mechanics. Although debates 
on quantum measurement still continue, it has been shown that it is possible to 
formulate measurement in a manner fully consistent with the theory of quantum 
mechanics [26-28] unlike the old Copenhagen interpretation that required ad hoc 
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interaction with classical systems. In addition, there is good consensus that a large 
class of measurements, at least theoretically, can be represented by well-defined 
operators.* 

The simplest operator representing measurement process is called projective 
measurement. Consider a quantum state |y) and a physical observable A. Assume 
that a measurement of A has produced a real number. If the same measurement of A 
is made immediately afterwards, the same number has to be produced according to 
the principle of causality. Therefore, the state right after the measurement of A has 
to be an eigenstate of A and the outcome of the measurement has to be an eigenvalue 
of A. Let us denote this eigenvalue as A, and assume that we can identify a single 
normalized eigenstate |A,) corresponding to the state right after the measurement. 
Then, the following projection operator can be used to represent the measurement 
operation: 


Py, = làa) al: (2.66) 


Thus, the process of measuring A, for a given state |y) amounts to Ê, |W) = 
lAa) (Aaly), and the probability of having this outcome is given by |(Ag|y)|?. 
More generally, let us assume that it is possible to identify all observables 
compatible with A. Then, denoting the set of all eigenvalues for the operators as &, 
we can identify eigenstates, |A,, €)’s, which are orthonormal and complete. Thus, 


Î = J Ma, E) Aa, El. (2.67) 


das 


Then, the least intrusive projective measurement of A, is represented by 


Ê, =} lha, E) Aa El. (2.68) 
3 


The outcome of this measurement is a linear combination of states with different 
values of £, 


Êsa lW) = J làa, E) (Aas El). (2.69) 
E 


The general projective measurement described above can be extended further 
to a so called positive operator valued measure (POVM) measurement, which is 


4 This does not yet mean that the issue of quantum measurement is fully settled because there is 
still large gap between theoretical definition and experimental practice of quantum measurement. 
It is often the case that reliable experimental realization of fully quantum mechanical measurement 
is extremely difficult, whereas reliable theoretical modeling of experimentally viable measurement 
can be challenging. 
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defined as a nonnegative Hermitian operator Tq. The subscript a in this operator 
collectively represents a set of parameters defining the outcome of the measurement, 
and integration (or summation) of all the operators over all possible values of a leads 
to the identity operator as follows: 


ie f da Tq. (2.70) 


It is assumed that different [,’s do not necessarily commute with each other. 
The only requirement is that Tq is Hermitian and is positive, which means that 
(WIlTlalw) > 0 for any |y}. The POVM measurement is more general than 
projective measurement and can account for physical situations where the details 
of post-measurement states are not completely specified [25]. 


2.3.9 Unitary Operator 


Definition of Unitary Operator 


A unitary operator, denoted as U here, satisfies the following condition: 
U0 =00' =f. (2.71) 


In other words, the Hermitian conjugate of a unitary operator corresponds to 
its inverse operator. This property allows the operator to preserve the norm of 
any quantum state and also the orthogonality between two states. 


Unitary operators are essential components in the formulation of quantum mechan- 
ics. Let us consider an arbitrary ket |@), which is not necessarily normalized. Then, 
let us introduce another ket created by applying a unitary operator to this as follows: 


la’) = Ula). (2.72) 


Note that the above equation does not correspond to any measurement process 
because U is not Hermitian except for the trivial case of the identity operator. Rather, 
this can simply be viewed as either transformation needed for better representation 
of quantum states or transition that happens naturally. 

The main reason why unitary operators are important is because they conserve 
the norm and the orthogonality between states. In other words, while the new 
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transformed state |œ’) is different from |œ) in general, the two have the same norm 
as follows: 


(a'|a’) = ((el*) (Gle)) = (cel (010) læ) = (alll) = (ela). 2:73) 


When two orthogonal states are transformed by the same unitary operator, they 
remain orthogonal as well. Let us consider another ket |6) and its unitary trans- 
formation as follows: 


|B’) = UIB). (2.74) 


Then, it is also straightforward to show that the inner product between | 6’) and |’) 
remains the same as that between |œ} and |6) as follows: 


(B'a") = (1610) (Ola) = (61 (0+0) la) = (lila) = (Bla). 2.75) 


Thus, for the case where (8|a) = 0, the above identity implies that (B’|a’) = 0. 

An important application of a unitary operator is a transformation from one basis 
to another. Consider a set of orthonormal states, |g,)’s with n = 1, 2,---, satisfying 
the following completeness relationship: 


1= $ lon) (nl. (2.76) 


n= 


= 


Thus, these form a complete orthonormal basis. Then, the following set of states 
created by a unitary transformation, 


lv) = Olen), n = 1,2,3, --- (2.77) 


remain orthonormal due to Eqs. (2.73) and (2.75). The fact that these satisfy the 
completeness relationship can also be shown easily. Let us apply Û on the lefthand 
side and U* on the righthand side of Eq. (2.76). Then, 


[0,6] 
i=0 (Sten nl) = 5 Glyn (plt = sey XCAR (2.78) 


n=1 n=1 n=1 


where the first equality results from the definition of the unitary operator, Eq. (2.71). 
The above identity indeed proves that |g;,)’s form a complete orthonormal basis. 
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Given a Hermitian operator A, the following operator? is always a unitary 
operator. 


h 
=A EAs! i * 24 a2 —i E 
E h N\A n! \ A 
Scos (ân) — isin (Ayn), (2.79) 


where the third equality comes from the fact that e~'* = cos(x) — i sin(x). The 


fact that U4 is a unitary operator can be proved as follows. Taking the Hermitian 
conjugate of U4, we find that 


A 


Ot = cos (ânn) disin (A /n) (2.80) 


where cos (A/n) and sin (Ayn) are Hermitian operators, since they are real 


functions of a Hermitian operator. Then, 


aU = (cos (A/n) — i sin (A/n)) (cos (A/n) + i sin (A/n)) 


= cos? (A/n) + sin? (ân) =Î, (2.81) 


© 
Q 


where the last equality comes from the fact that cos? (x) + sin? (x) = 1 and that this 
identity remains true u x is a number or an operator. In a similar manner, it is 
possible to prove that 0} ‘Ua = 1. Therefore, Us is a unitary operator. 

A well-known ample of the type of the unitary operator given above is the time 
evolution operator defined below. 


Definition of a Time Evolution Operator 


For any Hamiltonian operator H, which is time independent, the correspond- 
ing time evolution operator is defined as 


Up (t) = exp {-74 À (2.82) 


(continued) 


5 This is an example of the definition for a function f (Â) of an operator Â, which implies 
substituting A for x in the Taylor expansion of f (x). 
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If we known the complete set of the eigenstates and eigenvalues of the 
Hamiltonian operator, namely, |¢,)’s and E,,’s with n = 1, 2,3,--- such that 
H\¢n) = En|¢n), the above time evolution operator can also be expressed as 


Ont) = > et pn) bal. (2.83) 


It is easy to show that the time evolution operator satisfies the time dependent 
Schrödinger equation as follows: 


0 a iEn \ i 
in Out) = Doin (-) emi Enh Dn) (Gn 


n 


= 5 ei Ent/h À on) (On| 
n 


= HUy(t). (2.84) 

Given an arbitrary state |y) at time tf = 0, the state at arbitrary time ¢ can be 
expressed as 

Iy; t) = Un (ly). (2.85) 


The above state satisfies the time dependent Schrödinger equation as a result of 
Eq. (2.84). 


2.4 Particle in a One-Dimensional Box: Revisited with the 
Dirac Notation 


In Chap. 1, we have determined the eigenvalue, Eq.(1.58), and eigenfunction, 
Eq. (1.61), for a particle in a one dimensional box. Let us denote the eigenket of 
the Hamiltonian with eigenvalue E,, as |n}. Thus, these satisfy the following time 
independent Schrödinger equation: 


A|n) = E,|n), n=1,2,---, (2.86) 
where the full information on |n} can be obtained from 


J2/lsin(nmx/l) ,0O<x<l (2.87) 
0 a0 a S47 


(x|n) = | 
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Since the above function is real, (n|x) = (x|n). The set of eigenstates given above 
is orthonormal as follows: 


(n|m) =f dix(n|x) tim 


=00 


2 f! . /NTX\ . /MTX 

7 [ dx sin (=*) sin ( 7 ) 

f | (===) (=) 
= dx | cos cos 

L Jo l l 


_ Sam: (2.88) 


These eigenstates form a complete orthonormal basis and can be used to represent 
any quantum state as a linear combination. Let us consider a quantum state |y) 
given by a linear combination of eigenstates as follows: 


-> Cain). (2.89) 


n= 


This state |y) is assumed to be normalized and therefore satisfies the following 
normalization condition: 


Co Ww 


(lv) =J} Cw (nln) = Lica? = =1. (2.90) 


n=l n'=1 


Given that the state |y) is the state at time t = 0, the state at another time t is fully 
determined as follows: 


lw; t) = Ua Oly) = $ CrÛÔu Olan) = X Caen" Wn), (2.91) 


n=1 n=1 


where E, has been defined by Eq. (1.58). 


2.5 Direct Product 


The direct product is different from the inner or outer product in that it is not an 
operation involving ket (bra) and bra (ket), but rather represents an expansion of the 
vector space or its dimensionality.° A direct product can be defined between any two 


6 Note that the dimensionality of the vector space is different from that of the space, and can often 
be infinite. 
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independent ket (bra) spaces, each with any dimension, resulting in a combined ket 
(bra) space with higher dimension. For example, if a ket |œ} is defined in a ket space 
A with dimension N and another ket |£} is defined in a ket space B with dimension 
M, one can define the following ket 


læ, B) = læ) 8 |B) = |a)|B), (2.92) 


which is defined in the direct product space AQ B of dimension M x N. The second 
equality in the above expression is often used as an abbreviation for the first form 
and should not be confused with incorrect notation for inner or outer product. 

A good example of the direct product is the three dimensional position state. 
For a three-dimensional position vector expressed in Cartesian coordinate system as 
r = xey + yey + zez, one can define the corresponding position state employing 
direct product as follows: 


Ir) = |x) 8 ly) 8 lz) = |x)Iy)1z). (2.93) 

This is an eigenstate of the position operator f = Xe, + Sey + Ze, as follows: 
flr) = rļ|r). (2.94) 
Similarly, for a three dimensional momentum vector defined in Cartesian coordinate 


system as p = px€x + py€y + pzez, one can define the three dimensional momentum 
state employing the direct product as follows: 


Ip) = |px) ® |Py) @ |pz) = |Px)|Py)|Pz)- (2.95) 
This is an eigenstate of the momentum operator p = py ex + Pyey + pzez as follows: 
Pip) = pip). (2.96) 


The direct product can be used to define a state for many particle systems. For 
example, one can define the position and momentum kets of two particles: 


lr}, r2) = |r1) @ |r2) = |r1)|r2), (2.97) 
[pi1) © |p2) = |p1)|p2). (2.98) 


|P1, P2) 


For a system with N particles, one can construct position and momentum vector 
states by expanding the above direct products. It is assumed that the sets of 3N 
dimensional position or momentum vector states constructed this way can be used 
to completely specify the quantum state of the N particle system. 
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The Dirac notation provides an efficient and general way to represent states and 
rules of quantum mechanics. In this notation, Schrédinger’s formulation of quantum 
mechanics employing wavefunction and differential operators can be viewed as a 
position representation of quantum mechanics. 

In the Dirac notation, a quantum state is represented by either ket |---) or bra 
(--+|, where --- can be any index or symbol employed to label the state. Any 
complex-valued linear combination of kets (bras) belonging to the same ket (bra) 
space becomes a ket (bra) in the same ket (bra) space, which in general represents a 
different quantum state. An inner product can always be defined between a bra and 
a ket defined in these equivalent bra and ket spaces, as in Eq. (2.3), and is a complex 
number in general. 

If the ket and bra represent the same state, the inner product becomes a 
nonnegative real number and is considered as the magnitude of the state. Quantum 
mechanically, this magnitude does not have any physical significance. Thus, any 
ket or bra normalized to have unit magnitude is a convenient choice to carry all the 
necessary quantum mechanical information. 

The inner product between normalized ket and bra can be viewed as indicating 
the dependence on each other, and its absolute value is always smaller than one if 
they represent two different states. If the inner product becomes zero, the two state 
is called orthogonal. Orthonormal states are orthogonal and normalized states, and 
serve as convenient choice to span either the ket or bra space. If a set of orthonormal 
states can be used to represent any state as a linear combination, it is called a 
complete orthonormal basis. 

Outer products can also be defined between any ket in a ket space and another bra 
in the equivalent bra space, as in Eq. (2.6), and can be used to represent an operator 
or a mapping that transforms a ket (bra) to another ket (bra) in the same ket (bra) 
space. 

Given an operator, its Hermitian conjugate is defined by Eq. (2.11). An operator 
is called Hermitian if it is the same as its Hermitian conjugate. Eigenvalues of 
a Hermitian operator are always real and can be used to represent all physical 
observables including the Hamiltonian. Two operators are called compatible if 
the commutator between the two, as defined in Eq. (2.49), is zero. The position 
and momentum operators are not compatible since their commutator is nonzero as 
shown by Eq. (2.52). Eigenstates of maximally compatible physical observables can 
be used to form a complete orthonormal basis. The measurement operator can be 
defined as an outer product of a state with itself, sum of such outer products, or sum 
of positive Hermitian operators. 

The Hermitian conjugate of a unitary operator is its inverse and satisfies the 
relationship of Eq. (2.71). The inner product between a ket and a bra remains the 
same even after they are transformed by a unitary operator. All time evolution 
operators, which satisfy the time dependent Schrödinger equation, are unitary. 
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Direct product can be formed between any kets (bras) from different and 
independent ket (bra) spaces, and are used to expand the ket (bra) space. The new 
space formed this way is called direct product space. Operators in this direct product 
space are defined as outer products of corresponding kets and bras in the direct 
product space. 


Questions 


e How is a ket or bra space defined? 

e Is the inner product between a ket and its corresponding bra always 
nonnegative? 

e Can any linear combination of outer products of kets and bras in the Dirac 
notation represent a physical observable? 

e How is an eigenket or eigenbra defined for a given operator? 

e Why is Hermitian operator important in quantum mechanics? 

e When do two operators become compatible with each other? 

e How can the identity operator be expressed in terms of complete orthonor- 
mal basis states? 

e What is the major difference between projective measurement and POVM 
measurement? 

e How is time evolution operator defined for a given time independent 
Hamiltonian operator? 

e When can a direct product space be formed? 

e How can an operator defined in a given ket and bra space be extended to a 
new direct product space? 


Appendix: Cauchy-Schwarz Inequality and a General 
Uncertainty Relationship 


The fact that a ket or bra space forms a well defined normed vector space means that 
the inner product between any two states satisfies the Cauchy-Schwartz inequality. 
The statement of this inequality and its proof [6] are summarized below. 


Theorem 2.4 Cauchy-Schwartz inequality: For any states |œ) and |B), which have 
nonzero norms, the following inequality always holds: 


| (|B) | < (æla) (BIB) (2.99) 


Proof Consider the following linear combination of |œ} and |): 


ly) = læ) + CIB). (2.100) 
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Then, since the inner product of any ket with its corresponding bra is always 
nonnegative, 


(viv) = Cal + C*(BI)(le) + C18) 


= (ala) + C*(Bla) + Cap) + ICI (818) = 0. (2.101) 
Let us choose 
(Bla) 
C=- ; 2.102 
(£18) ; i 


Employing the above expression in Eq. (2.101), we find that 


(alB) (Bla) |(ce|B) 2 (ala) (B|B) — (alb)? 
| = 0. 
la) = rag Blo) — qp CA + a aya (PIP) (BIB) = 
(2.103) 


Since (6|8) > 0, the above inequality implies that 


(orl) (B18) — |(a|B)|? = 0, (2.104) 


which completes the proof. (m| 


For the case where |œ} and |6) are normalized, the above theorem shows that the 
magnitude of the inner product between the two cannot be greater than 1. 

The above Cauchy-Schwarz inequality can be used to prove general uncertainty 
relationship between two non-commuting operators Â and Ê as stated below [6]. 


Theorem 2.5 For two Hermitian operators Â and Ê and for any state |y), the 
following inequality holds. 


1 a &# 2 
(WIAA? Iy) (yA? y) = g (YIA, BIV) (2.105) 


where AA = Â — (y| Âl) and AB = B — (w|B\W). 


Proof Let us introduce |œ) = AA|W) and |B) = AB\W). Then, according to the 
Cauchy-Schwarz inequality proven above, 


(WIAA |W) (WIAB? |W) = (ala) (BIB) = alpy. (2.106) 


Employing the definitions of |œ) and |6), we find that 


(alb) = (YAAA BIY) = 5 (VIAA, ABI) + SW AAAB + ABAAY 


1 ~ a RAJA AR 
5 VITA, Bly) + (W|(AAAB + ABAA)|~p), (2.107) 


Nye Nie 
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where in the second equality, the fact that [AA, AB] = [A, Bl has been used. Note 
that 


(IÂ, Iw)? = WILB, Ally) = — WIA, BWW), (2.108) 
which indicates that this is an imaginary number. On the other hand, 
((viadas Ẹ aĝa ây) = (W|(AAAB + ABA Â)|y), (2.109) 


which indicates that this is a real number. Since the square of the absolute value of 
a complex number is equal to the sum of those for real and imaginary parts, 


iadadinn| = E |vitd, Bi] +i | yadad + afad 


Alo 


2 


IV 


1 aa 
z wItA, Bi] (2.110) 


Combining the above inequality with Eqs. (2.106) and (2.107), we find that the 
general uncertainty relationship of Eq. (2.105) is always satisfied. This completes 
the proof. o 


For the two physical observables Â and Ê and the given state |y), let us define 


uncertainties of the two physical observables as AA = (W|AA2|y) and AB = 
(W|AB2|W). Then, Eq. (2.105) implies that 


AAAB > =|(WI[A, Bllv)|, (2.111) 


1 
2 
which is the general uncertainty relationship that holds between any two non- 
commuting physical observables. For the case where A = x and B = p, namely 


position and momentum operators, [x, P] = ih. Therefore, Ax Ap > h/2, which is 
a precise statement of Heisenberg’s uncertainty principle. 


Exercise Problems with Solutions 


2.1 Two states |œ) and |£) are normalized and orthogonal to each other. Given the 
two states |a) and |b) defined as follows: 


la) = |æ) + 3i/B), 
|b) = 2i|a) — |B), 


calculate (ala), (b|b), (a\b), and (b|a), which are all real or complex numbers. 
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Solution 2.1 The four inner products can be calculated using the fact that (a|a) = 
(B|6) = 1 and (œ|) = (Bla) = 0 as follows: 


(ala) = ((a — 3i (8|) (la) + 3i18)) 
=1+4+9= 10, 

(bib) = (—2i(a@| — (Bl) Cila) — |B) 

(a|b) = ((a — 3i(B]) (2ilæ) — 1B) 
= 2i + 3i = 5i, 

(bla) = (—21(a| — (81) (lar) + 3i18)) 
= —2i — 3i = —5i. 


2.2 Two states |œ) and |8) are normalized and orthogonal to each other. A state |1) 
is given by the following linear combination. 


=e 
“sya 


Show that the above state is normalized. Find another state |2) given by a different 
linear combination of |œ} and |6}, which is orthogonal to |1) and is normalized. 


|1) (læ) + |8)). 


Solution 2.2 First, let us prove that |1) is normalized. Taking inner product of this 
with itself, we find that 


1 
(11) = 5 (l| + (E1 (lx) + |B)) 
are 1+1)=1 
==5(1+D=1L 


Second, let us assume a state |2) = Cy|a)-+Cg|). For this state to be orthogonal 
to |1), 


1 
(12) = Va Cal + (Bl) (Cala) + CplB)) 


Cu Cz 1 
= — (ala) + —= (818) = = (Ca + Cp) = 0. 
ya V2 pce Ce) 
For the above condition to be satisfied, Cg = —Cy. Since |2) has to be normalized, 


1 = (212) = |Cal + |Cgl? = 2|Cal. 
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The above condition can be satisfied by choosing Cy = 1/2. Note that this can 
be multiplied by any unit normal complex value but let us make the simplest choice 
that Cy is real and positive as assumed. Then, Cg = —1/ /2. As a result, the state 
|2) is given by 


1 
=e 


2.3 Two states |œ) and |£} are normalized and orthogonal to each other, in terms of 
which two operators A and B are defined as follows: 


|2) ) — 18). 


A = |a) (æl — 18) (1 

Ê = —ila)(B| + il£) {æl 
Then, express the following two operators, AB + BA and iAB — i BÂ in terms of 
linear combinations of outer products, |æ) (œ|, |B)(B|, Iœ) (6|, and |B) (@|. Make sure 


that you have the simplest possible forms. State whether each of the two operators 
is Hermitian or not, and justify your answers. 


Solution 2.3 The products AB and BA can be calculated as follows: 


AB = (læ) (a| — |B) (BI) (ile) (B| + #18) (al) 
—ila)(B| — i|B) (cel, 

(=la) (B| + 1B) (el) (le) (æl — iB) (BI) 
= ilo) (B| + i|B) (cll, 


&> 
D> 
ll 


Summing the above two operators, 
AB+ BA =0, 
iAB —iBA = 2 (la) (B| + |B) (al). 


Therefore, both AB + BA andiAB —iBA are Hermitian. 


2.4 The following operators are not Hermitian. Add additional (minimum number 
of) terms and make these operators Hermitian. 


(a) 2|a) (a| + GB + 21)|a) (B| (c) |1)(2| + i12) (31 + [3)(3] 


(b) 11) (112) (21 + 12) (313) 63 (d) |æ) (œ| — |B) (orl 
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Solution 2.4 Corrected Hermitian operators with minimal number of terms added 
are provided below. 


(a) 2la)(a| + (3 + 2i)|a)(B] + 3 — 2i)/B)(a| 

(b) |1)(1]2)(2] + 12) (21) (1) + 12) (3]3) (31 + 13) (313) (21 

(© |1)(2] + [2)(1] + i12) {31 — ¿13)(21 + |3)(3] 

(d) læ) (a| — |B) (œ| — læ) (£| 
2.5 For the following functions of operators, which are not necessarily Hermitian, 
determine the Hermitian conjugate for each function of operators. The answer 
should be expressed in terms of given operators and their Hermitian conjugates. 

(a) ô? +0 (c) 6102 + i(O1 + On) 

(b) Ô? + iô (d) 0; 0203 


Solution 2.5 Hermitian conjugates are provided below. 


2.6 Prove the following identities. 
(a) [&, p°] = 2ih f (b) [p, 87] = —2ihs 


Solution 2.6 The above identities can be proved by employing Eq. (2.57) as 
follows. 


= ihp+ihp = 2ihp 

= —ihx —ihx = —2ihx 

2.7 It is known that U (0) defined below is unitary for any value of its parameter 0. 
Û(0) = cos — i sin 0 Â, 


where Â is a Hermitian operator. Find out the property that Â should satisfy for the 
above statement to be true. 


Exercise Problems with Solutions 65 


Solution 2.7 For the given operator to be unitary, 


U(6)U' (6) = (cos — i sin 6 Â) (cos 0 + isin 0A) 
= cos? 0 — i sin 0 cos@A + i sin 0 cos A + sin? 6 Â? 
= cos? 0 + sin? 0 + sin? 0 (Â? — 1) = 1 + sin? 6(A? — 1) = 1. 
For the above identity to be true, A? = 1. For this case, it is also easy to show that 
U'(6)U (0) = 1 as well. 


2.8 A quantum particle of unit mass in one dimensional box of unit length is 
prepared in the following state at time t = 0. 


1 i 
Eo V2 


where |E) and |F3) are the first and third eigenstates of the Hamiltonian of the 
particle. Answer the following questions. 


lyr) |E1) — —=|E3), 


(a) Find out the expression for (x|w). 

(b) Determine the state |y; t) at time t = 1. 

(c) Calculate the expression for the expectation value for x of the particle for 
arbitrary time t. 


Solution 2.8 For particle in a box of unit length, the eigenvalue and eigenfunction 


of the Hamiltonian are given by 


h2 
Ey, = —n", 


2 
(x|En) = /2sin(nrx), 


where n = 1, 2,.... Answers for (a), (b), and (c) are provided below. 
(a) 


(sh) = (al) - Stl) 


= Vi sin(zx) — is sin(3zx) 
= sin(zx) — i sin(37x) 


(b) 


veer a 
Iw: t) = aes iE\t/h) E1) E F iE3t/ħ| E3) 
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1 —iħn?t/2 i i9hn2t/2 
—e (Bie ee En) 
J2 


J2 


For t = 1, the above state becomes 


1 T e; boo 2 
Iy; t=1)= z ihn? 20 p) Fe i9h? /2) py 


(c) 
wiin = f axti raxt n) 
-fa(S ein? 2 (Ey |x) + i se (Eala)) 
0 /2 
«(= 1 ov ihn? 1/2 (x|E1) — ess) 
Va /2 i 
-f dx [sin? (mx)x — 2sin(4h? r’ t) sin(x x) sin(32x)x 
0 
+ sin? Grx)x| 
1 
= i, dx [za — cos(27 x)) — x sin(4h? r? t) (cos(27 x) 
0 
— cos(47 x)) + za = cos(6rx))| ave 
Problems 


2.9 Given two states |œ) and |8), which are normalized and orthogonal to each 
other, answer the following questions. 


(a) Given two states |1) = C (|œ) +7|8)) and |2) = C(|w) —i|6)), prove that these 
two states are orthogonal to each other and determine a real positive number C 
such that they are normalized. 

(b) An operator A is defined as A = |1)(2| + |2)(1|. Find out the expression for A 
in terms of outer products involving |œ) and |£). 

(c) Determine the eigenstates and eigenvalues of A given above. 


2.10 Prove the following identity: 


— 


[tp + pk, $], p] = 2°. 
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2.11 For arbitrary state |œ}, 
KIG + pyle) = O}@) Wal), 


where Wo(x) = (x|a) and O(x) is a mathematical operator (or an operator in 
Schrédinger’s formulation) that involves functions of x and its derivative. Find out 
the expression for O(x). 


2.12 Prove the identity given by Eq. (2.59). 
2.13 Prove the Jacobi identity given by Eq. (2.60). 


2.14 Use some of the identities provided in the main text and simplify [67+%7, px] 
as much as possible, where £ is the position operator and p is the momentum 
operator along the same direction. 


2.15 A quantum particle of unit mass in one dimensional box of unit length is 
prepared in the following state at time t = 0. 


iw) = Signi + Sea), 


where |£,) and |E>) are the first and second eigenstates of the Hamiltonian of the 
particle. Answer the following questions. 


(a) Find out the expression for (x|). 

(b) Determine the state |y; t) at time t = 1. 

(c) Calculate the expression for the expectation value for x of the particle for 
arbitrary time t. 


Chapter 3 A) 
Harmonic Oscillator and Vibrational ches or 
Spectroscopy 


We have confidence that the human spirit will always be able to 
create ideas fitting somehow to the external objects that are 
conveyed to us... 


— Wolfgang Pauli 


Abstract This chapter describes the solution of the time independent Schrédinger 
equation of a harmonic oscillator and shows how the requirement of physically 
well-behaving eigenfunction leads to the quantization of the harmonic oscillator 
energy. The solution and its properties are then used for a quantum mechanical 
description of vibrational states of a diatomic molecule that can be represented by a 
harmonic oscillator Hamiltonian with reduced mass. Infrared absorption and Raman 
spectroscopies are introduced, and their selection rules for the case of diatomic 
molecules are explained. A brief account of how the effects going beyond the 
harmonic oscillator model for diatomic molecule is provided. 


The harmonic oscillator is one of the simplest but the most widely used models 
in physics, chemistry, and engineering. An analytical solution of the Schrödinger 
equation for the harmonic oscillator is well known and is described in this chapter. 
Details of a harmonic oscillator system also clarify important features of quantum 
mechanical states and energies distinct from those of classical mechanics. Solutions 
of the quantum harmonic oscillator have contributed immensely to understanding 
molecular vibrations and a correct quantum mechanical interpretation of spectro- 
scopic data. 


3.1 Classical Harmonic Oscillator and Hamiltonian 


Let us consider a classical harmonic oscillator with mass m, as illustrated in Fig. 3.1, 
with Zo as the equilibrium length of the spring at which there is zero restoring force. 
The position of the oscillator is defined as the displacement of the oscillator relative 
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Fig. 3.1 Illustration of a 
mass m attached to a wall of 
infinite mass via an ideal 
massless spring with linear 
restoring force 


to the equilibrium length, namely, x = L — lọ. The force applied to the particle at x 
is then given by 


F(x) = —k(l — Ip) = —kx, (3.1) 


where k is the spring constant. The Newtonian equation for the mass attached to the 
spring is then equal to 


2 


P = —kx(t) = —mo*x(t), (3.2) 
dt? 


where w = „k/m. It is straightforward to show that the solution of the above 
equation is 


pO) . 
x(t) = x(0) cos(wt) + —— sin(a@t), (3.3) 
mo 
where x(0) and p(0) are position and momentum at time t = 0. The classical 


momentum of the particle can be calculated by taking the time derivative of the 
above expression as follows: 


d 
p(t) = oe) = p(0) cos(@t) — mæx (0) sin(af). (3.4) 
On the other hand, the Hamiltonian of the harmonic oscillator is 
H = — + —_x’, (3.5) 


where the second term is the potential energy of the harmonic oscillator at x. It is 
straightforward to show that the time dependent position and momentum given by 
Eqs. (3.3) and (3.4) conserve the above Hamiltonian. 
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Now, let us assume that the particle no longer behaves classically but should 
be considered as a quantum mechanical particle. Then, determining the position 
and momentum of the particle both simultaneously and precisely has no physical 
meaning in quantum mechanics. As yet, the expression for the Hamiltonian, 
Eq. (3.5), remains valid except that the position and momentum be replaced with 
operators as follows: 


A2 2 
Ê=- 4 (3.6) 
2m 2 


Solving the time independent Schrödinger equation for the above Hamiltonian is the 
first step for understanding how the quantum harmonic oscillator can be described 
and probed. This is also essential for correct quantum mechanical understanding of 
molecular vibrations. 


3.2 Schrödinger Equation 


The time independent Schrödinger equation (in the Dirac notation) for the harmonic 
oscillator Hamiltonian, Eq. (3.6), is 


n2 
Ay) = (È + gmas?) w) = Ew). (3.7) 
2m 2 


Taking the inner product of the above equation with the position state bra (x|, we 
obtain 


2 2 
h? 3 mæ, 
~ A 2m ax2 + 3” (xiy) = E(x|p). (3.8) 


The second line in the above equation corresponds to the original Schrödinger 
equation because (x|w) = w(x). The Schrödinger equation for this wavefunction 
can be expressed as 


h? d(x) mo? , 

E =0, 3.9 
m a ( Za) yo (3.9) 
where we have moved all the terms to the lefthand side and changed the sign so that 
the second derivative becomes positive. Detailed mathematical steps for solving this 
differential equation are provided below. 
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3.2.1 Solution of Time Independent Schrödinger Equation 


As the first step for solving Eq. (3.9), let us introduce a new scaled coordinate £ = 
./yx, where y is yet unknown real parameter with a unit of inverse length square, 
and also define ø (£) = w(x). Then, d§ = ./ydx and 


d? d? 
gao = yga (3.10) 


Employing the above relationship in Eq.(3.9), one can obtain the following 
equation: 


h’y dE) n (£ mo 


2 
2 = 
Om dE? Dy g Joe =o. (3.11) 


Dividing the above equation with h*y /(2m), we obtain 


dE) 2mE mo 2 
=0. 3.12 
By ~ pre) ee) (3.12) 
The above equation has two parameters within the parenthesis, one as a constant 
and the other as a coefficient of £*. Now, the free parameter y can be determined to 
remove the second one. Namely, by choosing y = mw/f, the above equation can 
be simplified as follows: 


d2 
oS +(e BOE) = 0, (3.13) 
é 
where 
= 2mE _ 2E (3.14) 
T Ry he’ ` 


While Eq. (3.13) appears to be simple, its conventional solution as a power series 
expansion of @(&) with respect to € is not straightforward because the resulting 
equation involves three different powers of £. A well-known technique to overcome 
this difficulty is to factor out a term that dominates for large € limit, which then 
helps identifying an equation that results in a simpler relationship involving only 
two powers of &. 

Inspection of Eq. (3.13) shows that the term —& 26 (£) becomes one of dominant 
terms in the large € limit. For this term to be cancelled by the second derivative 
term, #(€) should have a term that contains e~§"/2 that produces a term with £? as 
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a multiplicative factor when second derivative is taken. Thus, let us introduce a new 
function H (€) such that 


pE) =e PHE). (3.15) 

Then, 
d p-n -62/2 py 
EIOS HO +e PNO, (3.16) 
d? Ja 2g) 22 a 23 d? 
qh =e 8? H(E) + Ee P HE) — 2EeF CETOt+e PpO 

ee. og- 2a -pgp a 

=E- DOG) -et O +e pO. (3.17) 


Inserting the above expression into Eq. (3.13), we obtain 


d? r 
qe?) + (k — E°) (E) 


d2 


+ err z H(é) 


ie hae ee ee 
dé 


2 d? d 
— ,—¢°/2 
=e G 2 T 


HO+E- DHO] =0. (3.18) 


2 . . . . 
Since e~* /* is nonzero, the above equation implies that 


d? d 
gar O) oe ge aa (3.19) 


While the above differential equation has an additional term involving the first 
derivative, it has the same order as the original function H(&) because of the 
additional multiplicative factor £. Thus, when a power series solution is assumed 
for H(&), a simple recursion relationship involving terms with only two different 
powers of £ appears. 

Indeed, Eq. (3.19) is a well-known differential equation called the Hermite 
equation. The solution of this equation and the condition for « that allows well- 
behaving solution can be found as described below. Let us assume the following 
power series expansion for H (€): 


H(E) = Co + Ci + C2? +--+ + Cng” + Cryg"! + Cng" +... 
(3.20) 
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Taking the first and second derivatives of the above expression, we find that 


d 
— H (E) = C1 + 3G ee ence" 


dé 

H(n t+ WCny1€" + H+ 2)Cry2E"* 4+ ..., (3.21) 
d2 
qpe He) 5202+ tna jee" 


H + DanC pé”! + (n DWC we... (8.22) 


Inserting Eqs. (3.20)—(3.22) into Eq. (3.19) and requiring that the coefficient of each 
term &” is zero lead to the following relation between coefficients: 


(n+ 2)(n + 1)Cn42 — 2nCy + (K — 1)Cn = 0. (3.23) 


Solving the above equation with respect to C,42, we obtain the following recursion 
relationship: 


c _ 2n-K+1 c (3.24) 
n+2 = (nt2(n+) n: . 


It is easy to find that the above recursion relationship implies that C„+2 should be 
zero for some finite n in order for the wave function to be physically acceptable. 
This can be shown as follows. 

For simplicity, let us assume that Cı = 0. Then, we only need to consider even 
terms. For large n = 2n’ >> (k — 1)/2 & 1, Eq. (3.24) approximately becomes 


4n' 


cn a 3.25 
WED Ome) 


Cow’ 41) © 


The above relation implies that Cw œ% Co/n’! for large n’. In this case, H(€) ~ 


Coet’ for large €. When this expression is used in Eq. (3.15), the resulting 
wavefunction behaves as follows: 


PE) ~ Coe t leE = Coe? as E > oo. (3.26) 


For nonzero C1, following a similar reasoning, the function can be shown to contain 
a term that behaves as C1 ef 2 for large £ as well. 

The asymptotic behavior of Eq. (3.26) shows that @(&) is not an acceptable 
solution, if the series for H (€) continue up to an infinite order, because it means 
that the probability to find the position to be at infinity is infinitely large, which is 
unphysical. The only way out of this is for the series Eq. (3.20) to terminate at finite 
order. Then, H (£) becomes a polynomial and ġ (£) = H (E)e“#"/ 2 becomes zero for 
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E — oo. Inspection of Eq. (3.24) shows that the termination of the series is possible 
if the following condition is satisfied. 


k=2v+1,v=0,1,... (3.27) 


Employing the definition of « given by Eq. (3.14), we find that the above condition 
implies that the energy should have the following form: 


Ey=ho(v+>) v=01.. (3.28) 
The corresponding solution for each v, H,(&), is called a Hermite polynomial, 
which is a polynomial of £ with maximum power of v. 

Since the recursion relationship, Eq. (3.24), involves terms with two order 
difference in £, solutions should consist of terms with even or odd powers of & 
depending on the value of v. That is, for even v, solution for Eq. (3.24) exists 
only for Cı = 0. For odd v, the solution exists only for Co = 0. Examples of 
these polynomials, known as Hermite polynomials, and a few terms for general 
expressions are provided in Table 3.1. 

On the other hand, it is also known that the above Hermite polynomials can be 
generated from a Gaussian-type function as follows: 


[0,6] 


S 1 
e S +2sé = 5 es" 


v=0 


(3.29) 


where the left hand side is called the generating function of the Hermite polynomial. 
Summing up the results obtained so far, the eigenfunction for each energy E, 
can be expressed as 


Wye) = Nye"? H, (Yx), (3.30) 


Table 3.1 Examples of Hermite polynomials and general expressions. Note that the second and 
third terms are shown assuming that m > 4. For m = 1, only the first and the last terms exist. For 
m = 2, only the first, second, and last terms exist 


n H, (£) 
0 1 

1 2£ 

2 4? —2 

3 8£3 — 124 

4 16£4 — 48£? + 12 

5 32£5 — 1603 + 1204 

6 64£6 — 48044 + 720£? — 120 

2m (2g)"" — oan (Q2) 4 ona (Eyre ery ee 

2m+1 (QHT — gapa ET + Sayan CE +o + ("SE OE) 
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Fig. 3.2 Four eigenfunctions y,(x)’s with v = 0, 1, 2, and 3 and corresponding probability 
densities, | Yy (x)|?, for a harmonic oscillator 


where N, is the normalization constant and can be determined by the following 
normalization condition: 


f Yax) dx = N? f e”? Hy /yx}dx = 1. (3.31) 


The integration over the Hermite polynomial in the above equation can be done 
explicitly, which leads to the following expression: 


Naa A (3.32) 
"Jay Ma” 
where note that O! = 1. Figure 3.2 shows y,(x) for v = 0,---,3 and the 


corresponding probability densities. 


There are three properties of Hermite polynomials that are important for 
harmonic oscillators as described below. 


Properties of Hermite Polynomials 


e Orthogonality and normalization condition 


if dé H,(&)Hy(é)e = tr (3.33) 


(continued) 
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where N, is the normalization constant defined by Eq. (3.32). Also, note 
that £ = „/yx. For v ¥ v’, the above equation amounts to the orthogonality 
condition for the eigenfunctions of the harmonic oscillator. 

e Recursion relationship involving three consecutive Hermite polynomials: 


Ay+1(€) — 26 Ay (€) + 2vHy_1(€) = 0. (3.34) 
The above relationship allows generating all the higher order Hermite 


polynomials from Ho(&) and H; (£). 
e Relationship involving the derivative of a Hermite polynomial: 


d 
ae Pe) = 2vHy_1(§). (3.35) 


The combination of Eqs. (3.33) and (3.34) for v’ = v + 1 can be used to show 
that 


($) = T AXWy(x)x W(x) = 0. (3.36) 


The combination of Eqs. (3.33)—(3.35) can be used to show that 


7 Ae f) 
(P)v = al dx (x) — W(x) = 0. (3.37) 
i J—oo Ox 


The recursion relationship, Eq. (3.34), can also be used for evaluating the following 
expectation value of £? with respect to the vth eigenstate. 
1 [0,0] 


(2? = f > dxyž (x) x7 y(x) = MS dé H2E)E eE. (3.38) 


In the above expression, Eq. (3.34) can be used twice as follows: 


1 
E HE) =£ (Hon) + vhi) 


1 1 v 
= qE) + 50 + DAE) + 5HE) + vw — DHE). 3.39) 
When this expression is inserted into Eq. (3.38), the integrations involving products 
of Hy+2(€) and H-2 (£) with H, (Ẹ) vanish due to the orthogonality condition, and 
only the term involving H? (€) survives. Thus, 
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: 1 (w+1) f” -a 
h = Moa | amwe : 


ye 1 v+) yy @v+)) 
~My 2 NM y 
h 1 
= —([v+-}. (3.40) 
mo 2 
Since 
A 1 Log a 1 
(H)y = — (P ih + zmo (X j = holv+-), (3.41) 
2m 2 2 
Eq. (3.40) implies that 
(P> gn? sek = mho ae (3.42) 
Phv= 7 5) = a a j 


From Eqs. (3.36), (3.37), (3.40), and (3.42), it is easy to show that the position 
and the momentum have the following magnitudes of uncertainties for the ground 
vibrational state: 


P 1/2 7 1/2 h 
ox = ((8)0— (818) © = (E) =a (3.43) 
x F; 1/2 x 1/2 h 
op = (Pr (P) = (o) = 8.44) 
Thus, 
oop = > (3.45) 


This means that the ground vibrational eigenstate is the minimum uncertainty state. 
The recursion relationship, Eq. (3.34), can also be used for calculating the 
following quantity: 


(0,6) 1 [0,6] 
i dx WYA) = NNT f dë H (E)E Hy Eye Ë 


1° 1 2 
= wine f dé CG a TETO) Hy (E)e Ë 


í F.i s7 
= Au (Ce N2 + 5 out lo! N2 . (3.46) 
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Note that Eq. (3.36) is the special case of the above identity for v = v’. The above 
identity implies that the measurement of £ causes the transition of vibrational state 
from v to v + 1. This fact has important implications for the selection rule of the 
spectroscopy detecting molecular vibrational states. 


3.2.2 Operator Approach 


The commutator between the Hamiltonian, Eq. (3.6), and the position operator is 
given by 


A 1 wy 4 b pai ERNA ih , 
[H, 2] = —[p*, 4] = — (PLÔ, x] + [p, £16) = —-— Ô. (3.47) 
2m 2m m 
Similarly, 
R mo.» mw _, 2A 
[H, p]) = = lî , P| = 5 (x x, pl+ Š, pls) = ihmw*x. (3.48) 


Combining Eqs. (3.47) and (3.48), we find that 


[H, mos + ip] = —ihwp — hmw?k = —ha(mos + ip), (3.49) 

[H, mok — ip] = —ihwp + hmw?k = ho(mok — ip). (3.50) 
The above identities motivate definition of two important operators as described 
below. 


Definition 3.1 For the harmonic oscillator with mass m and angular frequency ow, 
its lowering and raising operators b and b’ are defined as follows: 


A 


1 a hye [mo , Pp 
b= mox +ip) = ,/—x +i——, 3.51 
imho P) 2h J2mhw ( ) 
mo 


P 1 n X R P 
b' = mox —ip) = x—i . 3.52 
A p) 2h J2mhw ( ) 


The lowering and raising operators defined above have the following important 
properties. 
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Properties of Lowering and Raising Operators 


e Raising and lowering operators satisfy the following commutation rela- 


tions: 
(H, b] = —ħob, (3.53) 
(4, b] =fhab', (3.54) 
[b,b] =1. (3.55) 


e The product of bt and É can be shown to be 


bb = (Jsi ĝ )( eri th) 
i 2ħ Imha 2h /2mha )’ 


Oe ey, ee ee ey 
To OR oh a hs S 


Therefore, 


e E 
Ê = ħw (68 Je 5) ; (3.57) 


Equation (3.57) is equivalent to Eq. (3.6), and offers an efficient way to obtain 
some of the key properties of the quantum harmonic oscillator. As will be shown 
below, this expression allows to deduce the details of how the eigenvalues are 
quantized even without solving the Schrödinger equation. 

For now, let us assume that we have no knowledge of the solution of the 
Schrödinger equation in the previous subsection. Thus, let us suppose an eigenstate 
of the Hamiltonian |E} such that 


H|E) = EJE), (3.58) 
where E is as yet unknown value. Then, one can show that BIE ) and BE ) are 
eigenstates of H with different eigenvalues using the commutation relations. For 
example, 


LÂ, b||E) = H(b|E)) — b(A|E)) = —hwbd|E), (3.59) 


where Eq. (3.53) has been used. Using the assumption of Eq. (3.58) and sending 
bH|\E) = Eb|E) to the righthand side, the above equation implies that 


H(b|E)) = (E — ho)b|E). (3.60) 
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Thus bE ) is an eigenstate of Ai but with an eigenvalue E — fiw, which is lower than 
the original value by iw. Similarly, one can show that 


H(6'|E)) = (E +ho)b"|E). (3.61) 


Thus, bt is an eigenstate of H but with a different eigenvalue E + hw, which is 
higher than the original value by hw. 
The Hamiltonian of the harmonic oscillator is positive definite. Therefore, 


A 


(E|H|E) = E > 0. (3.62) 


Let us denote the lowest energy state as | Æo). Then, it is clear that b| Eo) = 0. If 
this is not the case, b| Eo) becomes an eigenstate of H with eigenvalue of Eo — hw, 
which contradicts the assumption that Ep is the lowest possible value. This in turn 
implies that 


à azo l hw 
H|Eo) = ha(b'b + 5) |£o) = z | £0). (3.63) 
Therefore, 
ho 


Now, let us denote |Eo) as |0) and assume that it is normalized. Then, we can 
generate eigenstates with eigenvalues iw(v + 1/2) by applying bt on |0) by v times 
repeatedly. Let us denote the normalized eigenstates generated in such a way as |v). 
In other words, 


blv) = Aplv + 1), v=0,1,2,---, (3.65) 
where we have introduced a constant factor A, because bt does not conserve 


normalization. This can be shown by taking inner product of bt |v) with itself as 
follows: 


(wib) (6"1v)) = {v| ($ $ 5) aie aay. (3.66) 


where Eqs. (3.55) and (3.56) were used in the first equality, and the fact that H |v) = 
fiw(v + 1/2) was used in the second equality. The last equality is from Eq. (3.65) 
along with the fact that |v) is normalized. Therefore, we find that 


bi |v) = Jv + Iv + 1). (3.67) 
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This implies that the vth eigenstate can be defined as 


ae 1 PTU 
|v) = va )"|0), (3.68) 


where |v) is normalized and 
R 1 
H|v) = ñæ(v + 3). (3.69) 


Note that the above equation is nothing but the time independent Schrédinger 
equation for the eigenvalue, Eq. (3.28). It is remarkable that this result can be 
obtained purely out of the commutator relationship between H, b, and Ót and that 
there has to be a lower bound in the eigenvalue. 

In a similar manner to obtaining Eq. (3.67), we can obtain the following identity 
involving the operation of b. 


lv) = volv = 1), v = 1,2,3,.... (3.70) 


This identity can be used to confirm that the eigenvalues Aw (v + 1/2)’s are the only 
eigenvalues possible for the harmonic oscillator. 


3.2.3 General Time Dependent State 


A general (normalized) quantum mechanical state for a harmonic oscillator can be 
expressed as 


= X Calo), (3.71) 


where }_, |C,|? = 1. The corresponding wavefunction (position representation) is 
given by 


W(x) = (ly) = Laes X ChG). (3.72) 


The normalization condition for |v) is as follows: 


(vlv’) = (v|i|v’) | dx(v|x){x|v') 


—co 


=! > H E dx e”? H,(/yx) Hy (/Yx) 
Vu! YW y, AT = 
aa (3.73) 


which can be proved employing the property of the Hermite polynomial. 
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Let us assume that the quantum mechanical state at t = 0 is given by 


lw; t = 0) = 2h (3.74) 


Then, the state at time ¢ is given by 


p= $ Cse Ao) Cee ay, (3.75) 
v v 


Taking time derivative of the above expression, we find that the state indeed satisfies 
the time dependent Schrödinger equation as shown below. 


ð IN pat 
in lWit) = Dee ( + 5) e™i2 Ot?) y) 
= Y C, Êe™ie 0+" v) 

v 


= Alw:t). (3.76) 
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Let us consider a diatomic molecule consisting of two atomic masses mı and 
mz. At the simplest level, their bonding can be modeled by an ideal spring with 
spring constant k. If we denote the two coordinates along the internuclear axis as l4 
and l (see Fig. 3.3) and assume that their dynamics are governed by the classical 
mechanics, we arrive at the following equations of motion: 


I . 3.7 


In above equations, ro is the equilibrium bond distance where there is no restoring 
force of the spring. From the difference of the above two equations, one can obtain 
the following equation of motion for l = h — lı: 


d2 
pa O rih (3.79) 
dt? mim 
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Fig. 3.3 Illustration of two 
masses mı and mz connected 
by an ideal massless spring 
with linear restoring force 


Let us introduce the displacement from the equilibrium bond distance, x = l — ro, 
and a reduced mass u = mım2/(mı + m2). Then, the above equation simplifies to 


x= x=-a'xX, (3.80) 


where œw = „k/u. Thus, within the classical mechanics, the dynamics of x is 
equivalent to that of a harmonic oscillator with an effective mass u, for which the 
classical Hamiltonian is given by 


(3.81) 


If the above assumption of the classical mechanics were true, it means that the 
displacement x(t) and its momentum p(t) = udx(t)/dt should go through the 
following harmonic time evolution 


x(t) = x(0) cos(wt) + PO) sin(@t), (3.82) 
po 
P(t) = p(O) cos(wt) — “wx (0) sin(ar), (3.83) 


for which the Hamiltonian H = p(0)*/(2w) + wx (0) /2 remains conserved and 
can have an arbitrary value depending only on the initial value of the displacement 
and the momentum. 

Quantum mechanically, one has to consider the following Hamiltonian operator 
corresponding to Eq. (3.81): 


H = — + =po*s?, (3.84) 
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where x and p are now operators that should obey the commutator relationship 
[x, P] = ih. The solution for the Schrödinger equation for the above Hamiltonian 
is the same as the one presented in Sect. 3.2 except that 


(3.85) 


for the present case. Thus, the expressions for the eigenvalue, Eq. (3.28), and the 
eigenfunction, Eq. (3.30), remain the same. 

One of the important consequences is that the minimum vibrational energy of 
the diatomic molecule is no longer zero but becomes fiw/2 = h./k//2. This also 
means that the internuclear distance and the corresponding momentum can never 
become zero simultaneously. For the ground vibrational state, the uncertainties of 
relative position and momentum of the two atoms within the diatomic molecules 
can be calculated to be 


ee mals 3.86 

Ox Zuo ( ) 
h 

TEN an > (3.87) 


These satisfy the minimum possible value of the Heisenberg’s uncertainty relation- 
ship, 0,0) = h/2. 


3.3.1 Vibrational Absorption or Infrared (IR) Spectroscopy 


The quantum mechanical behavior of interatomic displacement in a diatomic 
molecule can be confirmed from its interaction with light, viewed as electromagnetic 
radiation. Detailed mathematical treatment of the interaction will be provided later. 
For now, it is sufficient to accept that the lowest order interaction of light with the 
displacement is through the dipole moment of the molecule, which is in general 
defined as 


D=} aiti, (3.88) 
i 


where r; is the coordinate of the ith particle constituting the molecule. For the 
case of vibrational spectroscopy, each r; can be viewed as the coordinate of each 
nuclei and q; the effective point charge of each nucleus, with the effects of electrons 
incorporated. For the case of a diatomic molecule with their internuclear coordinate 
x + ro, the dipole moment operator along the internuclear axis is given by 


D = q + ro), (3.89) 
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Fig. 3.4 Diatomic molecule -q q 
and their effective charge and 


internuclear distance. The 
arrow represents the dipole 
moment X -+ r 0 


where X is now viewed as quantum mechanical position operator and q is the 
magnitude of the effective charge (see Fig. 3.4). 

The simplest vibrational spectroscopy is the one where molecular vibrational 
states changes through the lowest order interaction with light. This is conventionally 
known as Infrared (IR) spectroscopy because it turns out that the molecular 
vibrational frequencies are typically in the range of IR. There are two important 
selection rules as described below. 


Selection Rules for IR Spectroscopy 


e The first is called gross selection rule stated as follows: Only vibrational 
modes that cause change of dipole moment are IR active. For diatomic 
molecules, this means that the molecular has to be polar. Therefore, only 
heteroatomic diatomic molecules are IR active. 

e For those molecules that are IR active, the transition that is allowed (given 
that the harmonic oscillator form of the Hamiltonian is exact) is the 
following transition: 


Avs di (3.90) 


This can be understood from that the IR spectroscopy amounts to applying 
the dipole operator given by Eq. (3.89) to a given eigenstate, which then 
makes transition to another eigenstate. Due to the identity of Eq. (3.46), 
such measurement causes transitions to only nearby eigenstates satisfying 
Eq. (3.90). 


IR spectroscopy is typically an absorption spectroscopy where a photon is 
absorbed to excite the vibrational state. Thus, within the assumption of the harmonic 
oscillator model, the energy of the photon being absorbed in the IR spectroscopy is 
given by 


1 1 
hVpn = ho (: +1+ 5) — hw (: + 5) = ha, (3.91) 


where vpn is the frequency of the photon being absorbed and w is the vibrational 
angular frequency of the molecule that appears in the Hamiltonian, Eq. (3.84). 
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The IR spectroscopy is most commonly described in terms of wavenumber, 
Vph = Vpn/c, where c is the speed of light in vacuum. Equation (3.91) can then 
be expressed in terms of the wavenumber as follows: 


i A 1 1 (k\'? cs 
V = oz = š A 
pn Pach me 2c \ u 


For the description of the IR spectroscopy, it is often convenient to introduce the 
following vibrational term: 


1 
G(v) = Dib (: F 5) ; (3.93) 
where 
7 1 | a 
Vib = i (=) . (3.94) 
mc \ u 


Then, the condition for the IR absorption, Eq. (3.92), reduces to 


Dph = Dib- (3.95) 


3.3.2 Vibrational Raman Spectroscopy 


The next order of interaction between light and molecule is through the polarizabil- 
ity æ of the molecule, which is defined by 


Dina = QE. (3.96) 


This interaction term is quadratic with respect to the amplitude of the field because 
it involves interaction of the above induced dipole with the electromagnetic field 
again. 

The polarizability œ is a matrix in general (second rank tensor) but can be repre- 
sented by a number for its portion that depends on the vibrational displacement of 
the diatomic molecule. This can again be expanded with respect to the displacement 
x as follows: 


& = a(0) +X fee, (3.97) 


This expression shows that the first order interaction term of the molecule with 
radiation is proportional to the vibrational displacement. This fact leads to the 
following selection rules for the vibrational Raman spectroscopy. 
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Selection Rules for Vibrational Raman Spectroscopy 


e Any vibrational mode that causes change of polarizability is Raman active. 
This means that even homonuclear diatomic molecule is in general Raman 
active because the distance dependence of polarizability is nonzero. 

e As in the case of IR spectroscopy, the following selection rule applies to 
vibrational Raman. 


hot (3.98) 


Unlike the case of IR, Raman Spectroscopy is a scattering process where 
the frequency difference between in-coming radiation and out-going radiation (in 
directions perpendicular to in-coming light) is measured. The case where the 
outgoing light has lower energy corresponds to Av = 1 and is called Stokes 
vibrational transition, which is similar to classical inelastic scattering processes 
that involve loss of energy. The case where the outgoing light has higher energy 
corresponds to the case of Av = —l1 and is called anti-Stokes vibrational 
transition, a counter-intuitive process that light extracts energy out of molecules. 


3.3.3 Anharmonic Effects 


For actual molecules, the potential energy in general deviates from the quadratic 
dependence as shown in Fig.3.5. Note that the actual potential energy becomes 
stiffer (softer) than a quadratic function as the distance becomes smaller (larger). 
The resulting deviation of the properties of the vibrational motion from those of a 
harmonic oscillator is called anharmonicity. In general, the potential energy between 
a diatomic molecule can be expanded as 


w 5 Os ie VO 4 oe 


m 
V(x) = VO) + 5 x 6 74 ay 


(3.99) 


where V™ (0) = 3” V (x)/ðx"|x=0. Solving the Schrödinger equation exactly for 
the general expansion of the potential energy as given above is a difficult task with 
the exception of few models such as the Morse potential. For the calculation of 
general anharmonic contributions, one has to rely on approximation methods that 
you will learn in later chapters of this book, which are valid if the contribution of 
anharmonic terms are small compared to the harmonic terms. 

In actual analyses of spectroscopic data, the following empirical expressions have 
been frequently used. 


1 1\? i? 
E, = ha, (0+ 5) -ho (+3) + Yeħwe (+3) +e, (3.100) 
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r 


Fig. 3.5 Illustration of a typical diatomic potential energy curve and its parabolic approximation. 
The quantum energy levels for actual potential and the harmonic oscillator levels for the parabolic 
approximation are shown. The potential energy depth De and the dissociation energy Do for actual 
potential energy are shown as well 


where xe and ye are called anharmonicity coefficients and are much smaller than 
one. Or, in terms of vibrational term symbols, 


- 1 : WW. . = 1\? 
Gy = Ve aes — XeVe v+ts5 + YeVe eG fees, (3.101) 


Two major effects of anharmonicity are (1) non-uniform level spacing and 
(2) finite dissociation energy (see Fig.3.5). In general, the potential well-depth 
is denoted as De and the dissociation energy is denoted as Do. The difference 
between these two is the zero point energy of the vibrational motion. According 
to Eq. (3.100), the expression for this is as follows: 


1 1 1 
De — Do = ate gre + gP 2e +, (3.102) 


In terms of the wavenumber, the above quantity can be expressed as 


~ ~ 1 Lg 1. 
De Do = zte ge T deve tT". (3.103) 


The above expression shows that the anharmonic effect in general reduces the zero 
point energy. 
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3.4 Summary and Questions 


The time independent Schrödinger equation for a harmonic oscillator has exact 
solutions. Eigenvalues of the Hamiltonian are given by Eq. (3.28), which are 
quantized with an equal spacing. The corresponding eigenfunctions are given by 
Eq. (3.30), which are given by Hermite polynomials (listed in Table 3.1) multiplied 
with a common Gaussian function. The quantization of the eigenvalue arises from 
the requirement that the eigenfunctions remain finite and that its squares are 
integrable over the entire value of the position. The ground vibrational state of the 
harmonic oscillator is a minimum uncertainty state that satisfies Eq. (3.45). 

By introducing É and Ít, lowering and raising operators that are defined by 
Eqs. (3.51) and (3.52), one can express the Hamiltonian of the harmonic oscillator 
in the form of Eq. (3.57). The raising operator, when applied to an eigenstate of 
the Hamiltonian, produces the next higher eigenstate according to Eq. (3.67). The 
lowering operator, when applied to an eigenstate of the Hamiltonian, produces 
the next lower eigenstate according to Eq. (3.70). Application of the lowering 
operator to the ground vibrational state results in a null state, which means that 
the state does not exist any more. It is possible to make a complete description of a 
quantum harmonic oscillator, including the dynamics, solely in terms of expressions 
involving band É. 

The vibrational motion of a diatomic molecule, given that the interatomic 
potential energy is well approximated by a quadratic function of the relative 
displacement, can be represented by a harmonic oscillator with a reduce mass u as 
defined below Eq. (3.79). Thus, the eigenfunction and eigenvalue of the harmonic 
oscillator with the reduced mass can be used for quantum mechanical understanding 
of the molecular vibration and selection rules for IR and Raman spectroscopies as 
given by Eqs. (3.90) and (3.98). For diatomic molecules with soft potential energy 
and/or in high vibrational states, the harmonic oscillator assumption breaks down. 
The resulting anharmonic effects can be effectively represented by the modification 
of the expression for the vibration energy as in Eq. (3.100), although this expression 
is empirical. 


Questions 


e In solving the time independent Schrödinger equation for a harmonic 
oscillator, which requirement for the wavefunction causes eigenvalues of 
the Hamiltonian to be quantized? 

e The ground vibrational state of a harmonic oscillator is a minimum 
uncertainty state. Is it the only minimum uncertainty state that can be found 
for the harmonic oscillator? 


(continued) 
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e Time dependent expectation values for position and momentum operators 
of a harmonic oscillator appear to satisfy the classical Newtonian equation 
of motion. What is the reason for this apparent classical behavior? 

e How are the expectation values of the kinetic and potential energies of a 
quantum harmonic oscillator related with each other? 

e Are the raising (b*) and lowering (b) operators of a quantum harmonic 
oscillator physical observables? 

e What makes a diatomic molecule IR active and what is the transition being 
involved in an IR absorption? 

e What makes a diatomic molecule Raman active and what transitions are 
involved in Stokes and anti-Stokes Raman transitions respectively? 

e For a given diatomic molecule, how are the dissociation energy, the depth 
of the potential energy, and the zero point energy of the vibration related? 

e If anharmonic effects become significant for the vibration of a diatomic 
molecule, do the selection rules for IR and Raman transitions, Av = +1, 
still remain the same? 


Exercise Problems with Solutions 


3.1 Prove that the time dependent position and momentum of the classical har- 
monic oscillator given by Eqs. (3.3) and (3.4) conserve the classical Hamiltonian, 
Eq. (3.5). 


Solution 3.1 Hamiltonian at time ¢ is shown to be independent of t and the same 
as that for t = 0 as follows. 


2 
4 w + smart? = (r0 cos(wt) — mox (0) sin(or)) 
pO) . 


1 4 0 2 
+ ae (x ) cos(wt) + FEN sin(or)) 


2 
= po (cos? (wt) + sin*(wt)) 
m 


a smorx(0) (sin*(or) + cos?(wt)) 


0? 4 
= ey + 5mo’ x0). 
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3.2 Confirm that the recursion relationship, Eq. (3.34), holds true for v = 1, 2 using 
the expressions for the Hermite polynomial provided in Table 3.1. 


Solution 3.2 Forv = 1, 


I(E) — 26 Hy (E) + 2Ho(E) = 46? — 2 — 28 - (28) + 2. 
= 47 2-487 +2 =0. 


For v = 2, 


H3(€) — 2& M(E) + 4H1 (&) = 8° — 126 — 28 (46? — 2) + 4-28 
= 86? — 124 — 86° + 4E + 8E = 0. 
3.3 Use the recursion relationship, Eq. (3.34), to find out the expression for H4(&) 
and H5(&) employing the expressions for H2 (£) and H3(&) provided in Table 3.1. 
Solution 3.3 For v = 4, 


H4(&) = 2 H3(&) — 6M (E) 
= 2&(8&? — 12&) — 6(4€* — 2) 
= 1644 — 24¢? — 24£? + 12 
= 16&4 — 48? + 12. 


For v = 5, 


As(€) = 26 Ha(&) — 8 H3 (€) 
= 2£(16&4 — 48£? + 12) — 8(8&? — 12) 
= 32° — 96€7 + 24E — 64&7 + 96E 
= 32&> — 160&? + 1208. 
3.4 Prove that the expectation values of position x and momentum ÔÊ for eigenstates 
of the harmonic oscillator are zero. 
Solution 3.4 For the position, 


=f en 


= N? f dxe” Hy (/yx)x Hy (yx) 


N2 mS _¢2 
af de® H (E)E Hi (E) 
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N? Po —& 1 
E f dge H (E) (5 Hon) + otha) 
NSE voa [9 e 
= afe HEHE) + EN fase HEHE) <0, 


where the last equality is due to the orthogonality of different eigenfunctions of the 
harmonic oscillator. For the momentum, 


x ve ho 
(P) =f dx Wy (x) y Ya) 


X ho 
= ~ f dxe VP H f7x)— ae Hy 7X) 
oo 


h Co 
= naz f dxe”? H (/Yx) |-yxe P72) 
=00 
+e H yx)] . 


2 2 i : 
Combining the two e~”* /? terms together and noting the fact that the first term in 
the above integral becomes zero because (x) = 0 as shown above, we find that 


h [0,6] 
P) = NRT fe BASTOS 


h 2 —¢2 7 
- +N? f dee Hy(8) HE) 


h > [* _¢2 
= sun? f dge ° Ay (€)Hy-1(€) = 0, 


where the identity involving the derivative of Hermite polynomial, Eq. (3.35) and 
the orthogonality of the eigenstates of the vibrational Hamiltonian were used. 


3.5 For the lowest two eigenstates of a harmonic oscillator |0) and |1), for which 
mæ = h, calculate (0|<|1) by explicitly evaluating the integration involving the 
expressions for the corresponding wavefunctions. 


Solution 3.5 Expressing |0) and |1) in the position space, 
Cc 
(O|¥]1) = | Wo(x)x 1 (x) 
—00 


CO 
= Nom f dxe” 2 Holy x)xe YIH (yx) 
[0,6] 
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CO 
= NN} I dxe” x. (2/7x) 
[0,6] 


-JZ dxe”? x? = E L 
T J- VZ v2 


where the fact that y = mw/h = 1 has been used. 


3.6 Find out expressions for the position and momentum operators as linear 
combinations of raising and lowering operators bt and b. 


Solution 3.6 Summing Eqs. (3.51) and (3.52), we find that 
Soop 2mo . 
b+b' = ji X. 


ga (6 +5). 


2mw 


Therefore, 


On the other hand, subtracting Eq. (3.52) from Eq. (3.51), we find that 


Therefore, 


ae me” (6 6") 
a om 


3.7 For a harmonic oscillator with mass m and angular frequency œw, find out the 
expression for p*, the square of the momentum operator, in terms of lowering and 
raising operators b and bt. Use this expression to calculate (0|7|0), where |0) is 
the ground eigenstate of the harmonic oscillator Hamiltonian. 


Solution 3.7 The momentum operator p can be expressed as 


aN 72 


Taking square of the above expression, we obtain 


a2 mhw a a aa 


p=- 6-BY = i — bbt — bb +6"). 
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Therefore, 


_ mhw 


put att Fe 
> (ol ( b2 + bbt + bth- b ) 10) 


_ mhow 


hs ho 
0| 6210 obbo) = Z2., 
(01710) 5" (01b6*|0) = 


3.8 Given that the state of a harmonic oscillator with unit mass and unit angular 
frequency, namely, m = w = 1, is in the following state at time t=0: 


. 
o 2 
find out expression for the time dependent expectation value of the position (x(t)) = 
(ws tly; t). 


Solution 3.8 The state at time t is given by 


IY) (10) + [1)), 


IWst) = = (e7120) + emin), 
Therefore, 
RA) = ; ((01210) +e" 0R) + et” (1110) + (11811) ' 
On the righthand side of the above expression, 
(01210) = (1|x|1) = 0. 


On the other hand, 


A A 1 yY 1 N 1 
ORI = 00 = oN + = 
YN sYN 2y 


where Eq. (3.46) has been used. As a result, 


(x(t)) = => cos(wt). 


V2y 


3.9 For any eigenstate |v) of a harmonic oscillator with angular frequency w, prove 
the following identities: 


I: eÂ bei At yy = e Ht bly), 


Il: ei Ât Gte i Àth n) = elt btv). 
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Solution 3.9 The identity I can be proved as follows. First, using 


e`iÂt/h —iw(v+1/2)t 


|v) =e |v), 


one can show that 


ei Ñt Ge itih y) = (ifb) eio UHD. 


Since b\v) is an eigenstate of H with eigenvalue hw(v — 1+ 1/2) = hw(v — 1/2), 
ei Êt py) = e2 -1/21 fiv), 
Therefore, 
I: eillt/hpe-iHt/hy) = giP@=1/2)t oio WHD hy) = eit blo). 
Similarly, the identity II can be proved first recognizing that 


eith pie i Àth iHt/hpt ~iw(v+1/2)t 


|v) =e Jve 


Since bi |v) is an eigenstate of Ê with eigenvalue Aw(v + 1/2) = hw(v + 3/2), 


eltt/h pity) a e2 0t3/Dt PF yy, 


Therefore, 
it: ei Êt pt ei Àth n) = ei o+3/2)t gio wt Et y) _ e bilu). 


3.10 For the following diatomic molecules with fundamental vibrational frequen- 
cies (in wavenumber) as shown, calculate their respective force constants in the unit 
of dyne cm7! = g s~*. Assuming that there are no anharmonic effects, determine 
whether each of the molecules is IR and/or Raman active. Explain the reason for 
your answer and also determine the frequency of transition for each case. 


(a) Ho (Če = 2321 cm7!) 

(b) 1603 (Ďe = 1510 cm7!) 
(c) HCI (i. = 1529 cm7!) 
(d) DCI (ñe = 1220 cm7!) 


Solution 3.10 Note that ùe = @./(2mc) = /k/p/(20c), where k and u are spring 
constant and reduced mass. Thus, k = (27 ci)" h. The table below shows these 
data for the four molecules. 
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Molecule | u (a.m.u.) | u (g) 27cõe (s7!) |k (gs7?) 

H2 0.5 8.31 x 10-2 | 4.38 x 10!4 | 1.59 x 10° 
160, 8 1.33 x 107? |2.84 x 10!4 | 1.07 x 10° 
HCI 0.97 1.61 x 10774 |2.88 x 10!4 | 1.34 x 105 
DCI 1.89 3.14 x 10-74 | 2.30 x 10!4 | 1.66 x 105 


Note that Hz and !6O3 are only Raman active because they are symmetric while 
HCI and DCI are both IR and Raman active. 


3.11 For a certain heteroatomic diatomic molecule, its vibrational term can be 
approximated well by the following expression: 


Gy =0 yd 0.10 ay 
v = Ve | V 2 — U.1Ve {VU 7 A 


It is known that the molecule is either in the ground vibrational state v = 0 or the 
first excited vibrational state v = 1. Assuming that the same selection rules for 
harmonic oscillator apply, find out expressions for all possible frequencies of IR 
absorption, Raman Stokes, and Raman Anti-Stokes frequencies. 


Solution 3.11 The IR absorption and Raman stokes transitions are the same and 
correspond to v: 0 > 1 or 1 > 2. 

The wavenumber of the photon absorbed in IR or the red shift in Stokes Raman 
can be calculated as follows. 
For v: 0 > 1, 


wd _ 9 el stl 
Gi — Go = vez ote, Vaz Oe 


ll 
a 
is} 
——- 
NIW 
Ble 
NI = 
+ 
aN 
jo) 
ie a 
| 
oO 
o0 
Z 
a 


For v: 1 > 2, 


There is only one Raman Anti-Stokes, v: 1 > 0, for which G; — Go = 0.80 as 
shown above. 
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Problems 


3.12 A quantum harmonic oscillator with unit mass and angular frequency, i.e., 
m = w = 1, is in the first excited eigenstate of the Hamiltonian, |1), for which the 
eigenvalue is equal to 34/2. Determine the uncertainties in position and momentum, 
ox and op, and show that they satisfy the uncertainty relationship. 


3.13 Use the recursion relationship Eq. (3.34) and answers in Solution 3.3 to find 
out expressions for H6(&) and H7(é). 


3.14 For a quantum harmonic oscillator with mass m and angular frequency ow, 
find out expression for £? in terms of the lowering and raising operators, b and Ó. 
Then, use this expression to calculate (2|%7|2), where |2} is the eigenstate of the 
Hamiltonian with eigenvalue Ey = Siw/2. 


3.15 Given that the state of a harmonic oscillator with unit mass and angular 
frequency, namely, m = w = 1, is in the following state at time t = 0: 


ES 
v2 


where |0) and |1) are the ground and first excited states of the Hamiltonian, calculate 
the expectation value of the energy for |Y; t = 7). 


lyr; 0) = — (10) + i|1)), 


3.16 A quantum harmonic oscillator with unit mass (m = 1) and unit angular 
frequency (w = 1) at time t = 0 is in the linear superposition of its three normalized 
eigenstates of the Hamiltonian as follows: 


1 i 1 
0 1 3), 
B" dg ge 


where the eigenvalue for |v) is i(v + 1/2). Calculate the expectation value of the 
position for |Y; t = 7). 


ly; 0) = 


3.17 The vibrational term for HBr, where the atomic numbers of H and Br are 
respectively | and 79, is given by 


with ve = 2649.67 cm! and xee = 45.21 cm™!. It is known that the molecule is 
in one of the three vibrational states with v = 0, 1, and 2. Assuming that the same 
selection rules for harmonic oscillator apply, find out expressions for all possible 
frequencies of IR absorption, Raman Stokes, and Raman anti-Stokes frequencies. 
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3.18 For a certain homonuclear diatomic molecule, its vibrational term can be 
approximated well by the following expression: 


: 1 A 1\? 
Gy = Ve ues — 0.10.6 aaa’ 7 


It is known that the molecule is in one of the two states with v = 0 and 1. Assuming 
that the same selection rules for harmonic oscillator apply, find out expressions for 
all possible Raman Stokes frequencies in the unit of ve. 


Chapter 4 A) 
Multidimensional Systems or | 
and Separation of Variables 


There’s no sense in being precise when you don’t even know 
what you’re talking about. 


— John von Neumann 


Abstract This chapter provides time independent Schrödinger equations for a 
quantum particle in three dimensional space and many interacting quantum particles 
in multidimensional space. As the simplest example, a quantum particle in a three 
dimensional box is considered. The corresponding eigenvalues and eigenfunctions 
are provided employing the separation of variables method. These solutions are 
used to illustrate the concept of degeneracy. Then, a more general description of the 
separation of variables method is provided. As an application, quantum mechanical 
description of the multidimensional vibrational motion of a polyatomic molecules, 
within the harmonic oscillator approximation for each normal mode, is presented. 


So far, we have considered one dimensional motion in order to understand the 
principles and features of quantum mechanics as clearly as possible. However, 
hardly anything is one dimensional. Typically, the motion of a single particle needs 
to be considered in three dimensional physical space. If there are N particles 
interacting in three dimensional space, we need to consider a 3N dimensional 
mathematical space in order to provide complete description of the system even 
for the description within the classical mechanics. 

It turns out that extending quantum mechanical position and momentum oper- 
ators and their corresponding eigenstates to multidimensional spaces is straight- 
forward at least in Cartesian coordinate systems, where one dimensional position 
and momentum states along each direction can be combined independently to form 
the multidimensional space. The corresponding states can also be defined in a 
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straightforward manner by direct products, as defined in Sect. 2.5. This results in 
expansion of the dimension of the corresponding vector space of states to that of 
the power of 3N. This chapter provides detailed consideration of these states and 
introduces a simple separation of variables method for solving the multidimensional 
Schrödinger equation. 


4.1 Three Dimensional System 


4.1.1 Position, Momentum, Hamiltonian, and Schrodinger 
Equation 


The position and momentum operator defined in one dimension can be extended to 
three dimension through a direct product of those for x, y, and z as described in 
Sect. 2.5. This then allows straightforward extension of Schrédinger’s equation to 
three dimension. 

Taking the Hermitian adjoint of the three dimensional position ket |r) defined by 
Eq. (2.93), leads to the following three dimensional position bra: 


(r| = (x| 8 (y| 8 (zl. (4.1) 


Then, for a quantum mechanical state |Y} representing a particle in three dimension, 
the value of the corresponding Schrödinger’s wave function at r can be defined as 
the following inner product: 


Wr) = (rly). (4.2) 


If |Y) corresponds to another position ket |r’), the above identity leads to the three 
dimensional Dirac-delta function as follows:! 


8 — r’) = (rlr’). (4.3) 


The above identities are equivalent to the following completeness relation that 
expresses the identity operator in terms of outer products of positions states. 


l This three dimensional Dirac delta function, or distribution, satisfies the two conditions that 
far'dir — r')f@) = f(r) for any integrable function f(r) and ô(r — r’) = 0 for r 4 r’, 
where f dr = f dx f dy f dz in the Cartesian coordinate system. 
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Completeness of Three Dimensional States 


Three dimensional position states form a complete basis and integration of 
its outer products over the entire space is equal to the identity operator as 
expressed below. 


i= farm (r| = lim A rl. (4.4) 


The above identity is a three dimensional analogue of Eq. (2.25) and the 
second equality simply represents the mathematical definition of the inte- 
gration as the limit of the sum over smaller volume elements ôr becoming 
infinitesimally small. 


The above completeness relation implies that any quantum mechanical state |y) 
describing a quantum particle in three dimensional space can be represented as a 
linear combination of the position states. Thus, 


WW) = f ar mely) = f de worn) = tim sD arvoi), (4.5) 


where Eq. (4.2) has been used. The second equality in the above equation shows 
that ôry (r;) is nothing but the coefficient for |r;) in the representation of the state 
as a linear combination of the position states. 

Taking the Hermitian adjoint of Eq. (2.94), we obtain 


(rif = (r|r = r/r], (4.6) 


where the fact that the position operator is a Hermitian operator and that r is a real- 
valued vector has been used. Applying the above identity to a state ket |y}, we then 
obtain 


(rlFly) = r(rly) = ryQ@), (4.7) 


which is a three dimensional generalization of Eq. (2.24). Application of this 
identity for the case where the state is r|y) leads to 


(lII Iy) = (rit fly) 
= (rlf (Fy)) 
=r- (rlFly) 
r(r|y) = |r| (rly). (4.8) 


104 4 Multidimensional Systems and Separation of Variables 


For any function V(r), one can use Eq. (4.7) repeatedly for a Taylor expansion of 
V (r) and obtain 


VÒ) = Vorl) = Voy w). (4.9) 


In other words, applying an operator V (f) to a state |y) simply amounts to 
multiplying y(r) (the position representation of |w)) with the function V (r). 

As the next step, let us consider the momentum operator in the three dimensional 
space, Ĥ = Prey + Pyey + pzez, as introduced in Sect. 2.5. Here, each component 
is defined by its effect on the corresponding position ket as follows: 


a ho 

Px|x) = — =-= lx), (4.10) 
i Ox 

7 hoa 

Pyly) = == zly), (4.11) 
i dy 

a ho 

Pz|Z) = — ~-z 1z). (4.12) 
i ðz 


On the other, each component does not have any effect on the position states of other 
components. For example, p, does not have any effect on |y) and |z). Therefore, 
application of p to |r) leads to 


pir) = (Prex + Pyey + Pzez)|x) Q |y) 8 |z) 
= e (Pxlx)) 8 ly) 8 |z) + ey|x) ® (yly)) 8 iz) + elx) 8 ly) ® (pzlz)) 


ħ 
= —-— Vr), (4.13) 
i 
where 
ð 0 ð 
V=e ' x 4.14 
era Te ay Bg ( ) 
The Hermitian adjoint of Eq. (4.13) is 
> A 
(rip = +V (rl. (4.15) 


Taking inner product of the above identity with an arbitrary ket |W), we find a 
key identity that establishes the effect of momentum operation on arbitrary state 
as described below. 
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Implication of Three Dimensional Momentum Operation 


For an arbitrary state |y), 


h h 
(riply) = 0): (4.16) 


The last term in the above equation is the definition of the momentum operator 
in Schrédinger’s formulation of quantum mechanics. The complex conjugate 
of the above identity is 


A ne : Lees h 
(Wiplr) = ((rlply))" = =7 VV 0O = SEN Le (4.17) 
This identity can in fact be obtained more easily by taking the inner product 


of Eq. (4.13) with (y| and employing the fact that (w|V|r) = V(wlr). 


In a way similar to Eq. (4.8), application of Eq. (4.16) twice leads to 


i ae A 
(rl[pI71v) = (Ip-pIY) = -V-(rlply) = A? V’ (rly) = -h° V? y), (4.18) 


i 


where note that |p|? = P - p = p> + P? + p? and 


—— (4.19) 


Summing up all the definitions and identities provided above, now we can find a 
general expression for the time independent Schrédinger equation for a particle in 
three dimensional space as describe below. 


Time Independent Schrödinger Equation in Three Dimension 
The Hamiltonian operator for a quantum mechanical particle subject to a 


potential energy V (r) in a three dimensional space is 


~ IPP a 
H = — + VÈ). (4.20) 
2m 


(continued) 
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Thus, the time independent Schrödinger equation for the particle in the Dirac 
notation is 
3 _ (1b? A = 
Alve) = | —— + V@) | lve) = Elve), (4.21) 


2m 


where |W) is the eigenket of Ê with energy E. Taking inner product of the 
above equation with (r| and using Eqs. (4.9) and (4.18), one can obtain the 
original Schrédinger’s equation for time independent wavefunction in three- 
dimensional space, 


k h? 
(rl|H|We) = (Ev + vo) yem) = Ewe(r), (4.22) 


where We(r) = (r|yYg). The above equation is the position representation of 
the Schrödinger equation in the Dirac notation. Solving this time independent 
Schrödinger equation is an important first step for understanding the behavior 
of a given quantum particle in a three dimensional space. While finding 
an exact closed form solution of the above equation for a general three 
dimensional potential is difficult, a simple method of solution exists for the 
case where the potential energy can be separated into one dimensional terms. 


4.1.2 Particle in a Three Dimensional Rectangular Box 


As the simplest example, let us consider a quantum particle in the following three 
dimensional rectangular box (see Fig. 4.1): 


O0<x<a,0<y<b,0<z<c < Region I 


Vap—box(t) =| 2” 
ee OR = o. otherwise < Region II 


(4.23) 


For this potential, it is easy to find Yg (r) = (r|yg) and eigenvalue E satisfying the 
Schrödinger equation, Eq. (4.22). 

For now, let us denote the wavefunction satisfying the time independent 
Schrödinger equation for energy E as w(r). First, for the region II in Eq. (4.23), 
it is clear that y(r) = 0. Otherwise, the energy becomes infinity, which is not an 
acceptable solution. This imposes the following boundary condition to be satisfied 
by the finite wave function in region I: 
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o<x<a 
o<ysb 
0<Z<C 


MS 


X 


Fig. 4.1 Three dimensional box with sides a, b, and c along x, y, and z directions 


YO, y, z) = Y (a, y, z) = WO, 0, z) = Y (x, b, z) 
= w(x, y, 0) = W(x, y,c) = 0. (4.24) 


Along with the above boundary condition, Eq. (4.22) for region I reduces to 


h? (È a? 


a2 
om oat ay Z) Wr) = Ey(r). (4.25) 


h? _» 
— — V y(r) =- 
am VO) 
This equation can be solved by making the following assumptions: 
ym) = X(x)Y(y)Z(Z), (4.26) 
E = Ex + Ey + Ez. (4.27) 


Inserting Eqs. (4.26) and (4.27) into Eq. (4.25), moving Ey (r) to the lefthand side, 
and dividing the whole equation with —A? / (2m), we find that 


d?X (x) i. 2mEx 
dx? hi 
d’Y(y)  2mEy 

+( by + 2 ro) X(x)Z(z) 

d’Z(z) | 2mE, 
dz? h? 


xw) Y(y)Z(z) 


zo) X(x)Y(y)=0. (4.28) 
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Let us divide the above equation with X(x)Y(y)Z(z) (assuming that this is 
nonzero). Then, it becomes 


Iola xw) 


ps 
1 (£ Y (y) ra zat ro) 


1 (2 2mE 


Y(y) \ dy? h 
1 (d?Z(z) 2mE, E 
ZO ( 7 t 7p zæ) =0. (4.29) 


The above equation shows that the sum of three independent functions of x, y, 
and z, respectively, becomes zero. For this to be true in general, each term should 
become zero. Thus, the above equation, along with the boundary condition, Eq. 
(4.24), implies that 


X(x) 2mEx 


ae + 72 X(x) = 0, with X (0) = X (a) = 0, (4.30) 
2 
E = Y(y) = 0, with Y(0) = Y (b) = 0, (4.31) 
2 
Í <= Ze) = 0, with Z(0) = Z(c) = 0. (4.32) 
zZ 


Note that each of the above equation corresponds to that for the one dimensional 
particle in a box problem that was considered in Sect. 1.4. Thus, the solutions for 
the above three equations are 


2 . (Nyx aa 
Xn.) = = sin ( ) „En. = — ny =1,2,... (4.33) 
a a 2ma 
2 : hn2n? 
Yn, O) = ic sin ("2") Ey = my = 12... GA 
2 . (NzNZ h2n2n? 
Zn) = = sin (=) Eng = Me = 1,2... 4.35) 
WNC 


Inserting these solutions into Eq. (4.26), we obtain the following eigenfunction 


Ynnn: (0) = ‘a sin (==) sin (=> ) sin (=5) , (4.36) 
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with the eigenvalue 


Wn? fn? nè n 
Ennyn, = Dan z tpt 7]: (4.37) 


In the Dirac notation, the eigenstates can simply be represented by |n,, ny, nz) = 
|nx) @ |ny) ®@ |nz). The kets comprising this direct product are related to the 
wavefunctions given above as follows: Xn,(x) = (x|mx); Yn, O) = (yiny); 
Zn,(Z) = (z|nz). Thus, |n,y,ny,nz) satisfies the following time independent 
Schrödinger equation (in the Dirac notation): 


x IPP a 
Alnx, Ny, nz) = (£ + V3D-box | |nx, ny, Nz) = Enxnynz Inx, ny, Nz). (4.38) 


In the above expression, V3 D—box Corresponding to Eq. (4.23) is defined as 
V3p—box\t) = V3p—box () |r). (4.39) 


Although the eigenstates defined by Eq. (4.38) have been determined under the 
assumption that the state is a product of those for each Cartesian coordinates, the 
general quantum states need not necessarily be such product states. This is because 
the state of a quantum particle in a box can be represented by the following linear 
combination of eigenstates: 


CO CO [0,6] 
= SD, Caan nyn). (4.40) 
ny=1ny=1nz=1 


Then, the corresponding wavefunction w(r) = (r|y) is expressed as 


oo œœ 


v= J O 9} Cunn: Ynnn). (4.41) 


ny=lny=1nz=1 


It is well-known mathematically that the above expression can represent any well- 
behaving function of r. Thus, the solutions based on the assumption of separation of 
variables can be used to represent any well-behaving non-separable wavefunctions 
as long as the same boundary conditions are satisfied. 

If Eq. (4.40) is the state at time t = 0, then the state at time t becomes 


OO [0,6] [0,0] 
IY; t) = X >D y E i East Eny a E E nz). (4.42) 
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The corresponding time dependent wavefunction W (r; t) = (r|y; t) is expressed as 


oOo CO Ww 


VED Y Y Cee Ent En a n,n (0). (4.43) 


ny=1ny=1nz=1 


Having described a simple three dimensional system, it is now appropriate to 
explain the concept of degeneracy, which plays an important role in quantum 
mechanics. For a general case where a + b + c and none of them is an 
integer multiple of the other, the energy eigenvalue En.n,n, is different for each 
set of (nx, ny, nz). However, in case the box becomes more symmetrical, some of 
the energies become the same, namely, “degenerate.” In that case, that particular 
energy is said to have degeneracy and the corresponding quantum states are called 
degenerate. 

As an example, let us consider the case where a = b = c. In this case, Eq. (4.37) 
reduces to 


hen? 


2ma2 


Ennn = (n? dm + n?) i (4.44) 
where nx, ny, nz = 1,2,3,.... While the ground state |1, 1, 1) with energy E111 is 
non-degenerate, the first excited states |2, 1, 1), |1, 2, 1), and |1, 1, 2) are degenerate 
with a common eigenvalue E211. Thus, the degeneracy of this eigenvalue is 3. It is 
important to note that any linear combination of degenerate eigenstates remains the 
eigenstate. This is obvious because application of the Hamiltonian to such a state 
results in the same eigenvalue that can be factored out. For example, any linear 
combination of |2, 1, 1), |1, 2, 1), and |1, 1, 2) is an eigenstate of H with eigenvalue 
E211. 


4.1.3 Separation in Cartesian Coordinate System 


The three dimensional particle in a box problem is a special case of a more general 
situation where the three dimensional Schrödinger equation can be separated into 
three one dimensional equations. As long as the potential is given by a sum of three 
terms as 


VE) = Wæ) + VWO) + Ve), (4.45) 


and the boundary condition in each direction is independent of the other coordinates, 
one can assume that the energy is given by the sum of three terms as 


E = E; + Ey + Ez, (4.46) 
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and the eigenfunction of the Hamiltonian can be assumed to have the following 
factorized form: 


Wr) = papy Oye). (4.47) 


Then, employing the separation of variables method as was done for the case of the 
particle in a three dimensional box, it is straightforward to show that the Schrödinger 
equation for the particle can be satisfied through the following three one dimensional 
equations: 


R d 
am dx 2 + V(x) | yx) = Ex Yx (x), (4.48) 
R d? 
~ 2m dy? + Vy(y) J wO) = Eyyy), (4.49) 
h? d? 

Er A 40) Yel) = Ez Yk). (4.50) 


As an example, consider a three dimensional harmonic oscillator, for which the 
potential energy is given by 


Vin) = Flor? x? + wey? + 022). (4.51) 


This potential is a sum of three independent terms along the three directions. Solving 
one dimensional harmonic oscillator problem in each direction and combining the 
solution, one finds that 


1 1 1 
En,.ny,nz =å [os (r + 5) + Wy @ + 5) + Wz (x. + 3) ; (4.52) 


where nx, ny, nz = 0, 1,2,... and 
Unenyne®) = Ving Wn, OYn. (2), (4.53) 
with 
a O iE, (4.54) 
Un) = Ta (A) ome, (5D), (4.55) 
hO = Tams (E) ot SE (4.56) 
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where yp = m@)/h with p = x, y, and z, and H, represents the nth order Hermite 
polynomial. 

In the Dirac notation, the eigenstate of the three dimensional Harmonic oscillator 
can be expressed as 


Inx, ny, nz) = |nx)|ny)|nz) = |nx) ® |ny) @ |nz). (4.57) 


The corresponding wavefunction in the position representation is obtained by taking 
the inner product of this state with a position state, (r| = (x|(y|(z| = (x|® (y| @ (zl, 
as follows: 


Wnyn nz (r) = (r|nx, ny, nz) 
y y 


= (x|nx)(Ylny) (znz) = Yn, Œ) Yn, Yn, Q). (4.58) 


4.2 Many Particle Systems and the Center of Mass 
Coordinates 


The Hamiltonian operator for a quantum system consisting of N particles can 
be found by replacing their classical momentum and position with corresponding 
operators as follows: 
A J2 ~ 12 
Fa eo (4.59) 
2m, 2m 


where px and fọ for each of k = 1,--- , N are momentum and position operators 
of particle k with mass mx. For this many-particle system, one can construct 3N 
dimensional cartesian coordinates R = (r1, --- , ry), for which a position ket |R) 
can be defined through direct products, 


IR) = |r1) @--- @ |ry). (4.60) 


Let us denote a quantum state representing this N-particle system in the Dirac nota- 
tion as |Wy). Then, the corresponding wavefunction in the position representation is 
obtained by taking the inner product of this state with the multidimensional position 
bra as follows: 


Vy lri Py) = (RIYy) = (r118 +++ @ (ry) IYn). (4.61) 


Note that |Wy), even if it were an eigenstate, in general cannot be expressed as a 
direct product of the single particle states (unlike the position state) if the potential is 
not separable. Thus, the right hand side of the above expression cannot be simplified 
further unless there is some symmetry in the system. 
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One case of simplification that is fairly common is when the potential energy can 
be separated into those for the center of mass coordinates and remaining relative 
coordinates. Before considering this case in more detail, let us define the following 
center of mass coordinates, 


mY, +--+: + Myin 
my +: +My ` 


Yem — 


(4.62) 


Then, let us also define new relative coordinates r}; e, r, a that are orthogonal 


to each other and are independent of rem. Then, the position ket for the total 
coordinates, Eq. (4.60), can alternatively be written as 


IR) = Item) ® |r) @---@ |r). (4.63) 
Now assuming that the potential energy is separable as follows: 
V(r, wer fy) = Vem (Fem) + Vrei (Fy, A PJs (4.64) 


the Hamiltonian operator for the N particle system, Eq. (4.60), can be expressed as 


Es 
H= 


Den WB? B 
2M 2m) 2m' 


N-1 


+ Vem (fem) + Vrel Ci RRT P ), (4.65) 


? N-1 


where Pem and Ñ; (for k = 1,--- ,N — 1) are canonical momentum operators 
conjugate to fem and fF, M is the total mass of the system and m, (for k = 
1,--- ,N — 1) is the effective mass for the kth coordinate ri- For the above 
Hamiltonian, an eigenstate can be assumed to be a product form as follows: 


(Yy) = |Wem) 8 |Wret), (4.66) 


where |WYem) and |WYrei) are eigenstates respectively satisfying the following 
Schrödinger equations: 


Bem|2 : 
( a + Vem (Fem) ) |Wem) = Eem|Wem), (4.67) 
TAR iP we 
am! eae Om! + Veet, +++» y1) | |Wret) = Erei|Wret). (4.68) 
Mı My- 


Then, the total wave function, the position representation of the state, can be 
expressed as 


YN (R) = (RYN) = Conlon) (118 +B (h ,Hret)) 


= Wem Tem) Prel i E r). (4.69) 
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4.2.1 Two-Particle System 


As an example, let us consider a system of two particles, with masses mı and 
mz. Within the classical mechanics, it is possible to completely specify the three 
dimensional coordinates of two particles, rj and r2, and their momenta, pı and 
p2. For the general case where the two particles interact with each other, as was 
mentioned before, it is often best to separate the dynamics into those for the center 
of mass and relative coordinates. 

For the two particles, the center of mass coordinate is 


mY, + mr? 
Kee = ay (4.70) 


where M = mı + mp, and the relative coordinate is 
Trel = Y1 — T2. (4.71) 


The above two equations can be used to express rı and r2 in terms of rem and rel 
as follows: 


m2 

ri = Fem + wre (4.72) 
mı 

r2 = rem — MIE (4.73) 


Taking the time derivative of the above two equations leads to 


dr = d¥cm m2 dYrel 
dt dt M dt’ 
dr2 = dem mı dYrel 
dt dt M dt 


(4.74) 


(4.75) 


As a result, 


p? £ p? _ m (dr “i dr \* 
Im, 2m 2 \dt 2 \ at 
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E M (drem $ + u (drYrel 5 
"Neat 2\ dt 
2 
2M Qn i 


where u = mım2/M, the reduced mass for the two particle system, and 


dYem 


Pem = M di (4.77) 
dr 
Prei =H. (4.78) 


Hamiltonian and Schrédinger Equation for Two Particles with Separable 
Relative Potential 


If the potential energy is a sum of those for rem and r;¢;, namely, V (r1, r2) = 
Vem (em) + Vrei (Trel), the total classical Hamiltonian for the two particles can 
be expressed as 


Pen 
2M 


+ Vem (em) + es 


H = Hem + Hrei = + Vrel (Trel). (4.79) 


For the quantum mechanical case, the Hamiltonian operator is obtained by 
replacing the position and momentum variables with operators as follows: 


f? 
E Vonn) oe 


A A A Dar 


H = Hem + Arel 2M 


+ Vrel (fel). (4.80) 


Let us introduce |Pom, Ean) and |Wrel,z,.;), Which are respectively eigenstates 
of Hem and H,e; as follows: 


Pem Wen Emn) = Ecm| Wem, Een)» (4.81) 
Ê,ei|Vrel Ea) = Erel|Wrel, Epa): (4.82) 


Then, it is straightforward to show that IV) = Ven Ema, S reka 1S an 
eigenstate of H= Hem <r Bret with eigenvalue Ecm + Erel. 
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4.2.2 Normal Modes and Vibrational Spectroscopy 
of Polyatomic Molecules 


For a diatomic molecule in the absence of any external potential, the Hamiltonian 
operator given by Eq. (4.79) reduces to 


a Dem P 
Ê = 74 4+ Vya), 4.83 
aM + 2u +F rel £) ( ) 


where, note that the subscript rel used for the position operator in the previous 
subsection has been dropped here for convenience. Thus, f is the operator measuring 
the relative position vector of the two nuclei and p is the corresponding momentum 
operator. As will become detailed in the next chapter, the kinetic energy operator for 
the relative motion of the nuclei p*/(2j) in the above equation can be divided into 
one dimensional motion along the radius and rotational motions that are specified by 
two independent angles. Thus, for the diatomic molecule represented by the above 
Hamiltonian, which have total of 6 degrees of freedom, there is only one vibrational 
degree of freedom. 

For polyatomic molecules with more than two nuclei, there are more than one 
vibrational degrees of freedom. For linear molecules with N atoms, the number 
of vibrational degrees of freedom, Nip = 3N — 5. This is because there are 
two rotational degrees of freedom in addition to three degrees of freedom for 
the translational motion of the center of mass. On the other hand, for nonlinear 
molecules, there are three rotational degrees of freedom. As a result, there are 
Nvip = 3N — 6 vibrational degrees of freedom. 

Let us consider a polyatomic molecule with N,;p vibrational degrees of freedom 
and assume that it is possible? to identify N,jp, orthogonal coordinates xg’s with 
k = 1,--- , Nyib, which represent vibrational displacements from the minimum 
potential energy. The kinetic energy term can still be expressed as a quadratic 
form involving time derivatives of these coordinates. In other words, it is assumed 
that the kinetic energy corresponding to vibrational motion can be expressed 
as (mx /2)(dxx /dt)* and that the difference of the potential energy from its 
minimum value can be expanded as follows: 


AV = V(x Xy p) — VO, + , 0) 


ll 
NI = 
-M 
a 
Q 
aS ie 
oo N 
tal 
mn 
na” 
po 
— 
+ 


(4.84) 


II 
NI = 
ibd 
as 
= 
Š 
Š 

+ 


2 Actual procedure of identifying orthogonal vibrational coordinates for a general polyatomic 
molecule is nontrivial. For general description, see [29]. 
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Given that the displacements xg are sufficiently small, the potential energy can be 
approximated up to the second order and the classical Hamiltonian representing the 
vibrational motion of the molecule can be approximated as 


1 ., I 
Ayiy = > amiti +5 3 3 SF jkX jXk- (4.85) 
Let us introduce mass-weighted coordinates gj; = ./mjxj;. Then, the above 
Hamiltonian can be expressed as 
Te gee tee f 4.86 
vib =) 30 +5 DD fingien. (4.86) 
J j k 
where 
z Sik 
i (4.87) 


myjm 


3 


In Eq. (4.86), the potential energy term can be expressed as 
1 z l rz 
2 DoD fraja = 54 Fa, (4.88) 
j k 


where q? = (q1; dn) the transpose of a column vector q with the same 
elements, and 


fu a FN 


G Ja = Panay (4.89) 


Nain! FNvin2 alates FNvinNvin 


Note that the above matrix is real and symmetric. This is called Hessian matrix and 
has Nyip real eigenvalues. Thus, one can find out Ny;, eigenvectors of F such that 


Fux = Aruk, k = 1, ++- , Nvio- (4.90) 
The above eigenvectors can be chosen to be normalized. In addition, the real 
symmetric nature of F makes the eigenvectors orthogonal to each other. Thus, the 


following property is satisfied. 


ufu; = dje, j,k =1,2,+ , Nui: (4.91) 


118 4 Multidimensional Systems and Separation of Variables 


Now one can express q in terms of these eigenvectors as follows: 


q = Qiu; + Q202 +--+ + On, Uy. (4.92) 


vib 


Then, due to the properties of Eqs. (4.90) and (4.91), Eq. (4.88) can be expressed as 


1 1 Nvib 
Thay — L D2 
54 Fq = = Aj Q%. (4.93) 
j=l 
In the above expression, all A ;’s are positive because the above term is a quadratic 
expansion of the potential energy V with respect to its minimum. If, for example, 
Aj is negative, the displacement of Q j, while all others remain zero, can make the 
potential energy lower than the minimum, which is contradictory. Therefore, we can 
introduce wj such that 


eo Poel, (4.94) 
Taking time derivative of Eq. (4.92), we find that 


å = Qiu; + Qow +--+ + ÒN, pu (4.95) 


Nyib ` 
Then, due to the orthonormality condition, Eq. (4.91), the kinetic energy term in Eq. 
(4.86) can be expressed as 


1, 


2 =54 ’ .q= = a. (4.96) 
j 


Therefore, combining Eqs. (4.93), (4.94), and (4.96), the Hamiltonian can be 
expressed as 


Hvis =). ; (03+ 003) =) ; (P? + 303). (4.97) 
J 


j 


where P; = Qj. The displacement vector represented by each eigenvector ux is 
called the normal mode of vibration and wj is the corresponding normal mode 
vibrational frequency. Thus, Eq. (4.97) shows that the quadratic expansion of the 
deviation of the potential energy from its minimum can be expressed as a sum 
of Nyip one dimensional harmonic oscillator Hamiltonians of independent normal 
modes. 


4.2 Many Particle Systems and the Center of Mass Coordinates 


Molecular Vibrational Hamiltonian as a Sum of Harmonic Oscillators for 
Normal Modes 


Due to the independence of amplitude along the direction of each normal 
mode from others, one can view the vibrational motion of polyatomic 
molecules as being consisting of one dimensional normal modes. Therefore, 
the quantum mechanical Hamiltonian operator for the vibrational motion of 
the polyatomic molecule can be expressed as 


A I. Aw X 
Bie =) 5 (Ê? + 0367). (4.98) 
j 


Let us denote the eigenstate of the jth term of the above harmonic 
oscillator Hamiltonian with eigenvalue iw; (vj; + 1/2) as |v;). Namely, 


rs il fa A 1 
Ênis jli) = 5 (Ê? + 03.03) vj) = ho, (v y 5) luj). (4.99) 


Then, we can define the direct product of these states as 


IW») =|v1) 8- 8 luy) (4.100) 


vib 


It is easy to show that the above state is an eigenstate of the total vibrational 
Hamiltonian as follows: 


viol) = Evi vy, o)s (4.101) 
where 
Nvib 1 
Evy, = X hoj (v ue z) ! (4.102) 
j=l 


At the same time, one can define the position state of normal coordinates as 
direct product of those for individual modes, 


IQ) = |Q1) @---@|Qn,,,)- (4.103) 


Then, the position representation of the eigenstate is given by the product of 
those for individual modes, 


Nvib Nvib 


Vibl) = (Ql) = | [ow = || y). (4.104) 


j=l get 
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Not all the vibrational normal modes can be detected by the IR spectroscopy 
and/or the Raman spectroscopy. As was mentioned in Chap. 3, only those modes 
for which dipole moment changes are IR active. On the other hand, vibrational 
modes for which the polarizability tensor changes with displacements are Raman 
active. There are vibrational modes that are not active either in IR or Raman, which 
are called silent modes. A systematic consideration of these vibrational modes is 
possible employing the group theory, which will be described in more detail in 
Chap. 9 where we consider overall molecular spectroscopy. 

For each of IR and Raman active modes, the allowed transitions within the 
harmonic oscillator approximation correspond to 


Avj = 1, (4.105) 


where vj is the vibrational quantum number for either IR or Raman active mode. 
For IR absorption, only Av; = 1 transition occurs. As was the case for diatomic 
molecule, the majority of these transitions are from the ground vibrational state 
(v; = 0) to the first excited vibrational state (v; = 1). For the Raman spectroscopy, 
Av; = l corresponds to Stokes transition and Av; = —1 corresponds to anti- 
Stokes transition. The Stokes transition is dominantly from the ground (v; = 0) to 
the first excited state (v; = 1), whereas the anti-Stokes transition is dominantly from 
the first excited vibration state (v; = 1) to the ground vibrational state (vj = 0). 
Relative intensities of Stokes and anti-Stokes peaks are determined by populations 
of initial states. Since thermal population of the first excited vibrational state is much 
smaller than that of the ground vibrational state for typical small to intermediate size 
molecules, intensities of Stokes peaks are much stronger than those of anti-Stokes 
peaks for these molecules. 


4.3 Summary and Questions 


Three dimensional position and momentum states can be defined as direct products 
of those for x, y, z components of the Cartesian coordinate system. Accordingly, all 
quantum mechanical operators, including the Hamiltonian, for a quantum particle 
in three dimensional space can be defined in the direct product space of those for 
the three dimensional position or momentum coordinates. Similarly, for a system of 
N interacting quantum particles, direct products of position and momentum states 
can be used to construct position and momentum states for the corresponding 3N 
dimensional position and momentum vectors. The resulting direct product space of 
position or momentum in turn can be used to represent any physical observables, 
including the Hamiltonian, of the many-particle quantum system for any kind of 
interacting potentials. 

On the other hand, when it comes to finding analytical solutions for a general 
multidimensional Schrödinger equation, it is in general necessary to decompose 
the equation into those for one dimensional coordinates. The symmetry of a given 
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system plays an important role in such decomposition. For the case of a particle 
confined in a three dimensional rectangular box, it is possible to separate the 
equation into the sum of three independent terms for different Cartesian components 
and to assume that the wavefunction is given by a product form of those for the three 
components. For a three dimensional harmonic oscillator, a similar decomposition 
into each direction is possible. For these systems with multiple degrees of freedom, 
it is often the case that certain eigenstates have the same eigenvalue. These states 
are called degenerate and the number of states with the same eigenvalue is called 
the degeneracy of the eigenvalue. 

Many particle systems in general can be described more conveniently by 
separating the center of mass coordinates and all other relative coordinates. This 
is the case for quantum many particle systems as well. For polyatomic molecules 
consisting of N atoms, the wavefunction representing the three dimensional center 
of mass motion can factor out as a simple free motion if there are no external 
potentials. After subtracting additional two (for linear molecule) or three degrees 
of freedom representing rotation, the Hamiltonian describing the pure vibrational 
motion can be identified. 

Given that the potential energy for the multidimensional vibrational motion 
can be approximated up to the quadratic terms of the vibrational displacements 
around the potential minimum, it is possible to diagonalize the second derivative 
matrix of the potential energy, which is called Hessian matrix, resulting in normal 
vibrational modes. Each of these normal modes can be described as independent 
one dimensional vibrational motion, making it possible to reduce the quantum 
mechanical vibrational motion of polyatomic molecules as independent products 
of those for effectively one dimensional harmonic oscillators. Out of these normal 
modes, those that induce change in the dipole moment are IR active and those that 
induce change in the polarizability are Raman active. 


Questions 


e How can a direct product space be constructed to represent states of many 
quantum particles out of those for single particle states? Is the direct 
product space complete even though the particles are interacting with each 
other? 

e Consider three dimensional position and momentum operators of a 
quantum particle. Given the components of these along two orthogonal 
directions, can they always be measured simultaneously with arbitrary 
precision? 

e What does the degeneracy inform about the symmetry of a quantum 
system? Does the system have more degeneracy if it has more symmetry? 

e What is the degeneracy of the first excited energy of a quantum particle 
confined in a cube? 


(continued) 
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e When can the Scrédinger equation for a multidimensional system be solved 
by the separation of variables method? 

e For a molecule with a nonzero net charge, can one use the center of mass 
coordinate system to define the dipole moment of the molecule uniquely? 

e Why introducing a mass weighted coordinates is convenient for describing 
the vibrational motion of a polyatomic molecule in general? 

e Is it possible for a certain vibrational normal mode of a polyatomic 
molecule to be active in neither IR nor Raman spectroscopy? 


Exercise Problems with Solutions 


4.1 A quantum state |y) represents a quantum particle in three dimensional space, 
and the corresponding wave function is as follows: 


1 ; x, — 
Japon (k-r)}= aah 


where k = kxex + kyey + kzez is a constant three dimensional vector. Find out 
expressions for (r||#|7|¥), (rIIBI7I), Iê- P+ B- DIY). 
Solution 4.1 First, for (r||?|7|), 


(rly) = 


exp {i (kxx + kyy + kzz)} ; 


EIP IY) = @? +y +27) (lw) 


1 (x2 + y2 4 z2 tky yk), 
20h 


For (r||p|71¥), 


(lII) = (l(b. + By + PDIY) 


a? 3? 32 
=) 2 
SE (Ži $ dy? 5) rly) 


2( # On 2 ete ee 
Woes ap eevee 


1 . : 
= i (ke A. k? $ k?) 5 el kxxtkhy ytkez) 


J20h 


Exercise Problems with Solutions 123 
Finally, for (r|(@@- Ð + Ñ- ®Iy), 


mE- p+p- Dy) 


h ð 0 0 0 0 ð 
= en Ay te 7 tart 2ta z? (iy) 
i x dy əz Ox ay 


h 0 ð 0 h 
=(2-(x—+y—+2z +3- | (rly) 
i ax dy Oz i 


o; : 
= h (2Gtky + yky + zke) — 3i) -pre HRD, 


4.2 A quantum state |y) represents a quantum particle in three dimensional space, 
and the corresponding wave function is as follows: 


iva = (“)" “exp {- peter +e)}, 


where y is a constant real number. Find out expressions for (r| IfI? |v), (rl pil), 
rE- P +P: DIY). 
Solution 4.2 First, for (r||f| |y), 


(rlfP iW) = (x? + y? zly) 


= (ey a? +y + yen Y 0H 32, 
1 


For (r||p|7/¥), 


a? 32 32 
A 2 = 2 
(lipy) = A (= +o =) ie 
zo (E) n (È (yxy 2 yy)+ ? ( vd) enV a?+y?+:?)/2 
% dy dz 


= ey, h (3y = yax? +y + 2*)) enV Pty 427)/2, 
x 


Finally, for (r|(@- p+ ĵ - ®|y), 


mI- p+p- DIY) 


Med tye tet Eat tye de) ew 
— x X 
Ca Oy az a ay az 
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= Gye (25 (: ð +y ð ty ə 3hi e-v @?+y?+2?)/2 
T i Ox oy Oz 


= aye (2iny (x? +y +27) - 3in) eV ty +22) 2 
x 


4.3 For an electron confined in a three dimensional box, for which the lengths of 
three sides are 1.00, 2.00, and 3.00 nm, calculate the ground state, first excited, and 
second excited energies. Determine the degeneracy for each state. 


Solution 4.3 Let us introduce / = 1.00 nm, and denote the three sides of the box 
as a = l, b = 2l, c = 31. Let us also denote the mass of electron as me = 9.109 x 
1073! kg. Then, the energy eigenvalue of the electron in the three dimensional box 
is given by the following expression: 


hen? n? n2 
(: Pa , Nx, Ny, nz = 1,2,3,.... 


Below is the table of four lowest possible values of the sum within the parenthesis 
in the above equation. 


Ny |ny |nz n? +n3/4+n2/9 


1 |1 |1 |14+1/4+1/9 = 49/36 
1 |1 |2 |1+1/4+4/9 = 61/36 
1 |2 |1 |14+4/4+1/9 = 76/36 
1 |1 |3 |1+1/4+9/9 = 81/36 
On the other hand, 
h?n? (1.055 x 10734)? . 3.142 


= J= 6.02 x 1077" J. 
Iml2  2-9.109 x 10-3! - (1.00 x 10-2 i 


Combining this value with the table, we find that E, = 8.19 x 107%J = 0.511 eV, 
Eex—1 = 10.20 x 107% J = 0.637 eV, and Eex—2 = 12.71 x 107” J = 0.7933 eV. 
None of these three states is degenerate. So, the degeneracy of each state is 1. 


4.4 For an electron confined in a three dimensional box, for which two sides have 
the same length of 1.00 nm, and the remaining side has 2.00 nm, calculate the 
ground state, first excited state, and the second excited energies. Determine the 
degeneracy for each sate. 
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Solution 4.4 Using the same definition of / and me as in Solution 4.3, the energy 
eigenvalue for the present case becomes 


hen 2 2 n> 
En = aml ny ny + a . 


The table for the lowest possible four values of the sum within the parenthesis in the 
above equation is as follows. 


Ny |ny |nz n? +n? /4+n?/9 

1 |1 |1 [1+1+1/4=9/4 
1 1 |2 |1+#+1+1=3 

1 1 |3 |14+14+9/4= 17/4 
2 J1 1 |4+1+1/4=21/4 
1 |2 |1 |1+4+1/4= 21/4 


Therefore, Ey = 13.5x 107% J = 0.843 eV, Eex-1 = 18.1x 1077 J = 1.13 eV, 
and Eex—2 = 25.6 x 107% J = 1.60 eV. None of these three states is degenerate. 
So, the degeneracy of each state of the three states is 1. As can be seen from the 
table above, the degeneracy appears in the third excited state. 


4.5 A quantum particle with unit mass (m = 1) is subject to the following potential 
energy. 


Ly? 2? O<x<a,0<y<a 


vo=[? 


` 


œ, otherwise 


where the angular frequency w and a are related by a?w = 27h. What is the ground 
state energy and wavefunction of this particle? What is the first excited state energy 
of this particle and its degeneracy? Find out all the degenerate eigenfunctions for 
the first excited state. 


Solution 4.5 The Schrödinger equation for the wavefunction for 0 < x < a and 
0<y<ais 


h2 32 P 32 i a2 Ye jal > " P l 
2m \ dx2 ay2 3z2 X, Y, Z z"o Z xX, y,zZ) = x, y, Z). 


For other regions, the wavefunction is zero. Through separation of variables, this 
can be solved with 


2 . /TNxXN\ . /TNyYy 
Viney vs y d = — sin (T) sin (A O, 


a 
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where nx, ny = 1,2,---,v=0,1,2,---, and 


2 
Wy(z) = Nye”? !? Ho (y2), 
with y = mæ /ħ. The corresponding eigenvalue is 


242 
m'h 1 
En,.ny,v = a (n? + n?) + ho(v + >): 


Since a? = 27h /w as assumed, the following relation holds: 


mh ho 


2a? 4 


Therefore, 
hw» 2 1 
Eny.nyv = 7 (ny + ny) + ha(v + 5) 


The ground state energy and the wavefunction is for ny = ny = | and v = Oas 
follows: 


hw hw 
F110 = 7a +1)+ a= ho, 


Yio, yd = = sin (=) sin (7) vor, 


The first excited state energy is for ny = 2, ny = 1, v = O or for ny = 1, ny = 2, 
v = Q as follows: 


F210 = £1,2,0 = + = j 


for which the two degenerate wavefunctions are 


2 2. 

Yao, sz) = = sin ( zE) sn (Z) yor), 
2 2 

via, y2 = = sin (=) sin ( =) Wg). 


4.6 For each of the molecule, determine the number of vibrational degrees of 
freedom, and draw pictures of all IR inactive modes. 
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(a) Carbonyl-sulfide (OCS) 

(b) Acetylene (C2H9, linear form in the ground state) 
(c) Phosphine (PH3) 

(d) Cyclopropenylidene (C3H2) 


Solution 4.6 Answers (except for the pictures of IR active modes) for each case are 
provided below. 


(a) This is a linear molecular. Therefore, there are 9 — 5 = 4 vibrational modes. 
There are no IR inactive modes. In other words, all vibrational modes are IR 
active. This is because all vibrational normal modes change the dipole moments 
of the molecule in one way or the other. 

(b) This is a linear molecule. Therefore, there are 12 — 5 = 7 vibrational modes. 
Out of these, there are two symmetric stretching vibrational modes, which are 
IR inactive. 

(c) This is a nonlinear molecule. Therefore, there are 12— 6 = 6 vibrational modes. 
There are no IR inactive modes. In other words, all vibrational modes change 
dipole moments and are IR active. 

(d) There are 15 — 6 = 9 vibrational modes. All vibrational normal modes change 
the dipole moment of the molecule. Therefore, there are no IR inactive modes. 


4.7 A molecule has three vibrational degrees of freedom, and thus its vibration 
involves three mass-weighted vibrational coordinates q1, q2, and q3. The vibrational 
potential energy is zero for q1 = q2 = q3 = 0 and the potential energy can be 
expressed as a quadratic function of these coordinates. The mass-weighted Hessian 
matrix for these coordinates is given by 


1 |- 0 

7 2! 1 ne 1 
=O) ONA l 2/2 

0 IA 1 


Answer the following questions. 


(a) Express the total vibrational potential energy in terms of q1, q2, and q3. 

(b) Find out the three normal mode vibrational frequencies of the molecule 
(expressed in terms of w). 

(c) Determine the three normal mode vectors. 


Solution 4.7 Let us introduce uf = (1, 0, 0), uf = (0, 1, 0), and uf = (0,0, 1), 
where subscript T denotes transpose. Then, q? = (q1, q2, 93) = qiuy + qu + 
q3uy and q = qi) + q2W2 + 9303. 
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(a) 


(b) 


(c) 
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The vibrational potential energy can be expressed as follows: 


V(q, 92, 93) = 


(f+ SB + OR 4+ SR 4 LE +) 


IA Del? 9/2: Bald 
(a +q +q + se + zoa) . 
1 2 3 J2 J2 


The normal mode frequencies can be obtained from the eigenvalues of F, which 
can be obtained from the following equation: 


Thus, the solutions are A = 1/2, 1, 3/2. Since the values of this multiplied by 
w* are squares of the normal mode frequencies, the resulting three normal mode 
frequencies are w /V2, w, and w./3/2, which will be denoted as wa, wp, and we 
here. 

The normal modes can be determined by plugging the eigenvalues to the 


eigenvalue equation. For A = 1/2, 


|- = 
|- 


2/2 9 Qı 1 Qı 


1 
2/2 2/2 Q2] = 2 Q2 
0 Va 1 Q3 Q3 
Solving the above equation, we obtain Q1 = Q3 = —Q2/V/2. Using the 
normalization condition, Qı = 1/2, Q2 = —1/72, and Q3 = 1/2. Thus, 
for wa = w/ J/2, the normal mode is as follows: 
1 1 
Q, = =u, pe Pa 
For A = 1, 
1 
l aa l \ (Or Qı 
WEN )| 92] =| 2 
0 | 1 Q3 Q3 
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Solving the above equation, we obtain Qı = —Q3 and Q2 = 0. Using the 
normalization condition, Qı = 1 [V2 and Q3 = —1 /V2. Thus, for œp = a, the 
normal mode is as follows: 


Finally, for A = 3/2, 


1 
1 WE VON 5 (01 
afi || 22) =5| 2 
0 fi} Q3 Q3 


Solving the above equation, we obtain Q; = Q3 = Q/4/2. Using the normaliza- 
tion condition, Q1 = Q3 = 1/2 and Q? = Ley: Thus, for we = w./3/2, the 
normal mode is as follows: 


1 1 
Q. = z™ + u2 + 703. 


1 
v2 


Problems 


4.8 A quantum state |y) represents a quantum particle in three dimensional space, 
and the corresponding wave function is 


ew = (Z) exp [-2 (2 +9? +2) +k ty to}, 


where y is a constant real number. Find out expressions for (r||p|*|¥) and (r|(# - 
P +P- DIY). 


4.9 For a proton confined in a three dimensional box, for which one side has length 
of 2.00 nm, and the remaining sides are 4.00 nm long, calculate the ground state, 
first excited state, and the second excited energies. Determine the degeneracy for 
each sate. 


4.10 A quantum particle with unit mass (m = 1) is subject to the following 
potential energy. 


lo? +27), 0<x<a 
œ, otherwise 


’ 


V) = | 
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Find out the general expression for the energy eigenvalue for this quantum particle. 
Determine the relationship between a and œw for the first excited state to have 
degeneracy of 3. 


4.11 A quantum particle with unit mass (m = 1) is subject to the following 
potential energy. V(r) = 2(x? + y? + 42”). What is the ground state energy? What 
is the second excited state energy and its degeneracy? 


4.12 A quantum particle with unit mass (m = 1) is subject to the following 
potential energy. 


1 
V(r) = 52 0? + 4y? +927), 


The eigenstate is represented as |v,, vy, Uz), where vy, Vy, Vz = 0,1,2,---. 


(a) What is the ground state energy? 
(b) What is the third excited state energy and its degeneracy? List all the corre- 
sponding degenerate states. 


4.13 A molecule has three vibrational degrees of freedom, and thus its vibration 
involves three mass-weighted vibrational coordinates q1, g2, and q3. The vibrational 
potential energy is zero for q1 = q2 = q3 = 0 and the potential energy can be 
expressed as a quadratic function of these coordinates. The mass-weighted Hessian 
matrix for these coordinates is given by 


Answer the following questions. 


(a) Express the total vibrational potential energy in terms of q1, q2, and q3. 

(b) Find out the three normal mode vibrational frequencies of the molecule 
(expressed in terms of w). 

(c) Determine the three normal mode vectors. 


Chapter 5 A 
Rotational States and Spectroscopy P 


What we observe is not nature itself but nature exposed to our 
method of questioning. 


— Werner Heisenberg 


Abstract This chapter describes rotational motion in two and three dimensions and 
solutions of time independent Schrödinger equations for corresponding rotational 
Hamiltonians. Detailed description of coordinate transformation is provided. It 
is shown that the periodic nature of rotational motion and the requirement that 
wavefunctions are uniquely determined and remain bounded leads to quantization 
of rotational energies. Well known spherical harmonics are shown to be eigen- 
functions of angular momentum operators as well as three dimensional rotational 
Hamiltonian. These solutions are then used for the description of rotational motion 
of diatomic molecules as free rigid rotors. Important principles concerning pure 
rotational transitions and those accompanying vibrational transitions are explained. 
Corrections for rigid rotor states, incorporating the effects of centrifugal distortion 
and ro-vibrational coupling, are provided as well. 


Rotation is intrinsically periodic motion along a curved and closed loop in space, 
and can be described best in coordinate systems different from Cartesian coordi- 
nates. In two dimensions, this can be done by introducing an angle variable in polar 
coordinate system. In three dimension, it takes consideration of two angle variables 
in the spherical coordinate system. 
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5.1 Rotation in Two Dimensional Space 


Let us consider a classical particle that moves with constant speed on a circle of 
radius r centered at origin in a two dimensional x y-plane as shown in Fig. 5.1. The 
classical Hamiltonian for such a motion is 


o 1l 


= ; 5.1 
nyy M = 


(py + Ps) 


where r = yx? + y? in the subscript implies that it remains constant throughout 
the motion. Without this constraint, the quantum mechanical Hamiltonian operator 
corresponding to the above classical Hamiltonian is 


Hy = ~ (a + Bs) (5.2) 


which is in fact the Hamiltonian for free motion as the subscript f indicates. In order 
to represent the rotational motion, it should be possible to impose the constraint of 
fixed r = yx? + y?. For the specification of this constraint, it is important to use 
an appropriate coordinate system as will become clear below. 

Let us first denote the quantum mechanical rotational Hamiltonian as Hp and 
start with the time independent Schrédinger equation in the Dirac notation. 


Ar\|v) = Erlw). (5.3) 


The position representation of this is obtained by taking the inner product with 
(x, y| = (x| @ (y|, the bra representing the state with cartesian coordinates x and y. 


Fig. 5.1 Illustration of a two 
dimensional (in the x y-plane) 
rotation (around the z axis) 
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Namely, the Schrodinger equation for the waefunction w(x, y) = (x, y|W) is given 
by 


A P (8 8 
M ylHRly) = 2m (5 i z) wO: a 
= Erva) oop (5.4) 


where Ep is the eigenvalue for the rotational energy to be determined. 

Equation (5.4) appears to be complicated due to the constraint. However, convert- 
ing (x, y) to polar coordinates simplifies the mathematical problem significantly. 
Let us consider polar coordinates in the two dimensional plane, (r, ø), which are 


defined by 
r=, x? +y, (5.5) 


tang = A (5.6) 


Given the above values, any cartesian coordinates can be determined by x = r cos ¢ 
and y=rsing. 

Employing the chain rule for differentiation, the partial derivatives with respect 
x and y can be related to those of r and ¢ as follows: 


ð dra apd 


= : 5.7 
ox oxor v 0x od an 
f] or ð op a 
se a (5.8) 
dy dyor dy d¢d 
From Eq. (5.5), we find that 
or x x r (5.9) 
= = = COS 7 . 
Ox / x2 + y2 r 
0 
es ei (5.10) 
dy x2 + y? r 
From Eq. (5.6), we also find that 
dp y 
2 
— =, 5.11 
sec Ox 2 ( ) 
1 
sec? Lae = (5.12) 
dy x 
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Note that sec? ġ = 1 + tan? ¢ = r? /x?. Thus, the above identities can be simplified 
to 


Od y sing 


= = i 5.13 
Ox r2 r ( ) 
dp x cos @ 

= = . 5.14 
dy r? r on 


Combining Eqs. (5.9), (5.10), (5.13), and (5.14) with Eqs. (5.7) and (5.8), we find 
that 


—= —- —, 5.15 
Sac r ð ( ) 
i ð coso a 
—= — —. .1 
3 singz + r (5.16) 


The above two identities can be combined to express the sum of squared partial 
derivatives in Eq. (5.4) as follows: 


2 a d sing a d sing ð 
z5 t ag = (cose — — ] | cosġ— — — 
or or 


əx? ay r do r ð$ 
one ð . ð coso ð 
+ (sao + =) (sing + 7 =) 
3 sing a a 
er ee nie = 
wen 5,2 r og (coso) 


ð (sing 9 sing ð /sing 9 
cos b> ( r =) + r = ( r Z) 


2 
+ sin? ġ 2 pe? (sino) 
F 


+ 


ðr? r ð 
. ð (cosh ð cos@ ð /coso ð 
+sinos ( r a)" r a ( r Z) 


= (cos? $ + sin? On ee * (sin? $ + cos? HË 


+5 1 z (sin? $ + cos 9) 2 ag? 


3? m 1a ie 1 3? 
ar2 r or r2 3p? 


lod a 10 /1ə3 
= r or (=) ‘J r dg (. =): 6-17) 
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The separation of differentials involving r and ¢ in Eq. (5.17) now makes it easy 
to impose constraint of constant r, which simply amounts to assuming that 0/dr = 
0. Thus, Eq. (5.4) simplifies to 


h 1 3? 


-iaga ey) = Ery y), pape 6-18) 


roy 


Now, let us define 
yr) = yh, DlA (5.19) 


and introduce 7 = mr?, which is the moment of inertia for the rotational motion. 
Then, Eq. (5.18) becomes 
h? a? 
= oo = Egr, (Q). 5.20 
TETA Wr (o) RV) (5.20) 


A general solution of the above equation can be expressed as 
Wro) = Nem, (5.21) 
which results in the following relationship: 


h2 32 h?m? 


= a7 age ®) = ar VO) = Eryr (Q). (5.22) 


Equation (5.20) represents free motion along the ¢ coordinate. However, there is 
major difference of this rotational motion from that in infinite space. For the former, 
the domain of $ representing different physical space is confined only to a range of 
27x. In other words, the periodic boundary condition, W,(¢) = Y, (ġ + 27), should 
be satisfied. This condition implies that 


e"? = I. (5.23) 


which can be satisfied only for integer values of m = 0, +1, +2, - - - . Therefore, we 
obtain the following expression: 


Eigenvalue of Two-Dimensional Rotation 


hm? 
Birma = =p nN Gall oo . (5.24) 
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The normalization constant of the rotational wavefunction in Eq. (5.21) can be 
determined using the following condition: 


Qn 
f deip)? = |N 2r =1. (5.25) 


A choice of N = 1/27 satisfies the above condition. Thus, the normalized 
eigenfunction of the 2-dimensional rotation with eigenvalue mf can be expressed 
as follows: 


Normalized Eigenfunction of Two-Dimensional Rotation 


Vind) = ef? m = 0, +1, +2,--- (5.26) 


1 
J 20 


5.2 Rotation in Three Dimensional Space 


The approach of obtaining rotational kinetic energy term directly from the Cartesian 
coordinate system for two-dimension can also be used for rotation in three dimen- 
sional space. For this, the spherical coordinate system, (r, 0, @) (see Fig. 5.2), need 
to be used. This will be demonstrated in detail in the next section, when we describe 
angular momentum operators. 


Fig. 5.2 Illustration of 
spherical coordinates (r, 0, $) 
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Here, let us use a well-established formula for converting the Laplacian (V7) in 
the Cartesian coordinate system to that in a curvilinear coordinate system, where 
coordinates are defined along a system of three curved lines that remain orthogonal 
at each point. First, this can be illustrated for the two dimensional case given by Eq. 
(5.17). 

For the polar coordinate system specified by (r, @), the multiplicative factors used 
to convert the change in the values of coordinates to appropriate length units, so 
called the metric factors along r and @, are respectively defined as h, = 1 andhg = 
r. Then, the Laplacian in the two dimensional space, Eq. (5.17), can be expressed as 


3? a? 1 0 (hg 8 1 @(h, a 
re (72 )+ (7: ). (5.27) 
əx? ` 3y? hy hg ar \ h, Or hhg 3$ \hg 3$ 


In fact, this is a special case of much more general expression that is valid in 
any dimension. For example, in three dimensional general coordinate system of 
(£1, £2, €3) with metric factor along the three directions, hı, h2, and h3, which 
themselves can be considered as functions of 1, &, and &3, there is a general 
expression [30] for the Laplacian as follows: 


2 2 PË 2# 
ie ax? T 3y? i dz? 
2 1 EE AE (ef. 
hyhzh3 (0& \ hı 0& 0& \ h2 0&2 0&3 \ h3 0&3 
(5.28) 
In the above expression, (1/h;)(0/0&;) for each of i = 1,2,3 corre- 


sponds to the component of the mathematical gradient vector operation and 
(1/hyhzh3)(0/0&)h jh, with j # k ¥ i corresponds to the divergence along 
each direction. 

For the case of cartesian coordinate system, hy = hy = h; = 1, which results 
in the simplest expression for V?. However, for spherical coordinates (r, 0, p) as 
shown in Fig. 5.2, hy = 1, h2 = r, and h3 = r sin 0. Therefore, 


2 1 ð 2. 0 0 i ð a 1 ə 
V= aoe ae sind + sind + - 
r-sin@ (ər or 00 00 ðh \siné 00 


eS oe ey Gee 3? (5.29) 
= sın å x 
rar’ ar)  rZsinð 00 00)" 2sin20 ð$? 


For any function f, one can show that the derivative with respect to r above can be 
expressed as follows: 


ar ere) 2 ð a? 1a la/a 1 a? 
r2 ðr ( a) f= fap) ae pin ee (>) r= Ar 
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Employing this identity, Eq. (5.29) can often be expressed as 


gal a? pi 1 9 (3462 rn 1 2 631) 
= sın ë x 
rðr?  r?sinð a0 30 r2 sin? 6 07 


The above equation, or Eq. (5.29), now makes it easy to impose the constraint of 
fixed r and to represent the rotational motion of a particle with fixed r. In other 


words, 
-R _, h? 1 a/, ə 1 2? 
—_ v7 = - sin 0 + 
2m 2mr2 \ sin 30 00 sin? 6 0¢2 
r 
n> (1 a ð 1 2 
= inĝ B 5.32 
27 (aa 30 (sin Z) T a) ae 
where 7 = mr? has been defined as the moment of inertia for the case of two 


dimensional rotation and remains the same. 
Let us denote the eigenfunction of a general three dimensional rotation as 
Y (0, @). Then, the Schrödinger equation for this rotational motion is given by 


R (1 2 (ine 2\4 Čep = Erop. 633 
sın = A x 
21 \sin8 30 30 sin? 6 3H? , , 


Dividing the above equation with —f7/(2/) and moving all terms to the lefthand 
side, we find that the above equation can be expressed as 


1 a nolro 1 3 2 yo, 2E m "A oa 
sin 36 (sin 30 (0.0) +- sin?0 ag? Dt (0,9) = (5.34) 


Let us assume that Y (8, ¢) = ©(0)®,,(@), where ®,,(@) = e!"?/./27, with m = 
0, +1, +2.---. Then, 


df. d 
ang Din () 0 (sino o0) += + i Ta ($) 
2IE 


Since 4 n(o) = -m Òm (ġ), the above equation is simplified to 


2 


D = (sino 00) ™ 96) += @)| =0 5.36 
nO = sind, 00) a tT Osa (5.36) 
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This implies that 


ee (s 150) +( ae @(6) =0 5.37 
sind do ("a0 f Zr) = ee) 


where 


21E 
p= -~ (5.38) 

Equation (5.37) is called associated Legendre equation, for which well-known 
solutions exist. Appendix of this chapter provides a detailed consideration of this 
equation and show that well-defined physical solutions exist for the following 
conditions: 


B=J(J+1),J=0,1,2,---, (5.39) 
J > |m]. (5.40) 


The resulting solution for given J and m is called associated Legendre function 
and is denoted as pl"! (cos 0), for which detailed derivation is also provided in the 
Appendix. 

Table 5.1 provides expressions for P'"(cos 0) for small values of J and m. 
Plots of some Legendre polynomials (m = 0) are shown in Fig. 5.3, and plots of 
associated Legendre polynomials for J = 4 are shown in Fig. 5.4. 


Table 5.1 Examples of associated Legendre functions 


J m P(x) P? (cos 6) 

0 0 1 1 

1 0 x cos 6@ 

1 1 a — x2)! sin @ 

2 0 5(3x? — 1) 5(3cos? @ — 1) 

2 1 3x (1 — x?)!/2 3 cosð sin 

2 2 3(1 — x?) 3 sin? 6 

3 0 5 (5x3 — 3x) 55 cos? 0 — 3 cos 8) 

3 1 3 (5x? — 1)(1 — x2)1/2 3(5cos? @ — 1) sind 

3 2 15x(1 — x”) 15 cos @ sin? @ 

3 3 15(1 — x?)3/? 15 sin? 6 

4 0 q (35x — 30x? + 3) 4 (35 cos* 0 — 30 cos” 0 + 3) 
4 1 3 (7x3 — 3x)(1 — x?)!/? 3(7cos* 0 — 3 cos 0) sind 
4 2 3 (7x? —1)(1 — x?) B (7cos? 6 — 1) sin? 0 

4 3 105x(1 — x?)3/2 105 cos 8 sin? 6 

4 4 105(1 — x”)? 105 sinf 6 
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Fig. 5.3 Examples of four Legendre polynomials PUG) = P? (cos 0) for J=0, 1, 2, and 3. 
The upper panel is shown with respect to x and the lowe panel is shown with respect to 6. 
Normalizations for these plots were chosen so that P? (x)=1 
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Fig. 5.4 Examples of four associated Legendre polynomials for J = 4, P3” (x) = Pj" (cos 0) with 
m = 0, 1, 2, and 3. The upper panel is with respect to x = cos @ and the lower panel is with respect 
to 0 
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Each of pe (0), as can be seen from the examples in Table 5.1, is not 
normalized. Including normalization factor such that integration of the function over 
d cos @ is equal to 1 and also now employing the appropriate subscript denoting the 
quantum numbers J and m, we can define 


27 +1(J —|m))! 
2 (J+\|m)! 


1/2 
©” (0) = ( ) P|”! (cos0). (5.41) 


Combining this with ®,,(@), one can define eigenfunctions of the rotational 
Hamiltonian known as spherical Harmonics as follows. 


Spherical Harmonics 


2J +1 (J — |m])! 
4x (J+|m|)! 


1/2 
VEO p= Te ( ) P”! (cos0)e™®, (5.42) 


where i+!” is the most commonly used phase factor although different 
phase factors are also used for convenience or other reasons. Expressions for 
some of these functions are provided in Table 5.2. Figure 5.5 provides plots 
of real and imaginary parts of these spherical harmonics for J = 0, 1, and 2. 


Table 5.2 Expressions for J |m |¥"(@,¢) 
spherical harmonics for ie 


P=, 3 olo ey 
) 


7 
1 |1 (è) 2 sin bet? 
2 |o | (1%) ” (cos? 6 — 1) 
2 |1 +(e) i sin 0 cos ĝe? 
) 5 sin? 6e*2/¢ 
) 


/2 
(5 cos? 6 — 3 cos 0) 


1/2 ; 
3 |1 |E (Ge) sineGcos?6 — e*t 
1/2 f 
3 |+2 (5 sin? 6 cos 0e*2"¢ 
1/2 ; 
3 |+3 |> (&) sin? 6e*3!? 
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a m= -2 m=-—1 m=0 m=1 m=2 
~ œ $ eo 
oe & F? & w 
b m=-2 m=-1 m=0 m=1 m=2 
J=0 


Fig. 5.5 Examples of (a) real and (b) imaginary parts of spherical harmonics for J = 0, 1 , and 2 


Combining Eqs. (5.38) and (5.39), we obtain the eigenvalue and eigenfunction of 
the three dimensional rotation as summarized below. 


Eigenvalue and Eigenfunction of Three-Dimensional Rotation 
The eigenvalue for a three-dimensional rotational motion with moment of 
inertia J is 
h2 
Ej; = ye +1), (5.43) 


(continued) 
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where J = 0O,1,2,---, and the corresponding eigenfunction, spherical 
harmonics, for each J and m = 0O,---,+J, satisfy the following time 
independent Schrédinger equation: 


a mea 0 2 F ies Y7'(@,¢) R +D” O o) 
= sin Q0) = , Q). 

2I \sin6 30 00) sin20 062) 7 2I 1 
(5.44) 


In addition, since the dependence of Y 7 (0, $) on ¢ is only through ®,,(¢) = 
e'? /./27, it is easy to show that 


h a m m 
7 apts © O = hmY7 @, 9). (5.45) 


Note that, for a given value of J, there are 2J + 1 possible values of m because 


iif = Hd, 2°? g dl. (5.46) 


The spherical harmonics defined by Eq. (5.42) satisfy the following normaliza- 
tion and orthogonality (orthonormality) condition: 


m 27 
1 do sin f d oY" (0, p)“ Y”! (0,0) = 877mm’ (5.47) 
0 0 


The above identity in fact implies that Y7’ (6, p) form a complete orthonormal basis 
for any well-behaving functions depending on 0 and ġ. Namely, any function of 0 
and @ can be expressed as a linear combination of these as follows: 


FO, p) =X Cim¥7' O, $), (5.48) 


J,m 


where CjJ, m’s can be determined uniquely using Eq. (5.47). 


5.3 Angular Momentum Operators 


Each of the spherical harmonics introduced in the previous section is an eigenfunc- 
tion of the rotational part of the kinetic energy operator. In classical mechanics, such 
rotational energy can be expressed in terms of angular momentum. For example, 
consider a particle with mass m rotating with a constant speed v at a fixed distance 
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r from the origin. By introducing L = mrv, the kinetic energy of this particle can 
be expressed as 
Me - TP» he 


= = y 5.49 
2 2mr2 21 ( ) 


In fact, the last expression for the rotational kinetic energy in the above equation is 
much more general and can be shown to be true if it is defined as the magnitude of 
the following angular momentum vector: 


L =r x p = Lye, + Lye, + Lze 
= (yp; — ZPy)ex + (zPx — Xpz)ey F (xpy — ypx)ez. (5.50) 
The square of the magnitude of this vector can be shown to be 
ILP = L? + L? + L? = r’ pi, (5.51) 


where p1 is the projection of a momentum p vector to a plane perpendicular to r. 
In other words, classically, kinetic energy can be decomposed as 


2 2 2 2 
SUPE PUPP EE E Pi Et 


T — = pi 
2m 2m 2m 2mr? 2m 21 


(5.52) 


where pj is the component of the momentum along the direction of r. Thus, 
T can always be considered as the sum of the kinetic energy for a linear one- 
dimensional motion along the direction of r and rotational kinetic energy, which 
can be represented by the magnitude of the angular momentum vector L as 


ee cae (12412412), (5.53) 
21 21 * » 3 


Based on the above classical expression for the rotational kinetic energy, it is 
possible to define quantum mechanical Hamiltonian operator for three dimensional 
rotation as summarized below. 


Hamiltonian for Three Dimensional Rotation 


The Hamiltonian operator for a rotor with moment of inertia J can be 
expressed as 


Y Ee 1 72 72 72 
Âr = = = — (22405422), (5.54) 


(continued) 
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where Lg’s, with k = x, y, and z, are cartesian components of angular 
momentum operators defined as 


[hg = id = iy (5.55) 
Ly pe (5.56) 
Lo (5.57) 


The three cartesian components of the angular momentum operators defined 
above do not commute with each other, unlike the linear momentum operators. 
Instead, the following relations hold. 


[Êx Ly] = ink, (5.58) 
[Ly, 2] = iħÊx, (5.59) 
We Lr = tky (5.60) 


It is straightforward to prove the above identities for commutators of angular 
momentum operators using the identity of Eq. (2.57) or calculating the commutator 
directly. For example, 


[Lx, Ly] = e 
= [$ fz, 2x] — Py, 2Px] — [S Pz, 2 Pz] + [Êy ê Pz] 
PLP, Z1Px + 412, Pel Py 
= ih(X Py — Spx) = ihLyz. (5.61) 
On the other hand, using the identities used above once again, one can prove that 
Ê? commute with individual components, ik y, and Lz: For example, 


A A A 


(£7, Èa = [Ê + Ê? + Ê, Èa] 
= Êf, L1 + (bx, Eby + LylLy, £1 + Êy, Eby 
= L,(-ihLy) + (ihly) Ès + Lyh) + GAL,)Ly =0. (5.62) 
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Results of application of the angular momentum operator components to the 
position bra (r| can be calculated by using those for position and momentum 
components as follows: 


ee Sar ə 
rlr = + (y> -— =) (rl, (5.63) 
i Oz oy 
a ak ə 
REE HA RETE oe 64 
tê =" E sE) e, (5.64) 
E TE a 
(r|L, = -(x— -—y— ]irl. (5.65) 
i dy Ox 


In order to express these in terms of spherical coordinates, let us now consider 
conversion of Cartesian coordinates into spherical coordinates in more detail. First, 
the Cartesian components can be expressed in terms of spherical coordinates as 
follows: 


x =rsin@cos¢, (5.66) 
y =r sinf sino, (5.67) 
z=rcosé. (5.68) 


From these, one can also obtain expressions for spherical coordinates in terms of 
Cartesian coordinates as follows: 


ra Jxrty2 +2, (5.69) 
/ x2 + y? 


tanb = Z >, (5.70) 
FA 


tang = È. (5.71) 
x 
The above expression can be used to obtain the following relations between partial 


derivatives with respect to Cartesian coordinates and those with respect to spherical 
coordinates. First, the partial derivatives of r are expressed as 


ə ino 

fl = iad = Panteoi = sin cos ġ, (5.72) 
Ox / x2 + y2 + z2 r 

P Te 

5m y oo Sh a (5.73) 
dy Vx? +y +z? r 
ə 0 

J a Bey yy (5.74) 


3z x24 y2 422 r 
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The partial derivatives of 0, which can be obtained from the fact that d tan = 
sec? 6d0, are given by 


30 EEE r eae cos ġ _ 008 0 ag (5.75) 
ox r sin Or cos 0 r 
30 ey r sind sing _ 008 é me (5.76) 
dy r sin Or cos 0 r 
00 >, rsin sin 0 

= = 7 5.77 
az BOY ens? r en 


Finally, the partial derivatives of ¢, which can be obtained from the fact that 
dtang = sec? ¢d@, can be expressed as 


0g 2, rsindsing sin @ 


= = ; 5.78 
ax sak r? sin? 6 cos? @ r sind or) 
f] 1 
Ley a zee. (5.79) 
oy rsinĝ coso rsin 
f] 

Oe i (5.80) 
əz 


The above expressions can be used to convert the partial derivatives with respect to 
x, y, and z to those with respect to r, 0, and ¢. The resulting expressions can then 
be used to obtain expressions for the components of angular momentum operator. 

The expression for the angular momentum along the z-coordinate has the 
simplest form and can be shown to be 


tli, =" (x2 -y2 ) a 
E “Oy Jx 
h 
— | r sin cos ¢ġ | sin 0 sing 3 goeng 9 + Os a 
l or r 30 rsin dg 


cos coso ð sing Od 
r 00—orsind ðo 


ð 
—r sin 0 sin (sino coses + 
7 
= —-—(r|. (5.81) 


Considering the position state in spherical coordinate system, one can express (r| as 
follows: 


(r| = (r| 8 (018 ($l. (5.82) 


The position ket |r) can also be written in a similar way. Note that the ranges of these 
spherical coordinate variables are different from those of cartesian coordinates, and 
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are given by 0 < r,0 < 0 <m,and0 < ġ < 27. Employing Eq. (5.82) in Eq. (5.81) 
and using the fact that (r| and (0| remain invariant after application of L}, we find 
that Eq. (5.81) is equivalent to the following expression: 


(|L: = =z (l- (5.83) 


Similarly, L x and È, can be shown to be 


à ħ 0 f] 
(0, ġ|Lx = ( =) (6, | 


=i Yz dy 
= a( i ! to 4 ) é 5.84 
=i sin $ zy + cO ERTI (6, |, (5.84) 
x h ð ə 
lly = 7 (ež = s2) (9,4 
=ih (- Ea tO si =) (0, | (5.85) 
=i cos ozy co moeg P|, ; 


where (0, 6| = (0| @ (@| and the fact that Lx and È, do not affect (r| has been used. 
Summing the squares of the above two operators, we find that 


2 
(6, 6|(L2 + È?) = -h { (sno, + coté oso) 


ð ay 
+(- cosg + cota sing ) (0, d| 


2 (3? a 44 0° 
= —ħ ggZ + cote, + cot aR (0, |. (5.86) 


Summing this with the square of L z» we find that 
72 72) 724 72 
(6, pIÊ? = iÈ? + Ê + £2) 


a2 a 26+4sin?@ 3? 
= m( + cotd sae (6, 


+ 
302 30 sin2 0 ag? 


1 ə a 1 @ 
hi ind 6, ¢l. 5.87 
(<5 90’ 30 * sina a) 6.6 C8) 
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Now let us consider application of Ê? to an arbitrary quantum state |y) as follows: 


(0, pÊ? ly) = =? a ae =) e IY). (5.88) 
o = (sam 0 aoe oe © 


Note that this is the same as that representing the rotational kinetic energy except 
for the factor of 1/(27). Therefore, Y 7 (6, ġ) is an eigenfunction of the above 
differential equation as well. Thus, the spherical harmonics are eigenfunctions of 
squared angular momentum operator as summarized below. 


Rotational Eigenstates and Eigenvalues 


Let us define |J, m) such that 
Y7 (0, p) = (0, lJ, m). (5.89) 
Then, Eqs. (5.44) and (5.45) imply that 


L?|J, m) = hI (J +1)|J.m), (5.90) 
L,|J,m) = hm|J,m), (5.91) 


where J = 0,1, 2,--- and m are integers such that |m| < J. Note that the 
reason why |J, m) can be a simultaneous eigenstate of i2: and E is because 
the two commute with each other. 


So far, we have considered rotation of a particle around origin. In fact, the same 
approach can be used to describe the rotation of a diatomic molecule around its 
center of mass. For this, let us consider the Hamiltonian operator for the two particle 
system, Eq. (4.83), in the absence of an external potential and removing the kinetic 
energy term for the center of mass. Thus, let us consider the following Hamiltonian 
operator: 


A2 
Hrel = z F Vrei (7), (5.92) 
H 


where u = mım2/(m;ı + m2) is the reduced mass and the fact that the potential 
energy is a function of r only has been used. Applying this operator on the position 
bra (r| = (r, 9, ġ| on the lefthand side, we find that 
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F P 2 
(r, 0, ġ|Hre = ETA + Vrei(r) (r, 0, Al. 
K 1 a? 
= “Sapam V ee) (r, 0, d| 


h? 1 a/. 4 a $ 1 @ 1.8.61. (593) 
sin r,0, P|. À 
2ur2 \sin0 a0 30 sin? 6 3$? 


In the second equality of the above equation, the first component involving deriva- 
tives of r represents vibration motion along the internuclear direction, whereas the 
second part represents a rotational motion. Note that this part is the same as the 
rotational Hamiltonian for a particle with effective mass u. Thus, all the results 
provided so far for three dimensional rotation of a particle around origin can also be 
used to describe the quantum states representing the rotation of a diatomic molecule 
around its center of mass given that the following expression is used for the moment 
of inertia: 


T= pr’. (5.94) 


5.4 Spectroscopy of Rotational Transitions for Diatomic 
Molecules 


We will consider three major transitions involving rotational motions of diatomic 
molecules. The first is pure rotational transition normally known as microwave 
spectroscopy. The second is rotational Raman spectroscopy. Finally, we will con- 
sider ro-vibrational transitions, where rotational transitions accompany vibrational 
transitions. 


5.4.1 Microwave Spectroscopy 


Microwave spectroscopy in general refers to the detection of transitions of rotational 
states due to linear interaction of the molecular dipole with the electric field 
component of light. The reason why this is called “microwave” is because the 
energy level spacings involved are typically in the microwave region. The transition 
in rotational states occurs because the dipole operator, if not zero, does not commute 
with the rotational Hamiltonian. Selection rules for this can be understood by 
considering how different rotational states are coupled by the dipole operator. 
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Selection Rules for Microwave Spectroscopy of Diatomic Molecules 


e Ifa molecule does not have a permanent dipole, light cannot distinguish 
different rotational state at the level of the first order interaction. Thus, 
an important gross selection rule for microwave spectroscopy is that the 
molecule has to be polar to be microwave active. 

e The rotational property of the permanent dipole moment, which is pro- 
portional to the internuclear distance vector, has the same symmetry 
property as a three dimensional position vector. Employing the properties 
of spherical harmonics, it is possible to show that such dipole operator 
can couple only neighboring rotational quantum numbers. In other words, 
the following selection rule applies for the microwave spectroscopy of 
diatomic molecules: 


IX jf = all, (5.95) 


Microwave spectroscopy is commonly described in terms of rotational constant 
B defined by the following relationship: 


h2 
Ey= 5, IU FI S= BIU +), (5.96) 


where the second equality serves as the definition of B. Typically, the rotational 
energy is reported in the unit of wavenumber (cm7!) and the following rotational 
term is often used: 


Ej R ~ 
G(J) he athe WI + ) J(J +1) (5.97) 


The microwave spectroscopy is in general absorption spectroscopy. Thus, the 
transition involved is J — J + 1, for which the energy difference is given by 


AE = BJ +1)(J +2) - BJ J4+ 1) =2B +1). (5.98) 
The corresponding wavenumber is given by 
~ AE ~ 
Av = — = 2B(J +1). (5.99) 
he 
As Eq. (5.98) or (5.99) shows, the rotational transition energy or wavenumber 


increases linearly with the initial total angular momentum quantum number J. This 
is in contrast to the vibrational transition of a harmonic oscillator where there is 
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only one transition energy, within the harmonic oscillator approximation. For this 
reason, the microwave spectroscopy appears as a packet of transition lines rather 
than a single or few transitions. 

Since the interaction strength between the dipole and the electric field does not 
change significantly with the rotational state of the molecule, the intensity of each 
rotational transition is proportional to the relative population of molecule in the 
specific initial rotational state with quantum number J. For a given rotational state 
with J, there are 2J + 1 degenerate states because any of my = —J,--- ,J is 
possible. In other words, a given angular momentum quantum number J has 2J + 
1 degeneracy. Therefore, the probability of having the molecule in the J state is 
proportional to this degeneracy multiplied by the Boltzmann factor as follows: 


(2J + 1)exp [2940] 
“a Eol + 1) BIU+) | (5.100) 
J=0 exp -Er 


5.4.2 Rotational Raman Spectroscopy 


Rotational Raman spectroscopy probes transition of rotational states due to the 
interaction of the polarizability of a molecule with light, which is second order with 
respect to the electric field amplitude of the light. Selection rules for the rotational 
Raman spectroscopy can be understood considering this aspect. 


Selection Rules for Rotational Raman Spectroscopy 


e Any molecule that changes its polarizability with rotation is active in the 
rotational Raman spectroscopy. This means that the molecule should have 
anisotropic polarizability, which is always the case for diatomic molecules. 

e Since polarizability is independent of the sign of rotation, it is easy to 
see that it is an even function of angles and is invariant after rotation 
by 180° degrees. This symmetry property makes the selection rule for 
rotational Raman different from the microwave spectroscopy and results 
in the following selection rule: 


AJ = 42, (5.101) 


e The positive case is Stokes Raman transition and the negative case is anti- 
Stokes Raman transition. For the Stokes Raman transition from J to J +2, 
the magnitude of the transition energy (in wave number) is 


Ab = B((J+2)\(J +3)—J(J+1)}=2852J +3). (5.102) 
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5.4.3 Ro-Vibrational Transition 


For the understanding of ro-vibrational transition, it is necessary to consider the 
diatomic molecular Hamiltonian given by Eq. (5.92) in more detail. For |W), an 
eigenstate of this Hamiltonian with eigenvalue E, applying the Hamiltonian for the 
relative motion part and then taking inner product with the position bra, we find that 


4 h? 1 3? 
(r, 0, $|Aei|We) = | “Sara T V;ei(r) 


h? E 8 N 1 2 P, 
sın F, U, 
2ur? \ sind 00 a0)" sin26 ae?) f°” 


= Ewe(s,6, >), (5.103) 


where We(r, 0, 6) = (r, 8, d|We) and Eq. (5.93) has been used. Let us assume that 


1 
wer, 0, p) = —WO)¥im@, $). (5.104) 


Inserting this expression into Eq. (5.103), and factoring out the common function 
Y ;mu (0, ġ), we find that 


ed ef 
-5ga tV O) tol) = Ewo, (5.105) 


where 


h?J(J +1) 


UF (5.106) 


VET r) = Vrei (r) + 


Let re be the equilibrium internuclear distance of the diatomic molecule. If the 
internuclear potential energy is strong enough, the deviation, s = r — re, is very 
small compared to re. Indeed, this is the case for most diatomic molecules consisting 
of light atoms. Then, the moment of inertia in this case can be approximated as 
I=ur 7x ur? in the above equation and 


VIT E) & Veer) + BeJ(J + 1), (5.107) 


where Be = h? /(2Ie) = h? /(2ur2). Let us also assume that V-j(r) can be 
approximated as a parabolic potential around re with curvature V”; (re) = or. 
Thus V,a (r) © Vrei (fe) + Wor (r — re)*/2. Then, Eq. (5.108) can be approximated 
as 
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Ra 1 
Er + 5 Hees + Vrei(re) + BeJ (J + o) Wore +5) = Evu(re + 8), 


(5.108) 


where we have introduced a new coordinate s = r — re. 

Equation (5.108) is the same as the Schrödinger equation for the harmonic 
oscillator except for the constant terms and the addition of rotational energy, which 
is independent of r. Therefore, the corresponding eigenfunction is the same as that 
for the harmonic oscillator as follows: 


Wore +8) = Nye~” IH, (75), (5.109) 


where y = /[4We/h, Ny is the normalization constant, and H,(,/ys) is the Hermite 
polynomial. On the other hand, the eigenvalue is 


1 
Ey, 7 = hoe (: 4 5) RF +1) + Vath). (5.110) 


The above expression shows that the eigenstate of a diatomic molecule, in its 
simplest approximation of J ~% Te, can be viewed as the direct product of the 
vibrational and rotational states, namely, |v) &® |J, m). Now, note that the dipole 
vector is given by 


D=qr = q(re +8) (ex sin 0 cos @ + ey sind sing + ez cos 0) : (5.111) 


where q is the partial nuclear charge of the diatomic molecule and ex, ey, and e; are 
unit vectors along x, y, and z coordinates. Thus, the measurement of dipole moment 
in fact involves measuring both the internuclear distance and angle of the molecule. 

If the energy of light is small enough not to excite any vibrational motion, it is 
possible that only rotational states are altered. This is the case of the microwave 
spectroscopy. However, for the case of IR spectroscopy that involves transition of 
vibrational energies, it is inevitable that rotational states change as well because the 
energy for rotational energy is readily available and there is nothing that prevents 
the rotational transition from accompanying the vibrational transition. The selection 
rule governing the rotational transition in this case is the same as the microwave 
spectroscopy because the same dipole operator is involved. Since wavenumber 
is used for the description of these ro-vibrational transitions, it is convenient to 
introduce the corresponding ro-vibrational term as follows: 


E 
Che 


= (v + DHJ + 1). (5.112) 
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Selection Rules for RO- Vibrational Transitions and P, Q, and R Branches 


Due to the availability of rotational transition during vibrational transition 
as noted above, in any IR spectroscopy, not only the vibrational quantum 
number changes according to Av = | but the rotational quantum number J 
also changes in general. For the case of most diatomic molecules,! AJ = 
= 1 6 

The transitions corresponding to AJ = —1 form the P-branch and have 
the following wavenumbers: 


TA = t B= Di SBI = lt, = 2B. (5.113) 


The transitions corresponding to AJ = 1 form the R-branch and have the 
following wavenumbers: 


Dr(J) = Ve+Be(J+1)(J+2)—BeJ(J+1) = de+2Be(J+1). (5.114) 


The transitions corresponding to AJ = 0, which is normally forbidden, 
form the Q-branch and the corresponding wavenumber is ve. 


1 There are few exceptions for this such as the molecule NO, for which AJ = 0 is also 
possible. Such exception occurs due to the special nature of the electronic states that 
contributes to the angular momentum. 
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The above selection rules are based on the approximation that the vibrational and 
rotational motion are decoupled from each other and that there are no centrifugal 
distortion. Complications that arise when these are included are described in the 
next subsection. 


5.4.4 Centrifugal Correction and Ro-Vibrational Coupling 


In actual diatomic molecules, corrections need to be made for the distortion of 
bond distance due to centrifugal distortion and the coupling between vibration and 
rotation. As long as such effects are small, they can be added as small corrections. 
For this, let us expand V,-¢; (7) and KR J(J+ 1)/r? in Eq. (5.106) around re as follows: 
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1 42 l 3 
Vrele + $) © Vrele) + zro S — zs”? (5.115) 
RIJ+D _KPIJ+D/ s” 
2u(re +s)? B 2ur2 Te 
h? J(J +1 2 
a = (i 25 +35). (5.116) 
2ur; Te r 


From these approximations, we find the following expressions for the first and the 
second derivatives of yo f (r): 


1 > PJ(OJ++1) 3J +) 


d EREA es ad 

aed (r) © poss rae ae ue s, (5.117) 
deff ‘i 3h? J (J + 1) 

— Vr x : 5.118 
ds2 J (r) UW, KS + rd ( ) 


In Eq. (5.117), let us consider only the constant term and the most dominant linear 
term, Lors, in order to find a new minimum of the potential energy, se. That is, for 
Se, the following relation is assumed: 


2 WIT +1) = 
e 


UOS Se 5 0. (5.119) 
Hre 


Solving this equation, we find that 


RJJ +1) 


(5.120) 
ozr 


Se 


This can be understood as the shift of the potential minimum due to the centrifugal 
force. Inserting this value into Eq. (5.118), 


d? eff > KRJ)  3RIT+D 
— V” + N 
FEA] (re +8) E uws r ir 
= 10%. (5.121) 


where 


(5.122) 
weirs" Polri 


2 2 1/2 
( KRJ(J +1)  3R2J(J + ») 
Os = We | 1 : 
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Then, making quadratic expansion of ye f around re + Se, we find that 


1 wo h? J(J+1 
V re + 5) © Valt) + inoi -s -a UD 


2 2I 
ER zg TT 7 JJ +)? 
ee E oe 20213 ' 


(5.123) 


Now inserting this new form of effective potential into Eq. (5.108), one can find the 
following expression for the eigenvalue: 


4 


JJ + D°, 5.124 
PTE (J+1) ( ) 


1 h? 
Es J = Vý +ħozw + =) + —J(J +D- 
2 21 


where w, is defined by Eq. (5.122) and the last term corresponds to the centrifugal 
distortion energy. Further approximation of Eq. (5.122) can be made. Let us 


introduce 
lf eh? 3h? (5.125) 
Qe = ; : 
Ta Wop magra 


In general, ag << A. Thus, 


JJ +D\ 
=) wo 707 4, (5.126) 


oy = 0, (1-20 7 A 


Inserting this into Eq. (5.124) and also introducing centrifugal distortion constant 


nt 


=, 5.127 
ETE mg 


g 
we find that 
Ev J ~ Voth (o = 4+ D) w+ 5) + Be (J +1) — DoJ? +1)? 
= Vothae(v + s+ BJU + ise. (5.128) 
where 


1 
SE?! = —ae(v + HU +1)= De J? (J + 1°. (5.129) 


158 5 Rotational States and Spectroscopy 


The first term in the above correction term comes from the coupling between the 
vibration and rotation and the second term comes from the centrifugal distortion. 
Note that both terms reduce the rotational energy level spacings because they 
effectively increase the moment of inertia. 

Let us first consider the case of rotational states for vibrational ground state, 
v = 0. The rotational energy level (without including the constant term) is given by 


Ej =BJ(J+1)—-DJI7(J +1), (5.130) 
where 
Bo = Be — =. (5.131) 


The corresponding rotational energy term is as follows: 
GJ) = BoJ (J + 1) —-DeIP(I + D’, (5.132) 


where Bo = Bo/(hc) and De = D./(hc). With this expression, the correction for 
the rotational transition wavenumber, for the case of J — J + 1, can be shown to 
be 


ADJ > J +1) = Bo(J + DOI +2) — DJ + DUI + 2)” 
—BoJ(J +1) + DJO +1)? 
= 2Bo(J + 1) — Do(J + 1)? (4J +4) 
= 2Bo(J + 1) —4D.(J + 1)°. (5.133) 
Note that the reduction of the level spacing due to the centrifugal distortion depends 
on the third order of (J + 1). 
Next, let us consider the effects of the coupling of rotational and vibrational 


states, but without including the effects of the centrifugal distortion. The corre- 
sponding term for the state in this case is given by 


1 a 
G(v, J) = ve(u + 7) + By,J(J +1), (5.134) 
where 
= = 2 1 
By = Be — Ge(u + > (5.135) 
with @ = a,/(hc). The above expression implies that the rotational constant 


decreases as the vibrational quantum number increases. This is because larger 
vibrational quantum number results in larger moment of inertia. Note that the 
rotational constant is inversely proportional to the moment of inertia. Given the 
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above term, the P-branch, assuming that the vibrational transition is v = 0 — 1, 
now has the following expression: 

de + BJJ — 1) — BoJ (J +1) 

De + (Bi — Bo) J? — (Bi + Bo)J 

=O) =O b= õe) J. (5.136) 


bp(J) 


This P-branch has lower energy than the original pure vibrational transition, with 
the red shift increasing (becoming more negative) as J increases. The level spacing 
of this P-branch between consecutive values of J increases as J increases. On the 
other hand, the R-branch has the following expression: 

De + BF + DO +2) — BoJ(J +1) 

De + (Bi — Bo) J? + (3B, — Bo)J + 2B, 

= Ďe — Qe J? + ORs — 4a.) J + 2Be — 3ãe. (5.137) 


dR) 


This R-branch has higher energy than the original vibrational transition (J = 0), 
and shows blue shift (at least for small values of J) as J increases. However, 
the difference of transition energies between consecutive values of J within this 
R-branch decreases as J increases. For sufficiently large value of J, the above 
expression predicts that ĎR(J) decreases as J increases. This is called “reversal 
of R-head” [31]. 


5.5 Summary and Questions 


Eigenvalues and eigenfunctions of two dimensional rotation (or rotation around 
the z-axis) are given by Eqs. (5.24) and (5.26), respectively. For three dimensional 
rotation, separation of variables in spherical coordinate system leads to an equation 
for the axial angle 0, the solution of which is related to associated Legendre 
functions provided in Table 5.1. Combination of these with eigenfunctions for 
the two-dimensional rotation results in spherical harmonics defined by Eq. (5.42) 
as eigenfunctions for the three dimensional rotation with eigenvalues given by 
Eq. (5.43). 

Alternatively, three dimensional rotational Hamiltonian can be expressed in 
terms of the angular momentum square operator as shown in Eq. (5.54). Spherical 
harmonics are simultaneous eigenfunctions of the angular momentum square 
operator and the z-component of the angular momentum operator, and serve as 
a complete basis for describing any three dimensional rotational motion. This is 
also related with the fact that three different cartesian components of the angular 
momentum operators do not commute with each other, as shown in Eqs. (5.58)- 
(5.60), making it impossible to specify more than one of them. 
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The rotational spectroscopy of diatomic molecules, which are approximated as 
rigid rotors, can be fully described in terms of the interaction of dipole operator 
or polarization operator associated with the rotation and electric fields. Microwave 
spectroscopy involves interaction with the dipole operator, for which the selection 
rule is given by Eq. (5.95). Rotational Raman spectroscopy involves interaction with 
the polarization operator, for which the selection rule is given by Eq. (5.101). It 
is also important to note that change of rotational states accompany vibrational 
transition in general, typically resulting in two major branches called P and R, as 
expressed respectively by Eqs. (5.136) and (5.137). It has long been an experimental 
convention to express all of rotational transition energies in the unit of wavenumber, 
cm~!, for which rotational constants serve as a natural unit of energy. 

For flexible molecules or for molecules in highly excited rotational states, 
the assumption of rigid rotor breaks down. Inclusion of the effect of centrifugal 
distortion is possible by adding corrections for each rotational level as long as 
its effect remains small. Combining this with the change of moment of inertia 
associated with different vibrational level, it is possible to obtain an approximate 
expression for the ro-vibrational level as shown in Eq. (5.128). This expression 
provides more satisfactory description of ro-vibrational transitions of many diatomic 
molecules. 


Questions 


e What are physical origins for the quantization of rotational energies? 

e Why are quantum states for three dimensional rotation appear to be much 
more complicated than those for two dimensional rotation? 

e What is the degeneracy for a two dimensional rotational quantum number 
m? 

e What is the degeneracy for a three dimensional rotational quantum number 
J? 

e What is the physical meaning of the moment of inertia? 

e Why is it impossible to determine eigenstates of more than one components 
of the angular momentum vector operator? 

e Is angular momentum a conserved quantity for a diatomic molecule in 
space free of any external potentials? 

e Can a molecule with zero permanent dipole moment still be active in 
rotational Raman spectroscopy? 

e Why do multiple transition lines exist in the rotational spectroscopy even 
for the simplest case of a diatomic molecule? 

e Why does centrifugal distortion tend to reduce rotational level spacings as 
the rotational quantum number increases? 
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Appendix: Associated Legendre Equations and Their 
Solutions 


Let us first consider the case where m = 0 in Eq. (5.37) as follows: 


l df. d 
sin d (sina ow) reOU =; (5.138) 


which is called Legendre equation (with appropriate choice of 6 as will be clear 
below). Let us introduce x = cos@ and O©(@) = f(x). Since dx = — sin0d9, 
Eq. (5.138) can be expressed as 


d >, d 
4 (a= EF) + BF) =O (5.139) 
dx dx 


Let us assume that f(x) can be expressed as the following power series: 
[0,0] 
fœ = Y Catt, (5.140) 
k=0 


where p is the order of the first term and has to be determined by solving the 
equation. Taking the derivative of f(x) and multiplying with (1 — x°), and then 
taking derivative again, we obtain 


[0,6] 


d d 
dx (a = DE) = > Ck fa + p)(k + p- 1LxktP-? 


k=0 
—(k + p(k + p + je? 


= Cop(p — Ix? + Ci (p + I) px?! 
CO 


+9 (Ck + p+ Dk+ p+) 
k=0 
—Celk + p)(k + p + D} x. 
(5.141) 


Combining this with Eq. (5.140) in Eq. (5.139), we obtain 


Cop(p — 1)x?™? + C1 (p + px?! 
[0,6] 


+P (Cenk + p+ 2k + p+ 1) —Celk + p+ p+ 1) + Cph? = 0, 
k=0 


(5.142) 


162 5 Rotational States and Spectroscopy 


The first two terms are zero if p = 0, for which one can assume either Co = 0 or 
Cı = 0. The choice of p = 1 with Cı = 0 or p = —1 with Co = 0 is equivalent to 
one of these cases. Thus, without losing any generality, we can assume that p = 0. 
For Eq. (5.142) to be satisfied, each coefficient for x* should be zero. This means 
that 


k(k+1)—B 


&+DELD k- (5.143) 


Ck+2 = 


Now let us consider the large k limit, for which Ck+2 ~ Cx. This means that, as x 
approaches +1, f(x) ~ 1/1 —x?) if Cı = Oand f(x) ~ x/(—x°) if Co = 0. The 
resulting wavefunction in this case is not normalizable. Therefore, for the solution 
to be physically acceptable, the series has to terminate at finite order of x. Thus, let 
us assume that the series terminate at x”. This is possible if 


B=J(J+1), (5.144) 


where J = 0, 1,---. The resulting solution of Eq. (5.139) for each case of J is 
called Legendre polynomial of order J and is denoted as P;(x). 

Let us now consider the case where m # 0 in Eq.(5.37) for B given by 
Eq. (5.144). Employing the same x = cos @ as variable, it can be expressed as 


2 


m 


= (a - DE) + (1 +1)- 
dx dx 
Note that the additional term —m7?/(1 — x?) multiplied to f(x) becomes singular 
for x = +1, for which, 6 = 0, x. This singular term has to be taken care of before 
assuming power series for the solution. This can be achieved by introducing another 
function g(x) such that 


F(x) = A -xg (x), (5.146) 


Why the above form removes the singularity can be understood considering the 
leading contribution from the second derivative of f(x), as detailed below. Taking 
the derivative of Eq. (5.146) with respect to x and multiplying it with (1 — x7), we 
obtain, 


a -Efo = —|m|x(1—x7) "Peay +(1 ay ex), (5.147) 
x dx 
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Taking derivative of the above equation one more time with respect to x, we obtain 
d 2, 4 2) |m|/2 2,2 2y|m|/2-1 
ae JZ f@) = mA -x yen!" B(x) +m x (1 — x°) g(x) 
d d 
— [ral —xe Jl? — g(x) — (lon +2)x(1— x)" — g(x) 
2 |m|/2+1 d? 
m 
Loe) gaso 
= — (m| + m = xg) + m? = x) g(x) 
d 
—(2lm| + 2)x(1 — x°)" — g(x) 
dx 
d2 
+a = l+ O g(x). (5.148) 
dx? 


Using this expression and Eq. (5.146) in Eq. (5.149) and then rearranging terms, we 
find that 


d d d 
q=] y (a x’) Few) 2|m|x a(x) 
4 (JU pame Im)) sœ} =0. (5.149) 


Since this has to be satisfied for any value of x, (1 — x?) ™l/ 2 can be factored out. In 

addition, using the fact that J (J + 1) — (m? + |m|) = (J — |m|)(J + |m| + 1), we 

obtain 
d 
dx 


d d 
(a xs «)) 2|m|x — g(x) + (J — |m) (J + Im] + g(x) = 0. 
x dx 
(5.150) 


Note that the above equation is similar to Eq. (5.139) except for additional first 
derivative term. In fact, g(x) can be related to P;(x) through derivatives as shown 
below. 

Let us consider the Legendre polynomial P;(x), which is the solution of the 
following differential equation: 


d? d d 
a x°) aP) 2x — PIA) HJU + DPE) = 0, (5.151) 


where we have separated out the first and second derivative terms. Taking the 
derivative of this equation with respect to x, we obtain 


3 2 


Py(x) — 4x Py(x) + (J(J+ ID) —- D£ Po) =0. (5.152) 


d 
2 
(1 — x°) a 


dx3 
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Taking the derivative of the above equation once again, we also obtain 


4 3 d2 
Py(x) — 6x P(x) + (JV 4+ 1) -2- 4) a2 ie =0. 


d 
-x° oa 
(5.153) 


dx4 


Inspection of the above two equations shows that the following general relation, 
which can be proved by taking derivatives of Eq. (5.153) for |m| times, is satisfied. 


qiml+2 |m|+1 


d-x ee maa Ps) 2(|m| + Dx all 


mT Ps) 


Im] 


d 
+(J(J + 1) — |m| — m?) 
dx'ml 


_~4(,_,»4 (1p T a on 


Im] 
+= mU + im +1) (2 P19) =0. (5.154) 


|m] 


P(x) 


This last equation is exactly the same form as Eq. (5.150). Thus, we find the 
following solution: 


|m| 


g(x) = axl 


— P(x). (5.155) 
Since P;(x) is a polynomial of order J, the following condition should hold 
|m| < J. (5.156) 


Combining this with Eq. (5.146), we obtain the following definition of associated 
Legendre function: 


play = ymin o PI). (5.157) 


Whether there are other physically acceptable solutions of the associated Legendre 
equation that can be defined for —1 < x < 1 is a rather subtle issue, but can be 
ruled out after more careful consideration [32]. 


Exercise Problems with Solutions 


5.1 Prove that yl (0, ġ) in Table 5.2 satisfies Eq. (5.33) and determine the corre- 
sponding eigenvalue E for this function. 
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Solution 5.1 ¥;(6,¢) = N sin@ cos 6e'®, where N = —(15/87)'/. Application 
of the differentiation with respect to 6 constituting L? to yl (8, p) is thus propor- 
tional to 


1 ə 3 \. i 
- sin @ sin @ cos 8e!’ 
sin@ 00 00 


1 . 
= (sind (cos? 6 — sin? ojei?) 
sin 0 


1 ə 
=i (sing cos(26)e"*) 


= —— (cos 6 cos(20) — 2 sin 0 sin(26)) e? 
sind 


1 
= —— (cos 6 (cos? 6 — sin? 0)— 4 sin? 6 cos 6) el? 


sin 6 
1 : 
= (= cos — 6sin cos) el? 
sin 0 
On the other hand, 
1 2 1 
sin 0 cos 6e'? = —— cos be’? , 
sin? 0 a¢2 sin 6 
Therefore, 
ae Ge er cae rap) HeD 
an \sind 06 (a0) + ino az) 12? 
= va 6 =) ¥ i (0, $) = (0, 6). 
~ 2I \sin?@ sin20/ 7 É 
5.2 Prove that [Ly Ê] = ihL, in a way similar to Eq. (5.61). 


Solution 5.2 Employing the definitions of Î y and Tg: 


[Ê;, È] = [2px — X Pz, X Py — Ypx] 
[Zpx, X py] — [X Pz, 2 Py] — [Zpx, 9 Prl + [X Pz, 9P] 


2[Px, x X] py + SLX, Px] Pz 


= —ihZpy + ihyp, = ihLy. 


5.3 Prove that [L2, Ly] = 0 ina way similar to Eq. (5.62). 
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Solution 5.3 Employing the fact that i? = Î2 + ie + È, 


A A 


[Pt = [Ê3, Ès] Pie Èa] 
= Ly[Ly, Êx] + (Ey, ÊxlÊy + EAL, Êx] +Ê, Eb, 
= Ly(-ihL) + (iha, + L,GhLy) + GhLy) Ê: = 0. 


5.4 Prove that the following wave function is an eigenfunction of L? and find the 
eigenvalue. Is this also an eigenfunction of L}? Provide clear basis for your answer. 


a Gas 3 
vw, $) oss (=) 3 cos? 6 + 2 sin? be? — |]. 


Solution 5.4 Let us first consider the following operation: 


ice ð 3 , 

Sng 3o sin 0z ( cos? 0 + [simos — ) 

=» sing (6cosø sino) + ,/32sin6 peri 

~ sin@ 30 a cos sin 5 sin 6 cos ĝe 
1 ə 3 n, 

= -no 00 sin 0 sin(20) (- + Je") 


1 . . 3 vie 
—— (cos @ sin(2@) + 2 sin 0 cos(20)) | —3 +,/ =e 
sin 0 2 


(4cos” 0 — 2 sin? 0) (- + ie) 


3 : 
= —6(3 cos? 0 — 1) + Ba — 6 sin? 0)e”? 


On the other hand, 


1 8? 3 ' Bie. 
—~ | 3cos*6 + ,/~ sin? 0e”? — 1 | = —,/ —4e7/9, 
sin? 6 0¢2 2 2 
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Combining the above two results, 


X 5 \ 1⁄2 3 
L’ v0, p) = m (=) (-scen?a— 1-6/5 siae) 


= 6h y (0, $). 


Thus, Y (0, p) is an eigenfunction of L? with eigenvalue 6h”. On the other hand, 


R 5 \'Pna 3 
L.w(6,¢) = (=) 736 3 cos? 6 + 5 sin’ be"? =f 
1/2 
a [an sin? 6e7'?. 

327 2 


This is not proportional to y(@, ø). Therefore, y(@, $) is not an eigenfunction of 
Lz. 

5.5 Diatomic molecule H2 and its deuterium isotope D2 have the same internuclear 
bond distance 0.748 A. Calculate the values of rotational constant, B, and the three 


lowest rotational energy levels in the unit of wavenumber cm7!. 


Solution 5.5 The rotational constant B is given by the following expressions: 


h? h? h 


B = = = y 
2Ihc 2uR?hc 8r?uR?c 


where R = 0.748 Å is the internuclear distance and u is the reduced mass. For H2, 
um = my/2 = 1.0078 x 1.6605 x 1077/2 kg = 8.3673 x 107” g. For D», 
UD, = mp/2 = 2.01410 x 1.6605 x 1077/2 kg = 1.6722 x 107? g. Therefore, 
Bp, = 59.79 cm! and Bp, = 29.92 cm™!. With these values, we obtain the 
following values for the energies of three lowest rotational energy levels: 


J=0 J=1 J=2 
H, 0 1.196 x 10? cm7! 3.587 x 107 cm! 
D2 0 5.984 x 10 cm7! 1.795 x 10? cm7! 


5.6 The equilibrium bond length for H!?’I is 1.604 x 107!° m. Calculate the 
three lowest transition energies for the microwave (pure rotational) absorption 
spectroscopy and (ii) the two lowest Stokes Raman transition energies for the 
rotational Raman spectroscopy. 


Solution 5.6 For this diatomic molecule, the reduced mass is given by 


_ 1.0078 x 126.90 


Se x 1.6605 x 107” g = 1.6604 x 107” g. 
1.0078 + 126.90 ~ 7 g S 8 


u 


168 5 Rotational States and Spectroscopy 


For this reduced mass and the given internuclear distance, the rotational constant 
becomes B = 6.553 cm7! = 1.302 10~?? J. Thus, the three microwave absorption 
transition energies are as follows: 


J(0> 1): 2B = 13.11 cm7! = 2.604 x 107” J 
JQ >2): 4B = 26.21 cm7! = 5.206 x 107? J 
JQ > 3): 6B = 39.32 cm™! = 7.810 x 107? J 


On the other hand, the two Stokes Raman transition energies are as follows: 


J0 => 2): 6B = 39.32 cm! = 7.810 x 10777 J 

JQ > 3): 108 = 65.53 cm7! = 1.302 x 107?! J 
5.7 For a diatomic molecule AIF, Bo = 0.55 cm! and De = 1.05 x 1076 cm7!. 
Calculate microwave absorption and Stokes Raman transition energies respectively 


for each case that the molecule has initial rotational quantum numbers J = 1 and 
J =), 


Solution 5.7 This involves simple application of Eq. (5.132). Thus, the microwave 
absorption transition energies starting from J = 1 and J = 5 are as follows: 
J(1 — 2) : Bo(6 — 2) — D.(36 — 4) = 4B — 32D. 
= 2.2 cm! = 4.37 x 107” J 
J(5 — 6) : Bo(42 — 30) — De(1764 — 900) = 128o — 864D. 
= 6.599 cm! = 1.311 x 10-77 J 
On the other hand, the Stokes Raman transition energies starting from J = 1 and 
J = 5 areas follows: 
J(1 > 3) : Bo(12 — 2) — D.(144 — 4) = 10By — 140D, 
= 5.5 en = 1.09 x 107” J 
J(5 > 7) : Bo(56 — 30) — De (3136 — 900) = 26Bo — 2236D, 
= 14.298 cm™! = 2.84 x 107” J 
5.8 For a diatomic molecule HCI, ñe = 2885.9775 cm™!, Be = 10.59342 cm™! 
and &e = 0.30718 cm7! and assume that De = 0. Then, calculate the transition 


energies (in the unit of wavenumber cm7!) for the first three P-branches and the 
first three R-branches. 
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Solution 5.8 This involves simple applications of Eqs. (5.136) and (5.137). Thus, 
the three P-branches are as follows: 


Dp(1) = be — We — 2(Be — Ge) 

= be + Õe — 2B, = 2865.09784 cm™!, 
Dp(2) = Õe — 4a — 4(Be — &e) 

= Ďe — 4B, = 2843.60382 cm!, 
bp(3) = De — Ve — 6( Be — Ge) 

= Ďe — 3a, — 6B, = 2821.49544 cm™!. 


On the other hand, the three R-branches are as follows: 


DRO) = be + 2Be — 3G = 2906.2428 cm, 
PRC) = Ve — Ge + (2Be — 4Gte) + (2Be — 3ãe) 
= Ďe + 4B. — 8G = 2925.89374 cm™!, 
Dr(2) = De — 4, + 4B, — 8G. + 2B. — 3a 
= Õe — 15a + 6Be = 2944.93032 cm™!, 


Problems 


5.9 Prove that [L2 + L2, Êz] = 0. 


5.10 A three-dimensional rotor is in a rotational state |W) with the following 
wavefunction: 


YEO, p) = (6, lY) =W@)=A+,/ LERT +, oP re 
4r 16x 


Determine A such that the above wavefunction is normalized. If Ê? and Ê, are 
measured for this state, what are possible outcomes and their probabilities? 


5.11 A three-dimensional rotor is in a rotational state |W) with the following 
wavefunction: 


15\ 1/2 15 \ 1⁄2 
y0, ġ) = (0, oly) = (=) sin 0 cos 0 cos@ + i (=) sin? 0 sin(2¢). 
8x 327 
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If Ê? and Le are measured for this state, what are possible outcomes and their 
probabilities? 

5.12 The ro-vibrational state of a diatomic molecule has the following term: 


bes >, 2 2 
GU, J) = te + 5) + BJU +D- Dy IJ + DÊ, 


where 


Find out expressions for P and R branches for the vibrational transition from v = 0 
tov=1. 


Chapter 6 M) 
Hydrogen-Like Systems and Spin Orbit TCA 
States of an Electron 


When it comes to atoms, language can be used only as in poetry. 
The poet, too, is not nearly so concerned with describing facts 
as with creating images. 


— Niels Bohr 


Abstract This chapter provides detailed description of energies, states, and quan- 
tum numbers of the state of an electron in hydrogen-like systems, namely, hydrogen 
atom or ions with a single electron. First, Bohr’s model is used for a simple deriva- 
tion of energy levels. Then, the complete set of eigenfunctions and eigenvalues 
for the Hamiltonian as solutions of the time independent Schrödinger equation 
are provided. In particular, the equation for the radial part of the wavefunction 
and corresponding solutions are described in detail. Spin states of electron are 
then described, which in combination with spatial wavefunctions, namely, orbitals, 
provide full specification of a quantum state of an electron in a hydrogen-like 
system. Effects of a magnetic field on these states and consequences of spin-orbit 
interactions are briefly explained. 


The hydrogen atom or hydrogen-like ion consists of only one nucleus with charge 
Z and an electron. The potential energy between the electron and the nucleus is the 
following Coulomb potential: 


Ze? 
V(r)=-— ; (6.1) 
4T EQF 
where r = |re — ra|, with re and r, being the positions of the electron and the 


nucleus respectively, e = 1.602176634 x 1071? C, and €9 = 8.8541878128 x 
10712 C? /Nm, which is the electric permittivity of vacuum. Before we consider the 
solution of the Schrödinger equation for this potential, let us go over the Bohr’s 
model first. 
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6.1 Bohr’s Model 


Let us consider an electron, assumed to rotate around the nucleus with charge Z at a 
fixed distance r from the nucleus and with a constant speed v. This is possible only 
if the speed v of the electron is such that the Coulomb force balances the centrifugal 
force, which means that 


Ze? mev? 
Zua (6.2) 
4r eor? r 
This results in the following relationship between r and v: 
Ze? Zmee? Zmee? 
r= z= z= zi (6.3) 
ÅT EQMeV 4 eo(mev) Ar €o p; 
where pe = mev is the magnitude of the linear momentum of the electron. 
Information on r also determines the energy of the electron because 
2 2 2 2 2 
Ze Ze Ze Ze 
E=% = = (6.4) 
2me  4eor 8eor Armeor 87 Eor 


On the other hand, according to de Broglie, pe is inversely proportional to the 
wavelength of the electron as follows: 


oe 6.5 
P he (6.5) 


Having learned the principles and some details of the quantum mechanics and 
wavefunction, we can now view A, as the wavelength of electron’s wavefunction 
defined along its circular trajectory. For the wave not to self-destruct itself along 
the trajectory with a periodic boundary condition, the integer multiples of the 
wavelength have to be equal to the circumference of the orbiting circle as follows: 


nàe = 27r, n=1,2,3,---. (6.6) 


In other words, if the above condition is not satisfied, there is no standing wave that 
is consistent with stable circular motion of the electron. Combining Eq. (6.6) with 
Eq. (6.5), we obtain the following relationship between pe and r. 


hn fin 
fe elem E (6.7) 
2nr r 
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Employing this expression in Eqs. (6.3) and (6.4), we find that 


An eqh?n n? (6.8) 
Fn = — = 740; . 
j Zmee? Z o 
E.= meZ~e* = zZ B (6.9) 
320 ehh? n? ~ 2meag : 
where n = 1, 2,3,---, and ag is the value of r, for Z = 1 andn = 1. The expression 
for ag is as follows: 
An eoh? $ 
ao = z = 0.529... A. (6.10) 
Mee 


This is an important atomic constant known as the Bohr radius and is approximately 
equal to the size, namely, van der Waals radius, of a hydrogen atom. The constant 
factor, except for charge Z, in Eq. (6.9) is related to another important constant 
known as Rydberg constant given by 


meet 1 meet h 


= = = = 1.0974---x10°cm7!. (6.11 
i 32062? he 8ephic Anmeagc ne 


As a result, the energy of the electron within the Bohr’s model is expressed as 


Z2 
En = -Rohe >. (6.12) 
n 


Energy levels given above turned out to be fairly accurate and were able to explain 
the electronic spectroscopic data of a hydrogen atom. It is even more amazing that 
Bohr was able to come up with the quantization condition, Eq. (6.6), before de 
Broglie’s theory was proposed. 

Equation (6.12) is based on the assumption that the position of the nucleus is 
fixed, which can be corrected by replacing the mass of an electron with the reduced 
mass for the system. For the case of a hydrogen atom, the reduced mass is u = 
memy/(me + my). The resulting Rydberg constant for the electron in hydrogen 
atom is thus given by 


Ry = Ro = 1.0968- -- x 10° cm™!. (6.13) 
Me 
Therefore, the wavenumber of photons coming out of the (emission) transition 
between different states of the electron, according to the Bohr’s model (with the 
correction of reduced mass), can be expressed as 
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En — E 1 1 
Amon = > = Ru (+ - >) (6.14) 
n 


In fact, the above expression, known as Ritz combination principle, had already been 
well established experimentally before Bohr’s model was developed. Specifically, 
the transitions to nı = | from any value of nọ > 1 were known as Lyman series, 
those to ny = 2 from any value of nz > 2 Balmer series, and those to ny = 
3 from any value of nz > 3 Paschen series. Bohr’s model was able to explain 
these observations in a remarkably simple manner by magically combining particle 
and wave properties of the electron as described above. While the idea engrained 
in this Bohr’s model formed the conceptual foundation of quantum mechanics, as 
will become clear, it is important to note that the success of Bohr’s model as an 
accurate theory for energy levels of a hydrogen atom is due to the special nature of 
the Coulomb potential involved. 


6.2 Solution of Schrödinger Equation 


Hydrogen atoms or hydrogen-like ions are examples of two-particle system with 
their relative potential energy given by Eq. (6.1). Therefore, the Hamiltonian for 
their states and energies can be expressed in terms of the Hamiltonian given 
by Eq. (4.79). Let us assume that there is no external potential and that we are 
considering the hydrogen-like system in the center-of-mass coordinate system. 
Then, the Hamiltonian operator becomes 


H==4V0@), (6.15) 


where u = Mmnme/(Mn +me), With mn being the mass of the nucleus, and p = Pe — 
Pn is the momentum of electron relative to the nucleus. When the above operator is 
applied to the position state represented as a bra in the Dirac notation, we obtain 


2 
rÊ = (Ev + vo) (rj. (6.16) 
2u 


This implies that the Schrödinger equation for the wavefunction y(r) = (r|y) is as 
follows: 


A h2 
rIH|y) = (Ev + vo) y(r) = Ey (r). (6.17) 
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From now one, for convenience, we will not strictly follow the convention of the 
Dirac notation and often express the first term in the above equation, simply as, 
H y(r), following the original Schrédinger’s definition. 


6.3 Separation of Variables in Spherical Coordinate System 


As was shown in Chap. 5, the Laplacian V? in the spherical coordinate system is 
expressed as 


pal ln ne a a? 
=> r 
r?ðər\ ðr r2sin@ 30 30 r2 sin? 6 0g? 


1 a? z 1 4a/. 4 a n 1 2 6.18) 
= sin ‘ i 
rər? | r2sind 00 00)  plunte oe 


Therefore, the Schrödinger equation, Eq. (6.17), in spherical coordinate system is 

expressed as 

h? 1 a? 1 
F 

2u r ðr? 2ur 


Hy(r,0,¢) = ( zÈ’ + vo) w(r, 0, $) = EY(r, 0, $), 


(6.19) 


where Ê? is the angular momentum operator defined in Chap.5 and has the 
following expression: 


i 1 3 a 1 3? 
L? = —h? ind 6.20 
Ez 30 (si Z) ET | ew) 


This has the same form as that for the rotation of a diatomic molecule. However, in 
the present case, it is the angular momentum of (mostly) electron with respect to the 
center of mass, which is almost the same as the position of the nucleus. 

We learned in Chap.5 that the spherical harmonics are eigenfunctions of Ê. 
Thus, we may be able to simplify Eq. (6.19) by assuming that the eigenfunction can 
be expressed as 


Wr, 0, p) = RO)Y;"(0, 9). (6.21) 


Note that we have used different labels for the quantum numbers of total angular 
momentum and the z-component angular momentum, / and m;, in order to 
distinguish these from those for molecular rotations. Thus, 


LY?" (6,6) = RIU + DY," 0, 6). (6.22) 
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Employing the above identity in Eq. (6.19), we obtain 


mı h? 1 3? hl +1) 


(6.23) 
The above equation is satisfied for arbitrary value of 0 and ¢ if the equation within 


the square bracket is zero. Dividing the resulting equation with —f?/(2jr), we thus 
obtain the following equation for the radial part of the eigenfunction: 


d? 2uE 2uV(r) d+) 
Lz CRC)) +( 7 3 = Jero)» =0. (6.24) 


The above equation is general and applicable to any potential energy V(r). In the 
next subsection, we will consider the solution of this equation for the Coulomb 
potential. 


6.3.1 Radial Equation and Solution 


Employing the expression for the Coulomb potential, Eq. (6.1), in Eq. (6.24), we 
obtain 


24E 2uZe  I(l+ 2) 
R(r))=0. 6.25 
eo eee z (rR(r)) (6.25) 


d2 
(rR) + ( 


To simplify the above equation, let us introduce a scaled and dimensionless radial 
coordinate p = a;r, where a; is yet unknown parameter with the unit of inverse 
length. Then, do = a,dr. Let us also introduce F(o) = R(r). Then, Eq. (6.25) is 
equivalent to 


2 


do? 


2uE 2uZe 1 (l+ 2) 
F = 0. 6.26 
Wo?” Arcola, 0 FD (oF (e)) (6.26) 


(pF(p)) + ( 


The above equation can be simplified further by choosing œ, such that 


2uZe 2 
Qi — 2. (6.27) 
4r eoh a 


where a is a generalization of the Bohr radius. For Z = 1 and u = me, this becomes 
the Bohr radius ao defined by Eq. (6.10). Thus, employing this parameter, one can 
express Eq. (6.26) as follows: 
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d? u@æE 1 K++) 
—~(pF(p)) + + 
ie (e)) (= F Fe 


) (oF (p)) = 0. (6.28) 
Solutions for the above equation can be found by first factoring out a term that 
becomes dominant at large p and then expanding the remaining function as a power 
series with respect to p. As detailed in the Appendix of this chapter, from the 
recursion relationship between coefficients of the power series expansion, one can 
show that physically well-behaving solutions exist only for the following values of 
the energy: 


an (6.29) 
2A? An?’ 
where n is a positive integer satisfying the following condition: 
n>l+l. (6.30) 


Appendix of this chapter also provides some examples of the resulting radial 
functions up to n = 3, with the lowest order coefficient Co as yet undetermined for 
each case. By determining the coefficient Co such that the following normalization 
constant is satisfied, 


CO 
/ dry Rg Rt Bai, (6.31) 
0 


one can full specify the radial functions. Some examples of these expressions are 
provided in Table 6.1. Figure 6.1 provides plots of radial functions for n = 0,--- ,4 
and / = 0, and Fig. 6.2 provides those for n = 4 and/ = 0,--- ,3. 


Table 6.1 Expressions for 


3 : n |l | Rur) 
radial functions, Ra; (rys 372 
ijoja) era 
3/2 : 
20 (8) e- Here 
3/2 
1 (1 —r/(2 
iala ee 


{a (27 1824 25°) e—"/ 8a) 
a a 


) 
HV O6 pa 
( 
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n=l n=2 


n=4 


rja 


O 10 20 30 o 20 40 


r/a rja 


4 


2 
rja 


Fig. 6.1 Examples of four radial functions Rņ„o(r) (upper panel) and r?|Rno (r)|? (lower panel), 
for n=1, 2, 3 ,and 4, versus r in the unit of a 


l=0 l=1 l=2 l=3 

í ) f ) 0.00125 -y 

1.00 + 0.006 ~ 
0.00100 

0.75 0.004 4 
= 0.00075- 

~= 0.50 0.002 ~ 
oe 0.00050 ~ 
0.25 0.000 - | 
0.00025 + 

0.00 -0.002 ~- 


0.00000 - 


rja 
0,015 +} 
0.004 ~ 
0.010 -| 0.003 4 
0.002 ~ 
0.005 ~ 
0.001 ~- 
T ` Ar "| 0.000 0.000 - 
0 20 40 o 20 40 
rja rja 


Fig. 6.2 Examples of four radial functions R4; (r) (upper panel) and r°|Ra (r)|? (lower panel), for 
1=0, 1, 2 ,and 3, versus r in the unit of a 


While the solution of the radial equation provided in Appendix is straightforward, 
for a historical reason, the radial functions have been expressed more commonly in 
terms of associated Laguerre polynomials [23]. Thus, the radial functions are in 
general expressed as follows: 


3 
m-1-D\P 6 2\92 am (2r\ _- 
Rn = L ae r/(na) 32 

i) (soo) fa). Pee)? , (6.32) 
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where a 


bate 1 (2 ) represents an associated Laguerre polynomial and is related to 


a Laguerre polynomial as follows: 


dé 
L} @) = CD lra). (6.33) 


In the above expression, Ln (x) is the Laguerre polynomial of order n defined as 


e* d” 


Ln(x) = n! dx" 


(ante?) ; (6.34) 


and is a solution of the following Laguerre equation: 


2 
x) +d) AF) + nf (x) = 0. (6.35) 
dx dx 


6.3.2 Radial Probability Density 


It is important to note that only the information on the radial function is needed to 
calculate the probability density to find the electron at a specific distance from the 
nucleus. The corresponding radial probability density is given by 


Pui (r) =r? [Ru (r)¥, (6.36) 


which satisfies the following normalization condition: 


fee dr Pyi(r) = 1. (6.37) 


0 


One can show that the average value of radius for each radial function is as follows: 


ning = f dr Pa (r)r = an? fı p [i ax as || (6.38) 
0 2 n 


As an example, consider the case where n = 1 and/ = 0, for which 


4 
Pio(r) = are: (6.39) 


Taking the derivative of this with respect to r, we can determine the most likely 
value of r by using the following condition: 


d 4 2r? 
7 Pio”) = (ae - em) =i. (6.40) 
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The above equation is satisfied for r = a. In other words, a is the value of the radius 
for which the state with n = 1 and/ = 0 has the maximum probability. The radial 
probability can also be used to determine the average potential energy as follows: 


lee) 2 
Von = f arron (=z ) 
0 T EQF 


2 4 lee) 2 1 h2 1 
Ze drre”! — __© = = 25). 
Arey a3 Jo 4rreg a Me a? 


(6.41) 


The above result shows that the average potential energy is equal to the value of the 
potential at the most probable value of r, an outcome specific for 1/r dependence 
of the potential energy. This also explains why the simple Bohr’s model, which 
relied on classical-like relationship employing the most probable value of r, was 
successful in reproducing the experimental data. 


6.3.3 Eigenfunctions and Eigenstates in the Dirac Notation 


Combining the radial function with the spherical harmonics, we can now write down 
the full eigenfunction of H for each eigenvalue. 


Eigenfunctions for a Hydrogen-Like System 


The eigenfunction for the electron in a hydrogen atom or hydrogen-like ion 
with nuclear charge Z is 


Wnimi (r, 0, $) = Rui (r)¥;" 6, $). (6.42) 


This satisfies the following Schrödinger equation: 


h? 1 3? l a Ze 
— r 
2u r ðr? 2ur2 4T Eor 


L= E] Wnlmı (r, 0,6) = En Ynlm (r, 0, Q), 
(6.43) 


where L? is the angular momentum operator given by Eq. (6.20) and E, is the 
eigenvalue of the Hamiltonian given by 


E eg ee (6.44) 
"Qa? n? 32meh? n? 


(continued) 
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All the eigenfunctions defined by Eq. (6.42) satisfy the following orthonor- 
mality condition: 


o0 ud 27 
/ drr’ f dé sin f do Vamp (7,9, P)Wnim (1, 9, 0) = nn Ôu Simm 
0 0 0 
(6.45) 


Having identified all the eigenfunctions of H, it is now convenient to introduce 
the eigenstate in the Dirac notation, |n, /, m), which is defined through the following 
relationship: 


Vnim (r, 0, @) = (rln, L, mi). (6.46) 

Since f dr |r)(r| = Î, the identity operator, the above definition along with 
Eq. (6.45) implies that 

(n, l, my|n, l,m) = Ônn' Ôl’ Ômımy - (6.47) 


Employing these, all the results obtained so far can be expressed succinctly in the 
Dirac notation as summarized below. 


Eigenstates in the Dirac Notation 


For the eigenvalue En given by Eq. (6.44), there is an eigenstate |n, /, mı) that 
satisfies the following identities: 


A ĵ? Ze? 
reiln, lL, mj) = aa Se A |n, lL, mı) = Enln, 1, mi), (6.48) 
2u 4reor 
Ê? jn, L, mi) = RIU + Din, L mi), (6.49) 
L,\n,1, m) = hm|n, L, mi), (6.50) 
where l = 0, --- ,n — l and m; = —l, --- l. 


The fact that (Brel, L?] = O and (Aret, Ê] = 0 explains why there is a 
simultaneous eigenstate of the three operators, Fret, L?, and Ê z, which is |n, L, mı) 
shown above. The set of numbers (n, L, mı) is called good quantum numbers, which 
represent a set of compatible quantum numbers representing conserved quantities. 
In this set, n is called the principal quantum number, / is called the angular 
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momentum quantum number, and m; is the magnetic quantum number. The value 
of l is also often represented by the symbols shown below. 


Symbols for Angular Momentum Quantum Numbers 


l 0 1 2 3 4 


S P d f & 


6.3.4 Zeeman Effect 


In the absence of an external field, all the states with different values of / and m; for 
the same value of n are degenerate. On the other hand, states with different values 
of m; have different values of energy in the presence of a magnetic field, which is 
typically assumed to be in the z-direction. This is called Zeeman effect and is the 
reason why m; is called magnetic quantum number. 

In the presence of a magnetic field, the potential energy of system with magnetic 
moment is given by 


V = —m; -B. (6.51) 
where mz is the magnetic moment vector with its magnitude defined as follows: 
|mz| = Current x Area surrounded by current 
quoa 


1 
qr” = =qrv. (6.52) 


=J]-ar* = 4— 
2mr 2 


In a vector notation, the magnetic moment is given by 


q q 
mz; =—r = —L. 6.53 
i 2m <P 2m ( ) 
For an electron, 
e 
mz; = ———L, (6.54) 
2me 


where L is the angular momentum of the electron. Thus, in the presence of a 
magnetic field B = Bzez, the potential energy of the electron due to the magnetic 


6.3 Separation of Variables in Spherical Coordinate System 183 


field is given by 


B 
v=-(- : L) B= 5 yen a om (6.55) 
m 


2me 


where Bg = eħ/(2me) and is called Bohr magneton. Thus, in the presence of the 
magnetic field, the total Hamiltonian is given by 


Ap = Bret + Pale (6.56) 


Since [Êe Ie) = 0, the eigenstate of Fret, |n, 1, mı) still remains the eigenstate of 
Hpg. The only difference is that the eigenvalue now becomes 


h? 1 
Enm = E + g Bzmı. (6.57) 


This expression provides quantitative details of the Zeeman effect, and shows that 
the energy splitting is proportional to both m; and B,. 


6.3.5 Real-Valued Orbital Functions 


As mentioned above, |n, L, m1) Or Wnim; (r, 9, Q) has the same energy in the absence 
of external field as long as n remains the same. Thanks to this degeneracy, any linear 
combination of Y, ‘hee (0, p) for the same / can serve as simultaneous eigenstate of the 


Hamiltonian Aye and L?.N amely, the following linear combination leads to another 
eigenstate of the same eigenvalue. 


Ru (r) Y7" (0, $) > Rn) by Cn Y; O, o) . (6.58) 


mq 


This fact can be used to create real functions out of complex valued Y, Hi (0, @)’s. For 
example, for / = 1, out of 


3 \ 1/2 l 
ri6.0=-(=) sine’, (6.59) 


3 \ 1/2 , 
¥10,0) = (=) sinbe!? , (6.60) 
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one can create 


i Zs 3 \ 12 
Pe =e (x; 0, p) — Y] 0.9) = (+ sindcos, (6.61) 


1/2 
¥, 16.9) +Y O.D) (=) sin sind. (6.62) 


w=- 


Along with p; defined as 


1/2 

p: = YPO, $) = (=) cos @, (6.63) 
4r 

Px and py given by Eqs. (6.61) and (6.62) form orthonormal and real eigenfunctions 


of Ê?. However, note that these are no longer eigenfunctions of De. Similarly, for 
l = 2, one can form the following five real valued angular functions: 


5 \1/2 
dp =Y2= (=) (3cos*6 — 1), (6.64) 
” TT 
1 KoA 15\ 7 
da= = (x z y3) = (=) sin 8 cos 6 cos ¢, (6.65) 
E ae oH is 72 . 
dyz = A (z + y3) = Tr sin 0 cos 0 sing, (6.66) 
1 15 \ 17 
d,2_y2 = W (r + y) = (=) sin? 6 cos 2¢, (6.67) 
: 15 1/2 
dy, = F (° = ¥2) = (=) sin? 6 sin 20, (6.68) 


All of the above functions are orthonormal and are eigenfunctions of L?. However, 
except for d,2, none is the eigenfunction of L; any more. 


6.4 Spin States 


Imagine a particle circling around a circle of radius r with speed v. Assume that 
r — 0 while |v| x 1/r. In this limit, the particle spins around itself with infinitely 
fast speed, but with finite angular momentum. The angular momentum in this 
limiting case can be called spin. However, one should be careful because this is 
just an analogy. Quantum mechanical spin cannot be visualized like an orbital 
angular momentum wavefunction. On the other hand, it still behaves almost like 
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conventional angular momentum with respect to the rotational transformation of the 
space. As a consequence, they satisfy the same commutation relations as angular 
momentum operators. 


Commutation Relations and Eigenvalues of Spin Operators 


The three components of the spin operator satisfy the following commutator 
relations: 


[Sx Sy] = inS., (6.69) 
[Sy Sel = AS, (6.70) 
[S, Sx] = inSy. (6.71) 


Thus, the spin state can be specified in terms of = ce =F S == 8? and Se 
The eigenvalues of these operators are given by S(S + 1) and Ams, where 
S > |m,|. The Dirac notation is very convenient for describing these spin 
states. Namely, the spin eigenstates are defined as follows: 


S?|S, ms) = h?S(S + DIS, ms), (6.72) 
§.|S, ms) = hms|S, ms). (6.73) 


There are two major differences between the spin and the spatial angular 
momentum as stated below. 


e Spin is a unique intrinsic property of a particle like its mass. 
e The total spin quantum number S can be half integers as well as full integers. 


Particles with a half integer value of S have properties distinctively different from 
those with a full integer value of S. The former type of particle is called fermion 
(named after Fermi) and the latter is called boson (named after Bose). 

Well known examples of fermions are electron, proton, and neutron, which all 
have S = 1/2. Well known examples of bosons are photon and deuteron, which all 
have S = 1. Fermions cannot share a quantum state, which is specified by the all 
compatible orbital quantum numbers and the spin state. On the other hand, there is 
no limit in the number of bosons that can occupy the same state. Therefore, at zero 
or near zero temperature, bosons tend to occupy the ground state, which is called 
Bose-Einstein condensation. 

Since the spin of an electron is 1/2, it is a fermion and has the following two spin 
states: 


: 6.74 
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(6.75) 


where the second equality is an abbreviation typically used because S$ = 1/2 
remains constant for electron. By definition, (w|aw) = 1, (|8) = 1, and (a|B) = 
(|œ) = 0. Combining the above spin states of an electron with those for spatial 
orbitals, we can define the following two states: 


1 
n, l, mı, I = |n, 1, mj)|a) = |n, 1, mj) & |æ), (6.76) 


1 
n, L, mi, =3) = |n,1,mi)|B) = In, L mi) 8 |B), (6.77) 


where ® represent the direct product, which amounts to expanding the state space as 
explained in Chap. 2. Note that this kind of direct product is possible between two 
sets of states corresponding to independent variables. Another example of direct 
product is |r) = |x) ® |y) 8 |z) = |x)|y)|z). As can be seen from these definitions, 
direct product symbols are often omitted unless there is any source of confusion. 

Taking inner products of Eqs. (6.76) and (6.77) with a position state, we also 
obtain 


1 
(rin, l, my, 3 = (r|n,1, mi) |x) = Vnim (r, 8, $)læ), (6.78) 
1 
(rin, l, mz, = = (r|n, L, m1)|B) = Ynim (r, 8, |B). (6.79) 


The spin of an electron also interacts with a magnetic field through its magnetic 
moment defined as follows: 

ge 

2Me 


m; = S, (6.80) 


where g = 2.002319... and is called anomalous spin factor. Therefore, in the 
presence of a magnetic field along the z-direction, the potential of the electron is 


V = - (m; + ms) -B = 5 (L+ 98) -B= FB B.(Le + g80). (6.81) 


Therefore, the total Hamiltonian for an electron in a hydrogen-like system subject a 
magnetic field is 


HA = Aye + D + gô). (6.82) 
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States given by Eqs.(6.76) and (6.77) (or Egqs.(6.78) and (6.79) in position 
representation) can be shown to be eigenstates of the above Hamiltonian, and the 
corresponding eigenvalues are 


2 


h 1 
En,mı,ms =- + g B:(mı + gms). (6.83) 
2uaĝ ” 


While the above effect is easy to understand, the fact that electron is in a frame 
that continuously accelerates causes another effect of spin on the energy of the 
electron in hydrogen-like system even when there is no magnetic field. The reason 
is that the electron sees the nucleus as accelerating and therefore experiences the 
magnetic field caused by its motion. This magnetic field then interacts with the spin 
of the electron. Thus, the true Hamiltonian of the electron in a hydrogen-like system 
should be expressed as 


A = Ĥa + €(L-S, (6.84) 


where &(r) is a function that depends on the distance between the nucleus and the 
electron. Solving the Schrödinger equation for this Hamiltonian is more difficult if 
not impossible. On the other hand, the above form gives insight into what should be 
good quantum numbers when the spin-orbit interaction is included. 

Let us define the sum of the orbital angular momentum and the spin as follows: 


J=L+S. (6.85) 
Then, it is clear that 
jo 1 a, 2 Zi _ 1 2; 2 2 
L-S =5{@+8) L2-s j= {J L? -S |. (6.86) 
Thus, 
~ a lfl oo @ 
L-S=5 |i zÉ - I. (6.87) 


Therefore, the spin-orbit coupling can be determined once we know all three 
eigenvalues of J’, £2, and ?. For this, let us consider the z- component of J given 
by 


A 


J,=L,4+ &. (6.88) 


Since the eigenvalue of s; for an electron is +1/2, the eigenvalue of Í is expected 
to be 


Jz =m = = (6.89) 
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where m; = —1,--- ,/. This means that the maximum magnitude of jz is l — 1/2 
or / + 1/2 depending on the value of spin. Otherwise, the eigenvalue of J 2 has the 
same structure as L? and S? as follows: 


JP > WiG +), where j =/4 =. (6.90) 


Note that, for the case where / = 1/2, only j = 1/2 is possible. 


6.5 Electronic Transitions and Term Symbols 


In an electronic transition of a hydrogen-like system due to linear interaction with 
light (single photon transition), the following selection rules apply. 


Selection Rules of Electronic Transitions in Hydrogen-Like Systems 


IN| = sell. (6.91) 
AS = 0, (6.92) 
Aj = 0, +1 (No 0 > O transition). (6.93) 


The orbital angular momentum selection rule, Eq. (6.91), can be understood from 
the fact that (1) the total angular momentum of the electron plus the spin of photon, 
which is equal to one, has to be conserved and (2) that the transition is possible only 
between states with different odd/even symmetry with respect to the inversion of 
the space. This latter rule exists because the interaction with light occurs through 
the dipole operator, which has odd spatial symmetry. Due to this constraint, Al = 0 
is not possible. 

The spin selection rule, Eq. (6.92), results from the fact that the spin of an electron 
does not interact with the electric field of the radiation. Finally, Eq. (6.93) can be 
understood from the fact that J = L + S. Even though Al = 0 is not possible, 
Aj = 0 can occur through the contribution of the spin having a direction different 
from that of the orbital angular momentum. 

Although this chapter is focused on a hydrogen-like system with only one 
electron, it is useful to introduce here more general term symbols used for describing 
many electron atoms as described below. 
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Definition of Atomic Term Symbols 


Atomic term symbols provide compact ways to represent the angular momen- 
tum, spin, and sum of the two, for electrons in an atom, and are expressed 
as 


asa We (6.94) 


where T = S (for L = 0), P (for L = 1), D (for L = 2), .... Namely, these are 
capital letters for the symbols used for hydrogen-like orbital functions. The 
left superscript denotes the spin multiplicity 2S + 1, and the right subscript is 
the value of J. 


For a hydrogen-like system, 2S + 1 = 2. Thus, possible electronic term symbols 
for a hydrogen-like system are as follows: 


281 /2,7 P12,” P3/2,7 D3/2,7 D572, ++- (6.95) 


For the consideration of many-electron systems in the next chapter, it is also 
useful to introduce the general rule of angular momentum addition here. Classically, 
when two angular momenta, L; and L2, are added to become L = Lı + La, possible 
magnitudes of L are in the following range: 


[Li] — [Lal] < IL] < [i] + |L2I. (6.96) 


Quantum mechanically, this condition remains true except that the quantization 
condition has to be satisfied as well. That is, the eigenvalue of L? is as follows: 


Phy L = |L; = bef. |Li — el le , L1 Pg = 1, Li + Lo, 
(6.97) 


where Lı is a quantum number for L?, for which the corresponding eigenvalue is 
R? Li (Li + 1), and L2 is that for L?, for which the eigenvalue is hL2(L2 + 1). 
Because the above identity is related to the symmetry property of the angular 
momentum operator, the same relation holds for spin and the total angular momen- 
tum (the sum of spin and orbital angular momentum) as well. Namely, for S = 
Si + So, 


$? > n25(S + 1), with S = |S) — Sl,- , S1 + Sd, (6.98) 
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where Sı and Sz are quantum numbers for Ss and $2, which respectively have 


eigenvalues h? S1 (S1+1) and A S2(S2+1). The same relation also holds for J = L+S 
as follows: 


P> KRII +1), with J =|L—-SI,---,L4+5S, (6.99) 


where L and S are quantum numbers for L? and §?, which respectively have 
eigenvalues A? L(L +1) andAS(S + 1). 


6.6 Summary and Questions 


Quantized energy levels of an electron in a hydrogen-like system, according to 
Bohr’s model, can be explained assuming a classical-like motion of the electron 
orbiting around the nucleus, and requiring only one additional condition. It is to 
assume that the circular orbit of the electron is an integer multiple of its de Broglie 
wavelength, which in turn can be calculated by the value of the momentum that 
maintains the balance between the centrifugal force and the Coulomb attraction by 
the nucleus. The resulting expression is Eq. (6.12), which becomes exact if the mass 
of an electron is replaced with the reduced mass for the system. 

The success of Bohr’s model indicates that the physical origin of the quantized 
energy levels of an electron is the periodic nature of its motion. Bohr’s model 
captures this in the simplest manner by incorporating the duality of a particle- 
like property and a wave-like nature of the electron into the requirement of energy 
conservation described in a classical manner. 

For more complete description of the electron, a complete solution of the time 
independent Schrédinger equation is necessary. This becomes possible by using 
a spherical coordinate system and employing the solution for the rotational part, 
the spherical harmonics, to derive an equation for the radial part, Eq. (6.25). This 
equation can be solved exactly, resulting in radial functions shown in Table 6.1 
as examples. A general expression involving Laguerre function and an exponential 
function is given by Eq. (6.32). Combination of this with the spherical harmonics 
results in the full expression for the eigenfunction, Eq. (6.42), for which the 
eigenvalue is given by Eq. (6.44). Alternatively, these can be expressed in the 
Dirac notation as |n, l, mı}, which represents a simultaneous eigenstate of the the 
Hamiltonian, the square of the angular momentum, and the z-component of the 
angular momentum according to Eqs. (6.48)—(6.50). 

Because an electron has a spin of magnitude A /2, for which there can be two spin 
states, up and down, as shown in Eqs. (6.74) and (6.75), a complete specification 
of the quantum state of an electron requires consideration of both the spin and 
spatial orbital states, as shown in Eqs. (6.76) and (6.77). Although many of these 
states are degenerate, having the same energy for the same principal quantum 
number, application of an external magnetic field can easily lift such degeneracy 
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since the corresponding eigenvalue is given by Eq. (6.83). At finer scale, it turns out 
that further complications arise due to spin-orbit effects for example. A heuristic 
description of the spin-orbit effects has been provided, which shows that the 
information on the sum of the orbital angular momentum and the spin is needed 
for complete specification of the eigenstate. In fact, the corresponding quantum 
number, normally denoted as J turns out to be important in general and serves as 
an important quantum number for fully specifying many electron states as well as 
a single electron state. The atomic term symbol given by Eq. (6.94) conveys this 
information succinctly. 

Selection rules for electronic transitions involving interaction of an electron with 
one photon are provided by Eqs. (6.91)-(6.93). Term symbols are introduced in 
order to make the description of these electronic transitions in a succinct manner 
and also for the consideration of more general many-electron states that will be 
treated in the next chapter. 


Questions 


e Bohr’s model can predict exact energy levels of an electron in a hydrogen- 
like system despite its simplicity. How is this possible? 

e Energy levels of an electron in a hydrogen-like system are independent 
of the orbital angular momentum quantum number? Why does such 
independence occur despite that the radial equation in fact depends on the 
orbital angular momentum quantum number? 

e For eigenfunctions of the electron in a hydrogen-like system, what is the 
sum of the number of radial nodes in the radial function and that of nodal 
planes in the angular part of the eigenfunction? How does it depend on the 
principal quantum number and angular momentum quantum number? 

e For a given principal quantum number, does the increase of the orbital 
angular momentum quantum number make the average distance between 
the electron and the nucleus larger or smaller? 

e For a given principal quantum number, does the increase of the orbital 
angular momentum quantum number make the probability of finding the 
electron near the nucleus higher or lower? 

e What is the common property of the orbital angular momentum and the 
spin of an electron and what are major differences? 

e What causes the coupling between the spin and the orbit angular momen- 
tum of an electron in a hydrogen-like system? 

e In the transition of the electronic energy level in a hydrogen-like system 
due to emission or absorption of one photon, the orbital angular momentum 
quantum number does not remain the same. What is the reason for this? 
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Appendix: Solutions of the Radial Equation 


We here consider in more detail the solution of Eq. (6.28) for the bound state E < 0. 
Let us introduce 


i (6.100) 
and another function G (pọ) such that 
pF(p) =e ’’G(p). (6.101) 


Then, 
— (pF(p)) =e” ( *G(p) —2y—G(p) + —G( ) (6.102) 


Using Eqs. (6.101) and (6.102) in Eq. (6.28) and factoring out e~”?, we find that 


d? d 1 +D 
5G(p) — 2y —G(p) + ( a ) G(p) = 0. (6.103) 
dp dp p p 
Now let us assume that 
[0,6] 
G(o) = 2 Co”, (6.104) 
k=0 


where p and C;.’s need to be determined so as to satisfy Eq. (6.103). Using the above 
expression and its first and second derivatives with respect to p in Eq. (6.103), we 
obtain 


OO 
J [Crk + PAE + p= Dot — 2vCK(k + p)phtP! 
k=0 


+C tP! — Gud + 1)ø*tP-2] =0. (6.105) 
Rearranging terms, the above equation can be expressed as 


Co(p(p — 1) — I(l + 1) 0? ? 
+ (Ce (k+ p+ DE p) —10 +1) Cr ylk + p) — 1} ot = 0. 
k=0 
(6.106) 
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From the first term in the above equation, we obtain the following condition for p: 
p(p—1)-10 +) = (p+ D(p -1- 1) =0. (6.107) 


Thus, p = —/ or l + 1. For nonzero l, the former case results in a function that 
cannot be normalized due to the singularity at r = 0. For / = 0, the solution with 
p = Ostill appears to be possible because it leads to a normalizable wavefunction. 
However, when this function is included as one of the basis function, the resulting 
kinetic energy operator is no longer Hermitian. Therefore, all cases with p = —l 
should be excluded and we can use the latter option of p = / + 1 only. 

On the other hand, for the summation in Eq. (6.106) to be zero, the following 
recursion relation has to be satisfied. 


2v(k + p)—1 r 
ios Dike pein 


Cri = (6.108) 
Let us first assume that the series do not terminate and C;’s remain nonzero for all 
k. Then, in the large k limit of k >> l, p, 


Gasc ae (6.109) 
ML Gy : 


This means that G(p) ~ e*”? for large p, which again means that pF (p) ~ e”?. 
This is an unphysical solution. Therefore, the series has to terminate at some finite 
order, which is possible as long as the following condition for some k > 0 is 
satisfied. 


1 1 
O Ak+p) 2k+1+1)’ 


y k=0,1,2,--- (6.110) 


In the second equality of the above expression, we have used the fact that p = L+ 1. 
Now let us introduce 


n=k+l+1, k=0,1,2,--- (6.111) 
Then, n > l + 1 and Eq. (6.110) implies that 


1 
=—., 6.112 
=z ( ) 


Combining this with the definition of y given by Eq.(6.100), we obtain the 
following expression for the energy: 


he 1 
En => Bap n= 1,2,--- (6.113) 


where n was also used as a subscript to label each energy. 
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For a given = kmax +/+ 1 and/ = p — 1, the recursion relation, Eq. (6.108), 
can be expressed as 


n—-k—I-1 
C = Ck, k=0,--- , kmax 6.114 
k+1 n(k + 1)(k + 21 + 2) k max ( ) 


Using this recursion relationship, it is straightforward to find expressions for all of 
the Gn: (p), some of which are listed below. 


Gio(e) = Cop, (6.115) 
= =f 
G20(p) = Cop (1 £), (6.116) 
Goi (P) = Cop’, (6.117) 
1 1 
G = Cop | 1— -p+ —p° |, 6.118 
30(0) vo ( zota) ( ) 
j 1 
G31(p) = Cop | 1 — DP} (6.119) 
G32(p) = Cop? (6.120) 


Therefore, the corresponding expressions for F; (o) are as follows: 


Fio(p) = Coe”, (6.121) 
= _ PY) o-e/4 

F(p) = Co (1 £) e Pls (6.122) 

Foi (p) = Cope ?/4, (6.123) 
1 1 

F. = Col 1- -p+ —p? | eP/*, 6.124 

30(0) o( e+ sae) ( ) 

1 pe 
F31(p) = Cop | 1 — pele ee, (6.125) 
F32(p) = Cop*e?’®. (6.126) 


Note that pọ = 2r/a in above equations. Using an appropriate value of Co for each 
case that makes the resulting radial wavefunction normalized, we obtain the results 
listed in Table 6.1. 
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Exercise Problems with Solutions 


6.1 Calculate the first three transition energies (in the units of cm~!) for Lyman, 
Balmer, and Paschen like series for the He ion. 


Solution 6.1 The reduced mass for electron in helium is 


4.002603254 
je ee me = 0.999863me. 
mn +me  4,002603254 + 0.00054854 


The nuclear charge of He* is equal to 2. Therefore, the energy level of electron in 
He is given by 


1 
En = —4RHet >, n=1,2,+:: 
n 


where Rye+ = 0.99863 x 1.0974 x 10° cm7! = 1.0972 x 10° cm7!. Thus, the 
three Lyman series, which correspond to transitions from n > 1 ton = 1, are as 
follows: 


1 
AR Het (: — i) = 3.2916 x 10° cm7}, 
1 5 —1 
4RHet | 1— 5 ) = 3-9012 x 10° em™, 
1 5 —1 
4Riet | 1— qg ) = 4.1144 x 10° em”. 


Next, the Balmer series, which correspond to transitions from n > 2 to n = 2, are 
as follows: 


1 1I) 4al 
4R Het a5 = 6.0956 x 10° cm `, 


1 1 
4RHe+ G = 5) = 8.2292 x 10f cm!" 


4R T = 9.2164 x 10* cm”! 
Het 4 25 =). x cm A 
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Finally, the Paschen series, which correspond to transitions from n > 3 ton = 3, 
are as follows: 


1 1l 
AR yet G -— 5) = 2.1334 x 10¢ cm}, 


1 1 
4R yet G 2 5) = 3.1209 x 10f cm7! 


Aga -= = 3.6573 x 10¢ m 
9 36 


6.2 Prove that R29(r) and R21 (r) in Table 6.1 are solutions satisfying the differen- 
tial equation, Eq. (6.28). You do not need to include the normalization constant in 
proving this. 


Solution 6.2 Let us use 9 = 2r/a. Then, without including the normalization 
factor, 


Roo(r) = ( = ~) et /2a) — (2 — 2) e7214 
a 2 , 


Ro (r) = 2 t/a) — = pe P/4, 


The fact that R29(r) is the solution of the radial equation is proved as follows. 


2 


a (p2 - pye~?/*) + ( = # 2) p (2 Z) e70l4 
sgleoig] 

+( et el Dee 
=f- 702 p) 40 2 +7 (20 Ff een 


1 p? p = 
mers OEA E N Plo, 
+| z (2° -)+( l i 
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The fact that R21 (r) is the solution of the radial equation is proved as follows. 


a 24 1 1 2 
—p/4 a eet a 2,,—p/4 
Sa (oe) + ( T Z) (e) 


6.3 Prove that R2ọ(r) and R21 (r) in Table 6.1 are not orthogonal to each other. You 
do not need to include the normalization constant in proving this. 


Solution 6.3 This can be shown by direct integration as follows. 


99 we r . r 
f drr? Roo(r) R21 (r) = cf drr? (2 = 5 e/a)" ,—r/2a) 
0 0 a 


a 


4 
Sf ar 23 — "| e-t/a 
a Jo a 


2 1 
= C(=3la* — —4la”) = -12Ca’, 
a a 


where C is a nonzero constant that comes from the normalization factors of radial 
functions. Since this is non-zero, the above shows that R29(r) and R21 (r) are non- 
orthogonal. 


6.4 For the radial wavefunction R32(r) in Table 6.1, determine the most probable 
value of r, and the average potential energy. 


Solution 6.4 The radial probability density for this radial wavefunction is as 
follows: 


Paa (r) = r2[Re(r) 2 = Nr? - r4e727/G4) 


where N = 8/(5- 36a”). Taking derivative of P32(r) with respect to r, 


EEAS — N - 6r3e72"/B4) _ NpSe-2t/Ga) -2 
dr 3a 


=N (s — =") e 77/Ba) 5 — 0, 
a 
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The above equation is satisfied for r = 9ao. The average potential energy is 
calculated as follows: 


ee) e2 
vow= f arPatr) (=; ) 

0 T EQF 

2 
= e? ( 4 1 JS areia 

4r eo \27/10 27a’) Jo 
e 4 X\?/1 5 (2 $ 
4r eo \27./10 27a7} \2 


e 1 
4r €o 9a ` 


6.5 For an isolated hydrogen atom in space, the average distance of its electron 
from the nucleus is known to be 1 mm. Then, what is the range of possible values 
of its energy? 


Solution 6.5 Let us first calculate the range of average distance for a given principal 
quantum number n employing Eq. (6.38). If / = 0, 


3 


(T)n00 = san 


For] =n-—1, 


3 1 
(7) nn—1m, =a (50 = n? + n) =a a + n) i 


Thus, if we assume that / = 0, the average distance of | mm corresponds to the 
following minimum principal quantum number: 


2 1x10 \'? 
nmin = ( 2 —— ices WME Ss 7 


35.29 x 1071! 
For this, 
1.0968 x 105 _ et 
Emin = -B5502 cm 1 = —8.703 x 10 3 cm 1 


On the other hand, if we assume that / = n — 1, the average distance of 1 mm, 
the maximum principal quantum number is the solution of the following quadratic 
equation: 


1 TA 1 x 1073 
=M n= Oooo 
2 5.29 x 1071 
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Solving this quadratic equation, we find that nmax % 6148. For this, 


1.0968 x 109 | te 
Emax = ~~ 6148)? cm l = —2.902 x 10 2 cm i 


Thus, the range of energies is —8.703 x 1073 cm7! ~ —2.902 x 1073 cm! or 
—1.079 x 1076 eV ~ —3.598 x 107” eV. 
6.6 Prove that p, orbital is an eigenfunction of L, and determine its eigenvalue. 


Solution 6.6 This can be shown by applying Ly (in position representation) 
directly to p, (with normalization constant omitted) as follows: 


A 


ð 0 
Ly px = ih (sino + coté cos) sin 0 cos ġ 


= ih (sin ġ cos 0 cos @ + cot 0 cos ¢ sin 0 (— sin d)) 
= ih (cos 0 sing cos ¢ — cos 0 cos ¢ sing) = 0 = Opx. 


This proves that py is an eigenfunction of Ê, with eigenvalue 0. 


6.7 Prove that dyz orbital is not an eigenfunction of Ê z 


Solution 6.7 Let us apply È to dxz orbital (with normalization constant omitted) 
as follows: 


ho. h . 
— — sin cos 0 cos ¢ = —-— sin 0 cos sing. 
i 0g i 


The final expression in the above expression is not proportional to dyz. Therefore, 
this is not an eigenfunction of Lz. 


6.8 Fortwo electrons 1 and 2 with Lı = 0 and L2 = 1, respectively, list all possible 
values of L, S, and J, and write all the electronic terms representing states possible 
for this system of two electrons. 


Solution 6.8 The resulting values of L and S are as follows: L = 1, S = 0, 1. For 
these values of L and S, J = 0, 1, 2. The resulting terms are as follows: 3Po, 3P}, 
3p, 1 

Po, ‘Pi. 


6.9 Fortwo electrons 1 and 2 with L; = 1 and L2 = 1, respectively, list all possible 
values of L, S, and J, and write all the electronic terms representing states possible 
for this system of two electrons. 
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Solution 6.9 Possible values of L and S, and the corresponding values of J and 
terms are shown in the table below. 


l2 3Po, P1, P2 


NIiNj=|=j|ojojlr 
NOLO Re KF oO ae 
F 


=|/oj=|oj|=|oja 


1, 2,3 3D, 7D», 7D3 


6.10 For two electrons 1 and 2 with L; = 2 and L3 = 3, respectively, list all 
possible values of L, S, and J, and write all the electronic terms representing states 
possible for this system of two electrons. 


Solution 6.10 Possible values of L and S, and the corresponding values of J and 
terms are shown in the table below. 


L S J Terms 

1 0 1 Ip, 

1 1 0, 1,2 3Po, 3P}, 3P2 
2 0 2 'Dy 

2 1 1,2,3 |3D1, D2, °D3 
3 0 3 IR, 

3 1 2, 3,4 3Fy, 3F3, 3Fy 
4 0 4 1G, 

4 1 3,4, 5 3G3, 3G4, 3Gs5 
5 0 5 ‘Hs 

5 1 4, 5,6 3H4, 3Hs, 7H 


Problems 


6.11 Calculate the first three transition energies (in the units of cm!) for Lyman, 
Balmer, and Paschen like series for the Li?” ion. 


6.12 For the radial wavefunction R3;(r) in Table 6.1, determine the most probable 
value of r, and the average potential energy. 


6.13 The electron of a hydrogen atom is in a state with principal quantum number 
n = 2 and angular momentum quantum number / = 1. Calculate its average kinetic 
and potential energies. 


6.14 For all the radial functions listed in Table 6.1, confirm Eqs. (6.37) and (6.38). 
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6.15 For all the radial functions listed in Table 6.1, calculate (A?) = (77) — (F)?. 


6.16 An electron in a hydrogen atom is in a state represented by the following 
wavefunction: y(r) = C (2e—7/40 + (r/ag)e~"/240). This is not an eigenstate of 
the Hamiltonian. Explain why and calculate the expectation value of the energy? 


6.17 The electron in a hydrogen atom is in a state represented by the following 
wavefunction: 


1 1 \3/2 r 
a fe ` _ —r/(2a) 
v(r,0,0¢) = sz (z) (2 + (v3 sind coso D-)e . 


(a) Prove that this is an eigenstate of the Hamiltonian and determine its eigenvalue. 
(b) Prove that this is not an eigenstate of L? and determine its expectation value. 


6.18 For two electrons 1 and 2 with L} = 1 and L? = 3, respectively, list all 
possible values of L, S, and J, and write all the electronic terms representing states 
possible for this system of two electrons. 


6.19 For two electrons 1 and 2 with L; = 2 and L3 = 2, respectively, list all 
possible values of L, S, and J, and write all the electronic terms representing states 
possible for this system of two electrons. 


Chapter 7 A 
Approximation Methods for Time or | 
Independent Schrödinger Equation 


The simplicities of natural laws arise through the complexities 
of the language we use for their expression. 


— Eugene Wigner 


Abstract This chapter is focused on two standard methods of approximating the 
solution of a time independent Schrödinger equation, the variational principle 
and the time independent perturbation theory. The variational principle states that 
the true ground state energy of a quantum system is always smaller than any 
approximation, for which a simple quantum mechanical proof is provided. Then, 
assuming a trial state given by a a linear combination of predetermined basis states, 
which are not necessarily orthogonal, an eigenvalue equation for the coefficients of 
the linear combination and the energy is derived. Solution of this equation results 
in the best choice of the linear combination and the corresponding variational 
approximation for the ground state energy. The perturbation theory is applicable for 
the case where the Hamiltonian of a system is the sum of a zeroth order Hamiltonian 
term with known solutions and a small perturbation term. First, for the case where 
there is no degeneracy in the zeroth order Hamiltonian, general expressions for the 
first and second order corrections for both energies and states are derived. Then, for 
the case where the zeroth order Hamiltonian is degenerate, corrections of the energy 
up to the second order and of the state up to the first order of the perturbation are 
derived. 


Analytic solutions for the time independent Schrödinger equation exist only for very 
few systems. For most cases, one has to resort to either approximation methods or 
numerical solutions. The variational principle and the time independent perturbation 
theory serve as two major methods for such approximation. The objective of this 
chapter is to explain the theoretical bases of these approximation methods and derive 
important expressions that can be employed for actual applications. 
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7.1 Variational Principle 


The variational principle provides a general strategy of approximation for a broad 
range of problems. It has long been used widely for solving any kind of eigenvalue 
or optimization problems for the cases where the quantity of interest is bounded. The 
idea behind the variational principle is simple. Let us consider any mathematical 
operator O defined with respect to a certain set of functions, Sf, and that one can 
identify a set of normalized and orthogonal eigenfunctions ¢,(x)’s such that any 
function in Sy can be determined as a unique linear combination of ¢,(x)’s. In 
other words, let us assume that there is a unique expression for any function f(x) 
in Sp as follows: 


f (x) = Cipi (x) + Cod2(x) +++» + Cko a) +. (7.1) 


Then, 
farwdre = |C1 | A1 + [C2 A2 +--+ [Ck Ak He, (1.2) 


where A, is an eigenvalue for g(x) such that Ôp (x) = àzo (x) and the fact that 
f dxo% (x)b; (x) = ôx; has been used. In case all 4;’s are real valued and bounded 
from below (or above), it is clear that Eq. (7.2) divided by a proper normalization 
constant should also be bounded the same way. Although functions depending on 
only one variable x were considered above, the same principle holds for any function 
that depends on multiple variables. The Hamiltonian operator in quantum mechanics 
has all the properties validating these assumptions, which can be utilized for finding 
approximations in case exact solutions are difficult to find. 


7.1.1 General Case 


The most common use of the variational principle in quantum mechanics is 
finding out the approximation for the ground state energy. The underlying theorem, 
employing the Dirac notation, can be stated as follows. 


Theorem 7.1 Consider a system represented by a Hamiltonian operator H, which 
is Hermitian. The expectation value of the Hamiltonian for any state |p), which is 
not necessarily normalized, is always bounded from below by its true ground state 
energy Ey as follows: 


g, = SHE g, (7.3) 


(glo) 
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Proof Let us denote the complete set of eigenstates of H as |wx)’s, which are 
normalized. Thus, any state can be represented in terms of linear combination of 
these states as follows: 


Ib) = J axle), (7.4) 


k 


and its norm is given by the sum of absolute squares of ag’s as follows: 
(¢l¢) = 2 2 aay (Wel) =X Y apap Siar =) larl. (1.5) 
k K k 
On the other hand, 
(p|H |p) = 2 dea We lH ln) =X X ara% Erôke = X lax? Ex. 
k K k 


(7.6) 


Then, Fg defined by Eq. (7.3) can be calculated as follows: 


© alak? Ek _ Ey Dy lar? + (Ex — Eg)lak|? 
D |ax|? ye |ax.|? 


In the second equality of the above expression, the fact that Ey = Eg + (Ex — Eg) 
was used. Now splitting the numerator into two terms, we find that 


(7.7) 


Ey —E 4 

do (Ex ola > Ey, 
ye |ax| 

where the fact that Eg — Eg > 0, which should be satisfied because no eigenvalue 


can be lower than the ground state eigenvalue, has been used. The above equation 
completes the proof of the variational principle. o 


Ep = E; + (7.8) 


The power of the variational principle is the boundedness of Eg. This guarantees 
that any effort to lower Ey always results in a better approximation for the true 
ground state energy. It is often the case that the variational principle sometimes 
serves as the last reliable resort in quantum mechanics when finding good enough 
approximations for solutions are extremely difficult. The fact that the choice of the 
state |), which is called a trial state, can be chosen without any restriction is also 
a great advantage. However, in practice, it is impossible to search for all possible 
states. Rather, the search is limited to a class of states that can be represented by a 
set of known basis states. 
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7.1.2 Variational Principle for Trial States as Linear 
Combinations of Basis States 


One systematic and mathematically well understood way to construct a trial state is 
to express it as a set of linearly independent states: | f1), ..., | Jn). While these are 
independent states, we do not necessarily have to assume that they are orthogonal, 
which significantly expands the choice of basis states one can make. Thus, let us 
assume that the trial state is given by 


lb) = Cil fi) + Cal fa) + +--+ Cal fn), (7.9) 


where C1, ..., Cn are unknown constants. The components of a given Hamiltonian 
with respect to these states are denoted as 


Hyx = (f)|Al fe) (7.10) 
and the overlap matrix elements of the basis states are given by 
Sik = (fil fr). (7.11) 


Then, the statement of the variational principle for the present case reduces to the 
following inequality: 
(GIAO) _ Zy Le C7 OH 
o> = * = E 2’ 
(lo) 3 par Ci Cr Sjk 


(7.12) 


The best approximation of Eg for Eg can be found by choosing C;’s minimizing Eg 
given above. A necessary condition for this is that the partial derivative of Eg with 
respect to Ck’s and Cf’s, which can be viewed as independent complex variables, 
should be zero. Thus, first taking the partial derivative of Ey with respect to one 
coefficient, for example, for C;, where i can be any of the indices, 


ðE  Ł; CHj 2; dak C}CrHjk (© Ch Spi) 
aCi Li de C* Cy Sj (oj De CFCS jx)? 
Eii Gres = Eat Sj) 


= =0,i=1,...,n, 7.13 
2j Lee CFCS ix " a 


where Eq. (7.12) has been used in the second equality. 
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Note that the denominator in Eq. (7.13) is nonzero and that it is satisfied as long 
as the numerator becomes zero. Since Hj; = Hi. and Sj; = Si, it is thus equivalent 
to the following identity: l 


n 
d(H CF - EoSHCH) z0 i=l, aont: (1.14) 
j=l 


Similarly, taking the partial derivative of Ey given by Eq. (7.12) with respect to C¥, 
ðE Uy Ci My D; ee CF CK AR (Xp Cr Six’) 
OCF ee CFCKS jx (oj ee CFCeS jx)? 


int (HijCj — Eg SijzC;) 
- : 8 Sil ces (7.15) 
par pe C; Cr Sik 


This equation is satisfied if the numerator is zero, and is thus equivalent to the 
following equation: 


= 


(HijCj — EgSijCj) =0, i=1,...,n. (7.16) 
j=l 


Note that Eqs. (7.14) and (7.16) are complex conjugates of each other. For conve- 
nience, the latter is used in general. 


Variational Principle for Linear Combination of Basis States 


Equation (7.16), after dropping the subscript in Eg, is expressed as 


n 
> (Hy = ES) C;=0) 0 = ln, (7.17) 
j=l 


which is a general linear equation to be solved for E and C;’s. In a matrix 
notation, the above equation can also be expressed as 


Ay, — E S11 Hi2 — E S12 Te Hin — E Sin Cı 
Hp, — ES2, Hn — ES» ee Hon — ESn ||] o 
Any — ESnı tee Ann-1 — ESnn-1 Hnn — E Snn C; 

(7.18) 


(continued) 
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For the solution of the above equation to exist for nonzero C;’s, itis necessary 
for the following determinant to be zero. 


Ay, — ES\; Hi — E S12 E Ain — E Sin 
Hn — ES H22 — ES22 eak Hon — E San = 
Ani = ESn\ tee Hnn-1 = E Snn-1 Hnn a EShn 
(7.19) 


The above equation is called secular equation. Solving this secular equation, 
one can find n solutions for E. Inserting each value of E into Eq. (7.18) 
and also using the normalization condition, one can find the set of C;’s 
corresponding to each solution of E£. This completes the solution of Eq. (7.18). 
The lowest eigenvalue and the corresponding eigenstate are deemed as the 
best approximations for the ground state energy and the ground eigenstate. 


It is possible [2] to show that all the eigenstates of Eq. (7.18) are orthogonal as 
is explained below. Let us denote the ath eigenvalue as Ey and assume that there 
exists a unique set of coefficients C ~ ’s such that 


n 
J Hij = BaSiCP =0, i=1, sn. (1.20) 
j=l 


Then, we can define the ath eigenstate as follows: 
n 
te) =) CP? fi). (7.21) 
= 


Theorem 7.2 Two states |a) and |g) defined by Eq.(7.21) with coefficients 
satisfying Eq. (7.20) for two different energies Ey + Eg are orthogonal to each 
other. 


Proof First, let us consider the following matrix elements: 


n 


(fil lb) = C (AALS) = 3 Be (7.22) 


j=l 


(filba) = PUK) = OG ay. (7.23) 
j=l 


f=) 
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Multiplying Eq. (7.23) with Ey, we find that 
n 

Eal fila) = X EaC® Sij. (1.24) 
j=1 


Combining Eqs. (7.22) and (7.24), we find that Eq. (7.20) can be expressed as 
(fil(H — Ea)lha) =0, i= 1-50 (7.25) 


Now consider another eigenstate |pg) = Crip): where Eg # Eq. Then, using 
the above identity, it is straightforward to show that 


n 


($p|(H — Ea)Ida) = X CP” f)\(A — Ea) Iba) = 0. (7.26) 


j=l 
In a similar manner, or exchanging «œ and f, one can also show that 
(tal Ê — Ep)lp) = 0. (7.27) 


Subtracting the complex conjugate of Eq. (7.27) from Eq. (7.26) and noting the fact 
that Ey and Eg are real valued numbers, we then find that 


(Ea — Ep) (balbp) = 9. (7.28) 
For Ey + Eg, the above equation proves that (¢a|¢g) = (gla) = 0. Oo 
As is clear from the above proof, in case Ey = Eg, the two states |¢q) and 


|g) do not have to be orthogonal to each other. However, even in such case, it 
is still possible to find out two orthogonal states out of the linear combination of 
those states. In this way, it is possible to find a set of orthogonal states satisfying the 
variational principle. 

As a simple example, consider a trial state as a linear combination of two basis 
states as follows: |6) = C1|f1) + C2| f2). In addition, let us assumed that | f1) and 
| f2) are normalized. All the matrix elements are assumed to be real numbers, and 
Ay, = Hz = Ag and Hi2 = Hr) = He. Then, 


AHy-—E H.-ES Ci ih (7.29) 
H,-—ES Hg-E C2 
where S = (f1|f2) = (fal fı). For the above equation to be satisfied for nonzero 
values of Cı and Co, 


| Hi — E pe (7.30) 


H.—ES Hy—-E 
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which is equivalent to the following quadratic equation: 


(Ha— E} —(H-— ES) = (Ha—-E+H,-—ES)(Ha—E—-H-+ES)=0. (7.31) 


The two solutions of the above equation are as follows: 


Ha + He 

bo. 7.32 

+ 145 (7.32) 
Hi — H, 

aS. (7.33) 
1-5 


The eigenstates corresponding to the above two eigenvalues can be found by using 
each eigenvalue in Eq. (7.18) and solving the linear equation with respect to Cı and 
C2 and employing the normalization condition. The resulting expressions for the 
eigenstates are as follows: 


Ips) = (ft) + 1f2)), (7.34) 


1 
V2(1 + S) 


1 
IP) = Tay (lS | f2)). (7.35) 


7.2 Time Independent Perturbation Theory 


Perturbation theory is a general approximation method for solving a differential or 
integral equation, and plays an important role in practical applications of quantum 
mechanics because there are only few limited cases for which exact solutions of 
the Schrödinger equation are available. The term perturbation refers to a small 
deviation or disturbance from the original equation, and the theory allows finding 
approximate solutions in a systematic manner on the basis of solutions for the 
original unperturbed equation. Perturbation theory can be developed for both time 
independent and time dependent Schrédinger equations. The former, known as time 
independent perturbation theory, is presented here whereas the latter, known as time 
dependent perturbation theory, will be introduced in Chap. 10. 

The idea of time independent perturbation theory can be summarized in a general 
way for any eigenvalue problem. Let us consider a zeroth order operator 0 and 
its eigenfunction or vector f with eigenvalue A as follows. 


OO fO = 2. fO, (7.36) 
Then, given that the operator is perturbed by an additional perturbation operator 


O, the main question is what will be the resulting corrections for f© and ©. 
To find the answer for this question, it is useful to introduce a small parameter € 


7.2 Time Independent Perturbation Theory 211 


that controls the magnitude of the perturbation and try to find out the solution for 
O(€) = O%+€O as power series with respect to €. In other words, let us assume 
that 


fe©= fO ate ef) ae ef? ae (7.37) 
à (€) = paw) + eA) + 62,2) fee, (7.38) 


Then, employing these expressions in the new eigenvalue equation, Oe) f(e) = 
à (€) f (€) and expanding the resulting expression with respect to € on both sides, we 
obtain the following equation: 


(6 4 <6) (7 pef 4 2f@q. =) 
= OOO Le (01 4 gm) Le (oe? 4 oy) ets 
= 1% sO 4 ¢ (oye 4 mge) 
$e? (A FO 41O fO $2.9 f) 4, (7.39) 


where both left and right sides of the equation were grouped into terms of the 
same order of €e. At the zeroth order of €, the above equation is already satisfied 
by construction. In order for the above equation to be satisfied for any value of e€ 
including the particular case where € = 1, the equation for each term of e” with 
n = 1,2,3,--- has to be solved. This is a nontrivial task because corrections 
for both eigenfunction (or eigenvector) and eigenvalue have to be calculated, and 
solving the equation for the nth order in general requires solutions for all the lower 
orders. However, outcomes of such a task, once completed, can serve as powerful 
and general expressions applicable to a wide range of realistic situations. 

In applying the perturbation theory for quantum mechanics, it is particularly 
useful to employ the Dirac notation as described below. Let us first consider a zeroth 
order Hamiltonian Ho for which the eigenstates and the eigenvalues are known, and 
denote them as Oys and EPs. Here, n is a label representing each eigenstate. 
Thus, for each n, 


foliy ®) = Ey), (7.40) 


where ( OyO) = ônm. Then, let us introduce a perturbation Hamiltonian H l, 
which is assumed! to be small compared to Ho, and consider the following total 


1 The smallness of Ê; implies that its effect on the change of Eo is small compared to the level 
spacing of E's, Note that this definition of smallness has a problem in case there is degeneracy, 
for which a separate treatment is needed. 
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Hamiltonian: 
H=HAo+eM, (7.41) 


where e does not necessarily have to be small and can simply be considered as a 
parameter to keep track of the order of the perturbation approximation. Once the 
solution is obtained for each order of €, one can then set €e = 1 without losing 
generality of the solution because it can be viewed that the small parameter has 
already been absorbed into Ay. 

In short, the perturbation theory amounts to solving the following equation: 


(Ho + eÊi) Wn) = EnlWn), (7.42) 


by expanding |y,) and En as powers of e such that each term in the expansion 
can ultimately be expressed in terms of IW) and E®, The development of the 
perturbation theory differs depending on whether E,, (>. are degenerate or non- 
degenerate. The latter case is straightforward, and is described first. 


7.2.1 Non-Degenerate Perturbation Theory 


The starting point of the perturbation theory is the complete set of ly )’s, which 
are normalized eigenstates of Hp, and their respective eigenvalues Eo 5 All of 
these eigenvalues are assumed to be different for the present case. First, let us 
assume that the eigenstates and eigenvalues of the total Hamiltonian satisfying 
Eq. (7.42) can be expanded as follows: 


IYn) = WO) + lw) + 7 WO) +..., (7.43) 
En = EO eE + PEO +... (7.44) 


In Eq. (7.43), the second and the third terms can be expanded in terms of the 
eigenstates of the zeroth order Hamiltonian as follows: 


VO) = COW, (7.45) 
mn 

Y2) =>) Cy) ‘: (7.46) 
mn 


where the summation does not include the index n because it is already represented 
by the zeroth order state. Including this zeroth order state in the perturbation terms 
simply amounts to changing the normalization constant of the zeroth order state and 
does not result in any actual difference. 
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Employing Eqs. (7.43) and (7.44), the Schrédinger equation for the perturbed 
Hamiltonian, Eq. (7.42), can be expressed as 


(Êo + Fh) (IYO) + lv?) +e) +...) 


= (EP + BD +PEP +...) (14) + lh) +2710) +...) 
(7.47) 


The perturbation theory amounts to solving the above equation for each order of e 
as described below. First, for the order of €°, 


Aol vO) = Ey), (7.48) 


which is already satisfied by the starting assumption, Eq. (7.40). The next order 
terms are considered below. 


First Order Terms of the Perturbation Expansion 


The terms corresponding to the first order of € in Eq. (7.47), when combined, 
lead to the following first order equation: 


fiiy) + Helv) = EPO) + LOW), (7.49) 


where EY and Iwi) are yet unknown and need to be determined. Note that 
wh? ) is assumed to be given by Eq. (7.45). Thus, determining this amounts 
to determining all the coefficients, C U Yr. 


Equation (7.49) can be solved as follows. First, taking inner product with (wo I, 
we obtain 


(oO Fy HO Aol) = EP yO yO) 4 EO y Oy, 7.50) 


where (YW |W?) = 0. In addition, (YW | Hol Wi?) = E® (yO |v?) = 0 because 
ee) is expanded with respect to states that are orthogonal to Wy» as can be seen 
from Eq. (7.45). On the righthand side of the above equation, (WO Wy» = 1. For 


these reasons, we obtain a simple expression for the first order perturbation energy 
as summarized below. 
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First Order Perturbation Energy 


Equation (7.50) simplifies to the following expression for the first order 
perturbation correction of the energy. 


EO = (OA yO). (7.51) 


Note that the above expression is nothing but the expectation value of the 
perturbation Hamiltonian H; with respect to the zeroth order eigenstate. 


Next, in order to determine Iy), let us take inner product of Eq. (7.49) with 
( o for m Æ n. This leads to 


(Yo FO) + Oloy h) = EO WOW). (7.52) 


Note that (y| Ho = (YE EP. From the definition of Eq. (7.45), (y ® |W?) = 
C 1) . Therefore, the above equation is equivalent to 


(Wa ELV) + En Cm? = Ey, (7.53) 
This equation can be solved easily for C, Q) and leads to 


0,4 0 
co _ Ym En) 


(7.54) 
"En? — Em? 


The above expression is well-defined for the present case because there is no 
degeneracy in the zeroth order energies. This also shows why the present approach 
cannot be used when there is degeneracy. 


First Order Perturbation State 


Employing the expression for co in the definition of Eq. (7.45), we obtain 
the following first order perturbation correction for the state yO He 


(0) (WR? (0) 
Gy — S DO — z Win (Ym lHilyn ) 
KA ) Ten Ge Win ) = EO = EO . (7.55) 
m#én m#n n m 


Next, let us consider the second order terms of Eq. (7.47) by collecting all the 
terms that are second order with respect to e. 
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Second Order Terms of the Perturbation Expansion 


The terms corresponding to the second order of e in Eq.(7.47), when 
combined, result in 


Ay |W?) + Ale) = EP |e) + Ely) + EO |W), (7.56) 


where ly and E o are as yet unknown and need to be determined. 


Taking inner product of Eq. (7.56) with ( © |, we obtain 


(VO |W) + Ool) 
= EP YO YO) + EP WOW) + BO WOW). (7.57) 


In the lefthand side of the above expression, 
(WO Aly) = EP (WP Wi) = 0, (7.58) 


where the second equality comes from the definition of ly», Eq. (7.46), which 
is expanded only with respect to those states that are orthogonal to yoy. 
addition, in the righthand side of Eq. (7.57), (Wo |W) = 1, WO ly®; = 


and ( Oy ) = 0. All of these, when combined, lead to a eos expression 2 
the second order perturbation energy as summarized below. 


Second Order Perturbation Energy 


Equation (7.56) reduces to the following expression for the second order 
perturbation correction for the energy: 


EP = (UAW?) = X CW LAW) 
m#én 


0 0 (0 0 
ay (Wn? FL vin) ine iWin) 
Ey) — Em 


. (7.59) 
m#én 


In each term of the summation in the above expression, the numerator is 
nonnegative as follows: 


(VO WO) vO MW) = CRON ANAC E > 0. (7.60) 


(continued) 
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An important implication of this is that the second order perturbation order 
correction for the ground state energy always lowers its value because the 
denominator of each term in the summation is always negative. 


We can obtain the second order correction for the state by taking inner product 
of Eq. (7.56) with (Y® | for m 4 n. Thus, we obtain 


(WO AW) + OO [Aol yO) = EO WO Ww) + EO (WOW), 
(7.61) 


where the fact that (ro yO) = 0 has been used in obtaining the righthand side. 
Now using Eq. (7.55) and the fact that (W| Aoly P) = CP E on the lefthand 
side of the above equation, we find that 


1 2 0 
COO O) + CD EO = EMD + COE, (7.62) 
m'Æn 


Solving this for ce ) , we obtain 


1 F 0 
(pM Eea Cw mi) ma. (7.63) 
m'#én 


Employing the expressions for EM) and C Na , the above expression can be expressed 
as 


0,4 0 0,4 0 
c9- y (Win LW?) (We? Wn) 
m ~ (0) 0 0 0 

(EP — Em (En — EQ) 


m’#én 


0,7 0 0,7 0 
he Oy HO El) 
0 0 i 
(EP — Em)? 


(7.64) 


Second Order Perturbation State 


Employing the expression for C Eq. (7.64), in the definition of ow ) given 
by Eq. (7.46), we obtain the following second order correction for the state 


LW): 


(continued) 
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Oreo apo pe 


(0) (0) (0) (0) 
mn m#n m'£n (En — Em )(En = 157) 


(0) (0), 7) (0) (0) 
WO A) wL y |. (7.65) 


(Eo) — EO)2 


Summarizing all the results obtained above, second order perturbation correc- 
tions of energies and states, for the case of € = 1, are 


WO LE) (WO Ly”) 


0 0) Ó 0 
En = EO + (YO WO) + Y 0O ` (1.66) 
mn n ~ Em 
(0) (0) (0) 
= (0) Win (Win Alvin ) 
Vn) =v) + >> 0 0 
mén n m 
(0 0 0,4 0 
TWO LS Cin A) WO B) 
EO — p/p O _ pO 
mén m'£n ( n m )( n A) 
0 0 0 0 
(Ym LFW) Ene) | ao 
(EP — EY)? l 


7.2.2 Degenerate Perturbation Theory 


When there is degeneracy, the expressions, Eqs. (7.66) and (7.67), cannot be used 
because the denominator becomes zero, i.e., E (0) -E (0) = 0, for degenerate states. 
Thus, a different approach [4—8] should be used for these states. 

Let us assume that there are d degenerate eigenstates of Ĥo with energy E (0) as 


shown below: 


E are ah (7.68) 


Then, any linear combination of these states can be an eigenstate with the same 
energy E® . Among all possible linear combinations, there can be unique d linear 
combinations that are least affected by the perturbation H and thus serve as the best 


starting ues for applying the perturbation theory. Let us denote them as lps 
with k = 1,--- ,d. 
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Each 1p?) can be expressed as a linear combination of Wo) ’s as follows: 


D) = CWO) +--+ Cal WO) k=l, d. (7.69) 


Then, let us assume that the eigenstate of H that reduces to the one with eigenvalue 
E® i in the absence of perturbation (the limit of € — 0), can be expanded as 


lpn) = 160) + lb Od) + 716) +... (7.70) 


where detailed expressions for oon) and 16?) will be provided later in this section. 


Employing Eq. (7.70) in Eq. (7.42), we obtain 
(Êo + Fh) (10) + elit) + AORN) +...) 
= (EO +EP + PED +... IGOR) + let) + 71D) +...) TD) 


The zeroth order term (€°) of Eq. (7.71) is Hole) = Eo oer), which is already 


satisfied since oon) is a linear combination of all states with the same energy 
eigenvalue E,,. The first order terms are considered below. 


First Order Term of the Degenerate Perturbation Theory 
Collecting all the terms that are first order with respect to € in Eq. (7.71), we 


obtain 


iloa) + Hold) = EPIO + EPIO. ce 


Taking inner product of Eq. (7.72) with aA for j = 1,...,d, we obtain 


(WOOD + (Wi Aol Ong) = ERO + EO O. 07) 


On the lefthand side of the above equation, (rn) | Ho ont = EP TN Ib, ks 
which cancels with the same term on the righthand side. Inserting Eq. (7.69) into the 
resulting equation leads to a general set of equations that can be solved to determine 


all the coefficients of Eq. (7.69) as described below. 
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First Order Correction for the Eigenvalue and the Zeroth Order Correc- 
tion for the Eigenstate 


Employing Eq. (7.69) in Eq. (7.73) and canceling all terms that are identical 
on both sides of the resulting equation, we obtain 


Hin j1C1 + Ain, j2C2+- -+ Ain, jaCa = EMC), f=1,...,d, (1.74) 
where 
Fin, je = (Wy |W y a) (7.75) 


Equation (7.74) for all j can be expressed as the following matrix equation: 


1 
Ain — EK } FAjn,12 ae Find Cı 
1 
Hin,21 An 22 — a Fn 24 C2 =i 
(1) j 
Hin,d1 tae Hin, dd—1 Hin, da = 1855 Ca 
(7.76) 
This matrix equation implies that the following determinant is zero: 
(1) 
Ani — En FAjn,12 pos Find 
Oo 
Hin 21 Hin,22 — En ae Hin, 24 =0, (7.77 
cee ee 
Ain di Ane Fin dd—1 Ain,dd — En 


the solution of which results in the first order degenerate perturbation 
correction for the energy, BO fork =1,---,d. 


For each solution of E Me , one can find the corresponding set of coefficients 
Cx’s in Eq. (7.69), which results in the zeroth order eigenstate eo) for each 
B as follows: 


I) = Z Ep j Ww), (7.78) 


where C A js are solutions of the matrix equation, Eq. (7.76), for the eigen- 


value EN) and are assumed to satisfy the normalization condition. 
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If all the £, (1) ; $ are different, one can then apply the non-degenerate perturbation 
theory ömploying CAN s as the starting point. However, if there is degeneracy in 


EC) ;.8, one should again consider linear combination of those degenerate states in 
going up to the next order in a manner similar to finding the degenerate first order 
corrections for the eigenvalue and the zeroth order corrections for the states, which 
results in additional complications. 

Here, let us consider only the case where £, a es are non-degenerate. So far, we 
have considered the perturbation effects of dee ie states only. However, other 
non-degenerate states can still make some contributions as well, which have to be 
added to the results of the degenerate perturbation theory in an appropriate manner. 

As the first step for calculating higher order terms, we need to find out the 
first order correction for the eigenstate ov) in Eq. (7.72). Taking inner product 


of Eq. (7.72) with ($\°)| for j # k, we obtain 


PIAA) + (bn) Boloi = EP OOI + EO OO 07) 


In the above equation, (bn IÂ I) = 0 since H 1 is diagonal in the basis of new 


zeroth order eigenstates, ge a s. Similarly, (nln kd = 0. On the other hand, 
(go | Ho Ip) = = Ce 10), which becomes the same as the second term on 


the Aiea side of the above equation. Thus, Eq. (7.79) is already satisfied. 

Therefore, the expansion coefficients of ow) with respect to or) remain 
undetermined at the first order level. On the other w the expansion Coefficients 
with respect to other non-degenerates states, Wyo ), where m Æ nj,--- , Mg, can 
be determined in the same manner as the non-degenerate perturbation theory as 
summarized below. 


First Order Correction for the Degenerate EKigenstate (Incomplete) 
Taking inner product of Eq. (7.72) with ( v, where m # n, one can 
determine the expansion coefficients of I » with respect to Wo )’s and 


find the following expression: 


d (0) (0) (0) 
(1) (1), (0) |Win x Vn | Pn, a) 
lon) = >_ Dl, +> pO pO (7.80) 
j#k m#n k=1 m 


where p2? *s are yet undetermined. Consideration of the second order pertur- 
bation terms is necessary to determine these as will be shown below. 
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The second order corrections for the eigenvalue and eigenstate can be obtained 
by considering all the second order terms in Eq. (7.71) as explained below. 


Second Order Term of the Degenerate Perturbation Theory 


Collecting all the terms that are second order with respect to € in Eq. (7.71), 
we obtain 


2 F 1 2 il 1 2 0 
Polet?) + iloh) = BOO) + EDI) + ESO), 08D 


where 16?) is orthogonal to oer ) according to Eq. (7.80) and Io » is also 
assumed to be orthogonal to oon) by construction. In the above equation, 


E i and orn) as well as part of lo) are yet undetermined, for which the 
equation needs to be solved. 


Let us take inner product of Eq. (7.81) with Cone |. Then, 


(rel Holoy + (Opel AlGng) = Epes (7.82) 
where the fact that lo) and lp y are orthogonal to 10?) has been used on 
the righthand side. On the lefthand side of the above equation, the first term also 
becomes zero as follows: (GO olet) = EP Cas 167) = = 0. Thus, E® x Simply 
becomes the second term on the lefthand side, for lich Eq. (7.80) can be used as 
summarized below. 


Second Order Correction for the Degenerate Eigenvalue 
Employing Eq. (7.80) for the second term on the lefthand side of Eq. (7.82), 


we obtain 


OCIA (tim, ilp) 


2) 
Eee =n 
n,k 0) 0 
E! : = ES 


(7.83) 


Note that the sum involving degenerate states with the unknown coef- 
ficients Da in Eq. (7.80) do not contribute to the above term because 


OM) =0for j #k. 
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As the next step, let us take inner product of Eq. (7.81) with (gr for j # k. 
Thus, l 


0 2 0,4 1 0 2 1 0 1 
(Gn Bolo) + PIA) = EO ohe) + ENO 084 


where the fact that (gn oo) = = 0 has been used. On the lefthand side of the above 


equation, the first term, Ow | Ho lot =E; © (gn ood), cancels out with the same 
term on the righthand side. Therefore, the above equation reduces to 


OPIA) = En (On |b 0g): (7.85) 


This equation can be used to determine the DP in Eq. (7.80). Employing Eq. (7.80) 
in the above equation, we obtain 


g, 0 a 0 


PEE 


1 1 
5 0 =D, (786) 
m#n k=1 En — Em 


Assuming that E se LAE ee the above equation can be solved for DP as follows: 


ODIA Wn Ai A 


Dp = D -0 


(7.87) 
d) (0) (0) 
mæn k=1 Ep, k` E, (En — Em a 


This completes the first order perturbation correction for degenerate states as 
summarized below. 


First Order Correction for the Degenerate EKigenstate (Complete) 


Using Eq. (7.87) in Eq. (7.80), we a the following expression for the 
complete first order expansion of los De 


m Be OVIA Um | Hil yx) 
Pn) = 22 EO EOE EO) 


j#k mn 
(0) (0) (0) 
[vin (Wm Bilog) 
n i (7.88) 
> EP = EY 


Finally, let us take inner product of Eq. (7.86) with ( (0) for m # n. Then, 
0 2 0) ,., (0)) 2 0), 0 
employing the fact that (ym (Bolos) = Em (Wn IOK) and (Ym Øp) = 0, we 
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obtain 

EDU. ed + VO UIC = EO WP on) + Ene akh (7-89) 
Solving this equation for (Ww? Od), we obtain 


0 1 1 
(PA — EMI) 


2 
(v6! D) = T a 
En ~ En 


eee WOO Igo) 


2 > EK), — EP )EP — E®) 


~ EO _ EO TI 


J#k m'n 
0 0 0 0 
3 ( eee 
+ EO = EO 
m'Æn n m' 


EW OD (0) 
sa Um Aloha J 760) 


0 0 
EP — Em? 


The above expressions determines the expansion coefficients of 16? ) with respect 
to the Wo ) for m Æ n. However, the expansion coefficients of l 2 with respect 


to the \o° i) with j + k remain yet unknown, which can be determined only by 
solving the third order terms of the perturbation theory. 


7.3 Summary and Questions 


The variational principle results from the boundedness of the ground state energy for 
a stable quantum system, and thus offers an important guideline for approximating 
the ground state energy. Proving the variational principle is simple, and is based 
on the completeness of the eigenstates of a Hamiltonian. However, finding out 
an actual approximation is not always straightforward. Given that it is possible 
to identify a reasonable basis states that can be used to represent a trial state as 
a linear combination, it is possible to reduce the variational principle to a set of 
linear equations involving coefficients and eigenvalues, Eq. (7.18). Eigenvalues of 
this equation can be determined by solving Eq. (7.19). Employing these solutions 
in Eq.(7.18), one can then determine corresponding eigenstates. The resulting 
eigenstates, even when expanded in terms of nonorthogonal basis states, are 
orthogonal for different eigenvalues and can also be made to be orthogonal between 
states with the same eigenvalue. 

The time independent perturbation theory provides general expressions for 
approximate eigenvalues and eigenstates of a Hamiltonian, which is given by a 
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sum of the zeroth order and small perturbation terms. The solutions are provided 
in terms of those for the zeroth order Hamiltonian. The reason for why this is 
always possible is because the eigenstates of the zeroth order Hamiltonian forms 
a complete basis. For the case where there is no degeneracy in the zeroth order 
Hamiltonian, perturbation corrections for the energies and states can be obtained by 
comparison of terms of the same order of the perturbation and projecting them to 
different eigenstates of the zeroth order Hamiltonian. The resulting corrections for 
the eigenvalues and eigenstates up to the second order of the perturbation are given 
by Eqs. (7.66) and (7.67). 

However, for the case where there is degeneracy in the zeroth order Hamiltonian, 
the expressions obtained for the non-degenerate case become singular, and the 
theory should be developed in a slightly different manner. It turns out that 
identifying the best zeroth order eigenstates that suit the type of the Hamiltonian 
should precede determination of higher order terms. Diagonalizing the perturbation 
Hamiltonian in the space of degenerate states of the zeroth order Hamiltonian 
solves this issue. Thus, the first order corrections for the eigenvalues are given by 
solutions of Eq. (7.76) and the zeroth eigenstates are given by Eq. (7.78). Further 
consideration of higher order corrections including those of other non-degenerate 
components leads to the expression for the second order correction for the energy, 
Eq. (7.83), and the first correction for the state, Eq. (7.88). 


Questions 


e How general is the variational principle? Is there any possible exception 
where it is inapplicable? 

e In applying the variational principle, it is common to approximate the 
trial state as a linear combination of predetermined basis states. What are 
benefits and limitations of this approximation? 

e Is it possible to extend the variational principle for the calculation of 
excited state energies? 

e For the case where the trial state is given by a linear combination of basis 
states, solving an eigenvalue equation produces many states and energies 
as solutions of the variational principle. Can all the higher energy states, 
except for the lowest energy state, be also used as solutions of the starting 
time independent Schrédinger equation? 

e How can we examine the accuracy of a particular outcome of the varia- 
tional theory? 

e Expressions for the non-degenerate perturbation theory are inapplicable for 
the case where there is degeneracy in the zeroth order Hamiltonian. What 
is the reason for this? 

e Are the states obtained from the perturbation theory normalized? 

e How can we assess the accuracy of a particular application of the pertur- 
bation theory? 


(continued) 
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e Let us assume that a hydrogen atom is subject to an external electric field. 
How can we apply the perturbation theory to calculate the effect of the 
electric field on the energy of the electron in this case? 


Exercise Problems with Solutions 


7.1 A certain Hamiltonian can be expressed as 


Ê = —|91) (911 + |) (92l, 


where |1) and |g2) are normalized but are not orthogonal as follows: 


1 
(pil¢2) = (g2I¢1) = 5" 


Use the variational theorem to determine the approximation for the ground state 
energy and express the corresponding approximate normalized ground state as a 
linear combination of |91) and |g). 


Solution 7.1 For the given Hamiltonian, 
(ill) =-1+5=-5 
ıl i91) = meee 
(alii) =-5+1=5 
p2| H |92) = 4 =i 


x 1 1 N 
(ıl Hlp) = -5 + z = 0 = (p| H |91). 


Di 2, 

The corresponding secular equation that results from the variational principle for 

3 1 
seus: 2 oe SE i 

this case is | 4, ae = 3 (E? — 3) = 0. This results in E = +43, 

—;E ł3-—E 
2 4 k 
Therefore, the approximation for the ground state energy is Eg = — ya. 


For Eg, we can find the approximate solution by solving the following matrix 


3,73 73 
i =F | ap a 
equation: 4 2 4 = 


Solving the above equation, we find that C2 = (V3 — 2)C,. Thus, 


Iwe) = C1 (l1) + (V3 — Diga). 
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Assuming the normalization condition, 
1 
(Welts) = Cy (: + 2(73 — aoa v3) =1, 


we find that 


Therefore, 


1 v3 -2 
= + : 
lve) sna sa 


7.2 Consider the Hamiltonian of a hydrogen-like system for the case where / = 0. 
In this case, the angular part becomes constant, and one can consider the radial 
part only. In other words, the Hamiltonian effectively becomes one dimensional as 
follows: 


; R dfzd Ze? 
H= r . 
2ur? dr dr 4T €or 


h ; : ae) : 
Then, assuming that a trial wave function, g(r) = e °” , where œ is a free 


parameter, use the variational principle to calculate approximate ground state 
energy. 


Solution 7.2 For the given trial wavefunction, 


($l) = [aor = 4n F drre”? 
0 


gh a 13/2 
= 477 => è 
22(2a)3/2 2/20372 


On the other hand, 


(| |¢) = | drø* (r) Hg (r) 


oo 2 2 
= ax f dre" a ja 2 2 eur 
0 2ur? dr dr 4T Eor 


2 
= 47 H drr?e™*” aii a (—2ar3e-2") — Ze? enw? 
0 2ur? dr 4T Eor 
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= [ ve (= o » 2e a 
0 u 


H 4T Eor 


Employing the following identities for the integrals: 


oo oo 
ae) 1 ey Jf It 
f drre 2ar J re 2ar 
0 


2 Jeg ~ 4(2a)3/2’ 


ie drrte 20” = sf. pen = 3/0 : 
0 2 J- 8(2a)5/2 
1 


(olf io) can be simplified as 


lÊ) = 4x 30h? ST 2h°a? 3/0 Ze A 
u 4(2a)3/2 u 8(2æ)5/2? 4reo4a 


Z r 3 3 ) Ze? 
~ wa \4/2 8/2 Aega 
323/272 Ze? 


z 42u Ja  4€00 ` 


Therefore, 


lene. Ze \ 22a, 
Eg = E (a) = a 
4AV2uJa sea} x 
3h2a Zea 
2u V2eor?/2 


Now, taking the derivative of E(œ) with respect to a and using the following 
necessary condition for it to be a minimum: 


dE(a) 3h? Ze 1 


= 0, 
da Qu 2 2eqn3/2 for 
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we find that 


( Ze? 2u ) Zetu? 
a= = f 
2/2€y73/2 3h? 1823 hte5 


For this value of a, the energy given by Eg becomes 


3A Zetu? Ze? Zeu 
— 2p 18st? SZeon?l? Jeon 323K" 
uZ?et uzZ?et uzZ?et 32 uZ?et 
~ RE 6mh mhe 12r 32 22H? 
= —0.849E,, 


where Eg is the true ground state. 


7.3 Prove that the states |ġ+) and |@_) given by Eqs. (7.34) and (7.35) are varia- 
tional eigenstates corresponding to the variational energies, Eqs. (7.32) and (7.33), 
respectively. 


Solution 7.3 For E} = (Ha + H,)/(1 + S$), 
( Hı — E, in. ia) _ HaS — He ( 1 7) (a) = 
H: — ES Hi- Ex )\Co 1485 \-1 1)\Q 
This means that Cı = C2. Thus, 
lb+) = Ci fi) + | f2))- 
The norm of this is as follows: 
(P4164) = ICi? A +14 25) = 21C, 7. + 8). 


Thus, Cy = 1/ V20 + 5). 
For E- = (H4 — He)/(1 — S), 


Ha- E- He-E_S\(C,\ _ He~HaS (11) (Ci) _ 
H,.—-E_-S Ha- E- )/\CL) 1-8 NM1/ C&G] ` 
This means that C| = —C}. Thus, 


lġ4+) = Cif) — f2) 
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The norm of this is as follows: 
(@-|@_) = ICP a +1 — 28) = CiP A — 8). 


Thus, C; = 1/ V20 — S). 


7.4 Consider a harmonic oscillator with linear perturbation as follows: 


A p? 1 Za? 

Ĥo = — + -uo R?, 7.91 
0 Ji + zuo (7.91) 

Hy = C8. (7.92) 


Use the non-degenerate perturbation theory to determine perturbation corrections of 
the eigenvalue up to the second order and the eigenstate up to the first order. 


Solution 7.4 Then, |W) = |v), where 
R 1 
Ao|v) = ħw(v + zv) (7.93) 


It is straightforward to show that 


x ħ 
wlÂilv’) =C aa (vo cary eee JP5yv-1) (7.94) 
Therefore, 
E = (v|Ay|v) = 0, (7.95) 
2 (vA lv) (vl Ai lv’) 
BP =D : 
hw(v — v’) 
v'Æv 
= (Jv)? (fv +1)? at C?h 7 Ç? (7.96) 
hw ho 2uw ha? Qo i 
Combining the above expressions, we find that 
1 2 
E, = E® + EP + EP = hit aoe Sa (7.97) 
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In fact, one can show that this is an exact value employing the following identity: 


A Ê 1 
H = oe + zno s? + cx (7.98) 
u 
a2 2 2 
_ P 1 afno, 2C, C 1 C 
— 2u t oe (: a uw? pot 2 uw? 
nD, 2 2 
LAT die ON pats Mee CE 
E a ae (+5) 2 uw? 
a2 2 
P 1 a LE 
= ka ux? PA (7.99) 


where = £+ at On the other hand, the eigenstate, up to the first order is given 
by 


Iyo) = lv) + = % [Vul 1) WwFilw+1)}. (7.100) 
2uw 


7.5 The zeroth order Hamiltonian of a certain system is given by Ho = |1) (dil + 
2|¢2)(b2|, where |ġ1) and |¢2) are orthonormal sates. A perturbation Hamiltonian 
H; is added to Ho, and the expression for H is as follows: 


x 1 1 
Hı = 5 (161) (Pi + |b2)(b2|) + 7 (161) (b2| + 12) (%11). 


Calculate the first order and second order perturbation energy corrections for the 
two eigenvalues of Ho. 


Solution 7.5 Note that |¢;) and |¢2) are eigenstates of Ho with eigenvalues E o) = 
1 and E® = 2 respectively. Therefore, 


(1) F 1 (1) ^ 1 
E; = (ġı|Hılġ1) = 5 & E = (ġ2|Hılġ2) = 5 


gO Mllo LO L g gO Êlo 1 
1 7 EO EO ~ 16 24 EO EO ~ 16 


7.6 Consider a Hamiltonian Af defined as follows: 
Â =al1)(1| + 2a|2)(2| + 3a|3) (3], 


where |1), |2), and |3) are orthonormal states and a is a positive real number. Answer 
the following questions. 
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(a) For any state |b) = C1|1) + C2|2) + C3]3), find out the expression for Eg. 

(b) Determine the minimum and maximum values of Eg and corresponding state 
|) for each case. 

(c) Assume |@) as a variational trial state, write down the matrix equation Eq. (7.18) 
for the Hamiltonian Ê, determine three variational energies and states. 

(d) A small perturbation term A, is added to the Hamiltonian so that the total 
Hamiltonian changes to Ĥ' = Ê + H 1, where 


^ a 
Hı = z (112| + 1211). 
Find out the first order approximation for the ground eigenstate and second 


order approximation for the ground state energy. 


Solution 7.6 Let us first calculate (¢|H|) and (@|@) as follows: 


(@| 11) = (CT (1| + C3 (2| + CF (3]) (a11) (1 + 2a]2) (2| + 3a/3) (31) 
x (Cy|1) + C212) + C313)) 
= (c(l + Cž(2] + c3 (31) (aC,|1) + 2aCz|2) + 3aC3]3)) 
= a|C1|? + 2a|C|* + 3a|C3)’, 
(Old) = |Ci? + [C2]? + C3). 


(a) The expectation value Eg can be expressed as follows: 


(olle) [Ci|? + 21C2|? + 33)? 


=a : 
(|) ICil? + [C2|? + |03|? 


(b) Let us introduce the following normalized coefficients: 


~ Ci 

C= ; 
VICI? + [C212 + |031? 

> C 

C= g ; 
VICI + C21? + C31? 

z C 

Č; = 2 ; 
VIC 2 + Co|? + |C3/? 
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(c) 


(d) 
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Then, 
Ep = a (ICP? + 2121? + 31631”) 
= a (1+ IČ +2163) 
= a (3 = či? — |čıP), 

where the fact that IČ [2+ |C>|? + IC3 |? = 1 has been used. The second equality 
of the above expressions shows that the minimum value E¢ is a, which occurs 
when C2 = C3 = 0 and the third equality shows that the maximum value of Eg 
is 3a, which occurs when C1 = C2 = 0. 


For the given Hamiltonian, Hı; = a, Ho2 = 2a, and H33 = 3a and all other 
terms are zero. On the other hand, S;; = 6;;. Therefore, 


a—E 0 0 Ci 0 
0 2a-E 0 C2 |] =] 0 
0 0 3a-—E C3 0 


The above matrix is already diagonal. Thus, the three values of E are a, 2a, and 
3a. The states corresponding to these values are respectively, |1), |2), and |3). 
The ground state is |1) and its energy is E 
energy is zero as can be seen below. 


= a. The first order perturbation 


E® = (1|Ai|1) = S (11) (2/1) + (12111) = 


On the other hand, the coefficients for first order correction for the ground state 
are as follows: 


ay (Ål) _ a2 1 


2 =O _ pO — =: 
Ey) — E} 5 a 5 


cP =0. 
This implies that 
1 
ad) 
2). 
Iyi) ele) 


Therefore, up to the first order, 


1 
y1) = 11) = 312 
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The second order perturbation of the ground state energy is as follows: 


po — PADUA _ (@/5)? _a 
1 (0) O ~q—-2a 25° 
EW) El a — 2a 


Therefore, up to the second order of perturbation, the ground state energy 
becomes corrected to 


7.7 For a quantum particle of unit mass confined in a box of unit length, the 
eigenfunctions and eigenvalues are given by 


(xlYn) = Wn(x) = V2 sin(nz x) fr0 <x <1, 


n2hen2 
Ey = 2 , 
where n = 1, 2,3,---. Now assume that the following potential energy is added 
inside the box: 
2 
Væ) = a 0<x<0.5 
h (1 — x)/5,0.5<x<1 


Therefore, the total Hamiltonian becomes 


a2 
A= +V(). 


= 
tab) 
x 


Calculate the following matrix elements: 


Hii = (yi lÊlyı), 
Hn = (yl Aly), 
Hn = (Wil Aly) = (yl Êy) = H. 


(b) Consider a trial state given by the following linear combination 


Id) = Cily) + Col y2), 


where C4 and C3 are real coefficients. Use the variational principle to determine 
the approximation for the ground state energy. 

(c) Use V(x) as a perturbation Hamiltonian, and calculate the first order perturba- 
tion approximation for the ground state energy. 
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Solution 7.7 


(a) The matrix elements of the Hamiltonian can be calculated as follows: 
Au = (WilAli) 


1 l h2 92 i 
= J) dx sin(z x) i + vn) sin(x) 


1 1/2 $ 
=h? (ef dx sin? (rx) +2f dx sin’ (rx) = 
0 0 


1 2 l—x 
+2 sin (zx) : 
1/2 5 


In the above expression, 


1/2 1 pi 
/ dx sin? (t x)x = zS dx (1 — cos(27 x)) x 
0 0 


1 A 5 1 1 
=; x (x — x cos( 3 = 7g t ar 


Due to symmetry, f ii sin? (7x) ta has the same value. Therefore, 


2 2 
T 4/1 1 T 1 1 
Hy =h? ee Ce ons 
me (5+3(4+a2)) (F+5+s2) 


Similarly, 


2 42 


1 
Hn = (al Ê iya) = z| dx sin(27x) ii + vo sin(27 x) 
0 2 dx? 


2 An? : . A 
=h > + af dx sin(27x) V (x) sin(27 x) 
0 
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On the other hand, 


1 
Ho'= tiA 22 i BesiGEV O 
0 


1 
/ dx (cos(mx) — cos(3zx)) V(x) 
0 


h2 f1/2 
= z dx (cos(mx) — cos(3mx)) x 
0 


h2 1 
+— i dx (cos(mx) — cos(37x)) (1 — x) 
5 Sige 


h2 f1/2 

=F dx (cos(mx) — cos(3x)) x 
0 

h2 pie 

5 


h2 p12 
= z dx (cos(mx) — cos(3mxx)) x 
0 
h2 f1/2 


-— dx (cos(mx) — cos(3%x)) x = 0. 
5 Jo 


+ dx (cos(z(1 — x)) — cos(3z(1 — x))) x 


(b) For the given trial state, 


Ay, -—E 0 Ci\_ (9 
0 Hon — E C2 ~ o): 
Since the matrix is already diagonal, the solutions are simply E = Hy, and E22, 


for which the corresponding states are |6) = |W) and |), respectively. 
(c) As shown in the answer for part (a), 


5 4h? (1 1 
wv = (= ie =) . 


Therefore, 
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7.8 For a particle of unit mass confined in a box of unit length, assume that the 
following potential energy is added. 


2 


V(x) = * costar). 


Provide answers for (a), (b), and (c) in Problem 7.3 for this potential energy. 
Solution 7.8 


(a) The matrix elements of V can be calculated as follows: 
1 1 
(al? iyi) = 20? i dx sin®(rx)4 costes) = 0, 
0 


1 
(WolV|W2) = an? f dx sin? nx) cos(mx) = 0. 


The fact that the above integrals are zero can be confirmed easily by noting 
that cos(zx) is antisymmetric with respect to x = 1/2 whereas sin? (ax) and 
sin? (27x) are symmetric. On the other hand, 


1 
(Wi lV v2) = rf dx sin(r x) sin(27 x) cos(x x) 


h2 1 
= — dx (cos? crx) — cos(mx) cos(31x)) 
2 Jo 


2 


K f! h 
T f dx (1 + cos(2xx) — cos(27x) — cos(47rx)) = z 
0 


Combining the above results with the eigenvalues of the zeroth order Hamilto- 
nian, Hy, = Atx? /2, Ha = 2h? nr”, and Hi2 = A? /4. 
(b) The coefficients Cı and C2 of the trial state satisfy the following matrix 


equation: 
Hi- E Ay Cı\_/0 
Ain Hn -— E C2 “oy? 
This is satisfied for nonzero coefficients only if the determinant is zero, which 
leads to the following equation for E: 


(Hy, — E)(Hn — E) — H2, =0. 
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The solutions for the above quadratic equation are as follows: 


1 Hi — Hy \* 
E= 5 (Hi + H2) 9 ee) + Hi, 


2 


1 
~ h*n* (1 —- —— ], 
2474 


where the last line is an approximation but is a useful one with fairly good 
accuracy. The coefficients corresponding to the above ground state energy can 
be found by using the above energy in the matrix equation. The resulting 
relationship between Cı and C> is as follows: 


1 1 Hi — Hy \* 
C2 5 Hu H+ (5) + Hip C1 


Hi2 2 


ae ee T 1l 
= 3x = t 974 Ci ~ = oal 


Then, Cı can be determined by the normalization condition. 
(c) Since (Yı|V|y1) = 0, there is no first order correction for the ground state 
energy. 


7.9 The zeroth order Hamiltonian of a certain system is given by 


Ho = |1) (1l + 162) (b21 + 163) (bl, 


where |¢1), |¢2), and |¢3) are orthonormal sates. A perturbation Hamiltonian A is 
added to Hp, and the expression for H; is as follows: 


2 1 
Hı = — : 
1 py Pui eal + |62)(P1l + 162) (31 + 163) (G21) 


Use the degenerate perturbation theory to determine the lowest value of the first 
order correction of the energy and the corresponding zeroth order ground state. 


238 7 Approximation Methods for Time Independent Schrödinger Equation 


Solution 7.9 The equation for the determinant |H 1 — E| = 0 is as follows: 


1 
oe i 1 1 
aE zl E’ +3E+5E= E(E—1)\X(E+1)=0. 
0 + -E 

V2 


Therefore, the lowest value of the first order perturbation correction is — 1. 
To find the zeroth order state corresponding this value, we need to solve the 
following matrix equation. 


1 
0 eo |) (cr Cı 
A’! aee 
0 z0 C3 C3 


The resulting coefficients satisfying the normalization condition are Ci = C3 = 
1/2 and C2 = -5 Thus, the zeroth order state corresponding to E® = —1 is 


(1p1) — V2I2) + l¢3))/2. 


7.10 Consider a zeroth order Hamiltonian Ao defined as follows: 
A = djl) (1| + b|2)(2| + 25/3) (3), 


where |1), |2), and |3) are orthonormal states and b is a positive real number. A 
small perturbation term H; is added to the Hamiltonian so that the total Hamiltonian 
changes to H = Ho + Aj, where 


^ b 
Hı = z (112l + |2)(1)). 


Use the degenerate perturbation theory to find out the first order correction for the 
ground state energy and the zeroth order correction for the ground eigenstate. 


Solution 7.10 In the space of |1) and |2), (1| Mj |1) = (2|H1|2) = 0 and (1|Ay|2) = 
b/3. Therefore, according to the degenerate perturbation theory, 


b 
P 
2 i 


The solution of this is that à = +b/3. Therefore, the energy of the state 1 that is 
corrected up to the first order is as follows: 


b 2 
O, pd 
Ey +E, =b-3= 3b. 
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The zeroth order eigenstate corresponding to this energy can be determined by 
solving the following matrix equation: 


b b 
IGHO] 
33/ \C2 g 
which results in Cı + Cz = 0. Thus, after normalization, the zeroth order state can 
be expressed as follows: 
1 


1p) = Z 


(11) — |2)). 


Problems 
7.11 Fora particle with unit mass subject to the following potential: 


9 
ee ve 
V(x) 16 x 


Use the following trial wavefunction ¢(x) = e~%* /* and the variational principle 
to determine the best value œ approximating the ground state wavefunction and the 


best approximation for the ground state energy. 


7.12 A zeroth order Hamiltonian Ĥo is given by 


Ho = |b1) (il + 2162) (%21 + 3143) (431, 


where |@1), |@2), and |ġ3) are normalized and orthogonal to each other. Given that 
the following perturbation Hamiltonian is added, 


A 1 1 
Hı = znl + z192) %2] 


1 1 1 1 
+ 5192) (93l + 5163)(bal — 5161) (631 — 5163) 11 


answer the following questions. 


(a) Determine the first order perturbation corrections for all the eigenvalues and 
eigenstates of Hp. 

(b) Determine the second order perturbation corrections for all the eigenvalues 
of Ho. 
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7.13 A zeroth order Hamiltonian Ĥo is given by 


Ho = |1) (1l + 162) (b21 + 163) (bal, 


which has degeneracy of 3. Note that |¢;), |¢2), and |¢3) are normalized and 
orthogonal to each other. Given that the following perturbation Hamiltonian is 
added, 


A, = à (161) (1| + 2162) (b21 + 31g) (G31) 
À 
+ 5 (161) (b2| + 1b2) (bil — 162) (631 — 163) (421) - 


Use the degenerate perturbation theory to calculate the first order corrections for the 
eigenvalues of Ho and the corresponding zeroth order corrections for the eigenstates 
of Ho. 


Chapter 8 A) 
Many Electron Systems and Atomic TCA 
Spectroscopy 


The mathematical framework of quantum theory has passed 
countless successful tests and is now universally accepted as a 
consistent and accurate description of all atomic phenomena. 


— Erwin Schrödinger 


Abstract This chapter explains approximate quantum mechanical description of 
many electron (more than one) atoms and their electronic spectroscopy. A quick 
overview of independent electron model revisits well-established concepts of 
atomic orbitals and configurations, and clarifies approximations involved in such 
description. Symmetry properties of spin-orbit states and simple methods for 
determining atomic term symbols are described. Rules for determining relative 
energies of atomic terms and selection rules for atomic spectroscopy are clarified. 
The chapter then provides a more detailed mathematical account of independent 
electron approximations using helium atom as an example and then provides a 
general description of the self-consistent approximation for many electron atoms. 


8.1 Hamiltonian 


The Hamiltonian operator for atoms with many electrons is as follows: 


e Nfe X 
H= +) |a + Ven(ltj —ReD p+ 5D) >, Veo(ltj -êD 8D 
Mc jal 2mMe 2 jal ky 


where Ê. and R. represent momentum and position operators of the nucleus, and 
p; and f; the momentum and position operators of the jth electron. me is the mass 
of the nucleus and me is the mass of the electron. Ne is the number of electrons, and 
the last term involves double summation over j and k running from 1 to Ne except 
that j Æ k. Ven and Vee represent electron-nucleus and electron-electron Coulomb 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 241 
S. J. Jang, Quantum Mechanics for Chemistry, 
https://doi.org/10.1007/978-3-03 1-30218-3_8 


242 8 Many Electron Systems and Atomic Spectroscopy 


potential energy operators that are defined as 


a Ze? 
Ven (lfl) = -———z. (8.2) 
4r eol] 
7 e? 
Vee (|f|) = r (8.3) 
4x eolr| 


Although Eq. (8.1) is a simple extension of the Hamiltonian for hydrogen-like 
systems, the fact that it involves interactions of three or more particles causes the 
corresponding quantum mechanical problem much more challenging. In particular, 
the last electron-electron repulsion term makes it impossible to solve the corre- 
sponding Schrödinger equation exactly. 

Assuming that the nucleus is fixed at the origin (or considering in such coordinate 
system), one can reduce Eq. (8.1) to the following many electron Hamiltonian: 


Ne {85 i 
Ha = j l vnen] + 2 2o Velli; — Fl), (8.4) 
j=l J=1 k#j 

where fj = |f;|. Even with this simplification, there is no exact analytic solution of 
the Schrödinger equation for this Hamiltonian for Ne > 2. Therefore, one has to rely 
on approximation methods. Due to the fact that electrons are fermions satisfying the 
Pauli exclusion principle, care should be taken in employing approximation meth- 
ods. We will first start with the simplest approximation of assuming independent 
electrons, which can be justified with a proper application of the variational principle 
as will be detailed later in this chapter. 


8.2 Independent Electron Model 


8.2.1 Major Assumptions 


At the simplest level, the effects of electron-electron interactions can be accounted 
for by introducing an effective single-electron potential, which modifies the original 
electron-nucleus Coulomb interaction while treating each electron independently. 
This means assuming that an electron labelled j, for example, can be described by 
the following effective Hamiltonian: 


ad 2 
A Pj Leff, je a 
H; = —— — ————— +ôV;(f;), 8.5 
HEE = Fm, i, + 6Vj (rj) (8.5) 


where Zef, j is a screened nuclear charge that the electron labeled as j experiences 
and 6V;(7;) represents additional effects of other electrons that cannot be expressed 
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in the form of the Coulomb potential. In general, the value of Zeff,; and the 
detailed form of 6V;(r;) should depend on the states of other electrons. This way, 
interdependency of different electrons are taken into consideration implicitly. 

Care should be taken in devising an approximation as outlined above because 
the physical reality dictates that it is not possible to distinguish one electron from 
the other. For this reason, the labeling of electrons does not have genuine physical 
meaning and should be viewed as an intermediate step for calculating physical 
properties that are independent of the specific manner of the labeling. In addition, 
any many-electron state should be antisymmetric with respect to the exchange of 
any two electrons, which brings further complication. These issues will be addressed 
later in this chapter. For now, let us assume that an effective single electron state can 
be determined by solving the Schrédinger equation for the Hamiltonian of the type 
given by Eq. (8.5). 

Because of the fact that the potential energy in Eq. (8.5) depends only on 
the magnitude operator of the position, fj = |f;|, the effective Hamiltonian 
commutes with the angular momentum operators Ê? and i. Therefore, within 
this approximation, the angular momentum quantum numbers / and m; still serve 
as good quantum numbers. Another important fact is that the effective electron- 
nucleus Coulomb term of the potential remains dominant compared to the additional 
correction. This makes the principal quantum number of n determined for a 
hydrogen-like system a nearly good quantum number for classifying the eigenstates 
of the Hamiltonian. However, there is major difference from the hydrogen-like 
system in that the degeneracy of the energy for different values of l, which is a 
non-negative integer in the range of [0, n — 1] for a given quantum number n, gets 
lifted due to the additional term 5V;(7;). Important qualitative trends and major 
definitions of terms are provided below. 


Summary of Independent Electron Model 


e For many-electron atoms, (n, l, m;) serve as nearly good quantum numbers 
to represent effective spatial single electron states, which are also termed 
as orbitals. 

e The collection of orbitals having the same value of n constitute a shell. 
Shells with n = 1,2,3,and4,... are respectively denoted as K, L, M, 
aS arid 

e The energy of each orbital depends on both n and /, which are used for the 
labeling of different orbitals. Orbitals with / = 0, 1, 2,3, 4, ... are called 
S, p,d, f, g,--+, respectively. 

e For each value of l, there are 2/ + 1 degenerate orbitals (in the absence of 
external field) with different values of m. 

e Fora given shell, orbitals with smaller values of / have lower energies than 
those with higher values of /. This is because electrons tend to have higher 
probability density near the nucleus for smaller value of /, which causes 
them to experience lower Coulomb potential energy. 
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orbitals and maximum 


numbers of electrons allowed 
for different types of orbitals Number of electrons |2 |6 |10 |14 | 18 | 22 


Table 8.1 Numbers of Orbital s |p ld f g h 
3 


Number of orbitals 1 


Given that all the single electron states have been identified in a given atom, one 
can then assign electrons to those states as if assigning one electron does not affect 
the other except for satisfying the symmetry rule for electrons as fermions. For this, 
first, it is important to note that a state of an electron is defined by specifying both 
its orbital (spatial state) and the spin state. Since electrons are fermions, only one 
electron can occupy one state. Since there are two spin states for each electron, this 
means that a single orbital can be occupied by two electrons at most. 


8.2.2 Orbitals and Electronic Configuration 


Since the number of orbitals for a given / is (2/ + 1), the maximum number of 
electrons allowed for orbitals with / are 2(2/ + 1), as shown in Table 8.1. 
Assuming that electrons for a given atom can be filled in one by one such that 
each of them occupies the lowest possible orbital, which is called Aufbau principle 
(building-up principle), it is possible to assign the relative order of orbitals. 


The Order of Orbitals Based on Relative Energies 


Given that all the orbitals with lower energies have already been filled, the 
following order of energies of orbitals has been established empirically. 


— Increasing relative energy > 


In the above lists, each row represents different principal quantum number, 
and the orbitals on the right have higher energies than those on the left. Note 
that the intervals between different orbitals do not reflect the actual values of 
energy difference. Rather, the differences of energies become smaller as the 
principal quantum number increases. 
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The main factor that determines the relative energies are principal quantum 
numbers for s and p orbitals. However, for d and f orbitals, this is not the case. 
For example, nd orbitals have higher energies than (n + 1)s orbitals but lower 
energies than (n + 1)p orbitals. The atoms for which the d orbitals are partially 
filled correspond to transition metal elements. Also note that nf orbital has higher 
energy than (n + 2)s orbital but lower energy than (n + 1)d orbital. The atoms for 
which the f orbitals are partially filled are known as lanthanides and actinides. 
With these rules, it is now possible to determine all the ground state electron 
configurations for all the many-electron atoms. Some examples of ground state 
electronic configuration are shown below. 


Li :1s72s! 
C :19?2572p? 
Fe :1972572 p°3s73 p°4s73a® 


On the other hand, the following configurations correspond to excited state elec- 
tronic configurations for the same atoms. 


Li :1s12s?; 1572p! 
C :1s!25!2p3; 1912572 p13s! 
Fe : 1572572 p°3s73 p°4s73d°4p!: 1572572 p°3573 p°4s!3d°4p! 


8.2.3 Spin States 


The total spin quantum number of two electrons occupying the same orbital is zero 
because it is possible only when their spins are opposite to each other. Likewise, 
when any type of orbitals is fully filled, the sum of all the spins of electrons is 
zero. Therefore, the total spin quantum number is zero for the following completely 
filled configurations: s*, p, d!°, f14, and g!®. For partially filled orbitals, there are 
various ways for the spins of electrons to be aligned with respect to each other. As 
aresult, multiple spin states are possible. 

Before detailed consideration of the spin states of partially filled orbitals, some 
mathematical account of the symmetry properties of many electron quantum states 
is needed. First of all, it is important to examine the properties of electrons as 
fermions. For many electron systems, this means that the total state should change 
its sign if two electrons are exchanged with each other. For example, consider the 
following multi-electron state: 


Ww.) = 1,2,0, feces kee, Ne), (8.6) 
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where j denotes the label of each electron and the position of each label represents 
a single electron spin-orbit state that each electron is assigned to. For |W) to be 
an acceptable N electron state, it should change its sign if electrons j and k are 
exchanged with each other as follows: 


Ww.) = —|1,2,--+ koe fees, Ne). (8.7) 


For two electrons, this means that the spin states are antisymmetric when the orbital 
states are symmetric and vice versa. 

For example, let us consider the s orbital for which there is only one orbital 
available for two electrons. The only possible two-electron orbital state in this case 
is 


[Ps (1, 2)) = lġs(1)) 8 Is (2)) = 16s) l: (2)), (8.8) 


which is symmetric with respect to exchange of the two electrons because the order 
of two states in a direct product does not make any difference. The only two-electron 
spin state compatible with the above two-electron s orbital state is the following 
antisymmetric spin state called singlet: 


Ixs(1, 2)) = = (Ja (1))|B(2)) — lar(2))|BC))) (8.9) 
which satisfies the antisymmetric property, |x5(1, 2)) = —|xs(2, 1)). For this state, 


the total spin of electron is zero. Thus, the only acceptable two-electron spin-orbit 
state where two electrons occupy the same orbital is 


|WC1, 2)) = |P; 0, 2)) xs, 2)), (8.10) 


which satisfies the antisymmetric property, |Y (1, 2)) = —|W(2, 1)) and has the total 
spin quantum number of S = 0. 

On the other hand, one can also construct symmetric spin states. For two 
electrons, there are three such states as follows: 


la (1)) læ (2)) 
Ixr(, 2)) = a (læ (1))182)) + |B C)) læ (2))) (8.11) 
IBC))|B(2)) 


These three states are collectively called triplet and have the total spin quantum 
number S = 1. 

Let us now consider the case where two different orbitals |¢,) and |@p) are 
available for two electrons. There are two possible ways for the two electrons occupy 
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these orbitals without violating the fact that they are indistinguishable as follows: 


1 

IPsym(, 2)) = P (la (1)) lob (2)) + Iba (2)) lb (1))), (8.12) 
1 

[Pasym (1.2)) = 5 (ba )) bo (2)) — Iba (2)) l (1))). (8.13) 


Then, the total spin-orbit states possible for the two electrons are as follows: 


IWsC1, 2)) = [Psym(1, 2))lxs (1, 2)), (8.14) 
Mr (1, 2)) = [Pasym (1, 2)) xr C1, 2)). (8.15) 


Note that both of above two states are antisymmetric with respect to the exchange of 
two electrons. These two states show that fully decoupled orbital and spin parts can 
be used to construct all possible and independent spin-orbit states for two electrons. 
However, it is not always the case for more than two electrons. 


8.2.4 Energy Levels of Spin-Orbit States 


While it is possible to determine relative energies of different configurations, a given 
electronic configuration does not provide full information on the energy of the many 
electron system because there are still many ways for the total angular momenta 
to be added up. For this, it is necessary to define all possible angular momentum 
quantum numbers that can be defined for many electron systems. 


Angular Momentum Quantum Numbers for Many Electron System 


Let us denote the orbital angular momentum vector and spin vector of the ith 
electron as 1; and s;, respectively. Different types of total angular momenta 
exist as described below. 


e Total angular momentum quantum number of a single electron (j)— 
This represents the sum of orbital angular momentum and spin of an 
electron. Because s = 1/2, for a given value of l, there are only two 
possible values, j = l + 1/2, L — 1/2. 

e Total orbital angular momentum quantum number of all the electrons 
(L)—This represents the quantum number for the sum of the orbital 
angular momenta of all the electrons. 

¢ Total spin quantum number of all the electrons (S) -This represents the 
quantum number for the sum of the spins of all the electrons. 


(continued) 


248 8 Many Electron Systems and Atomic Spectroscopy 


¢ Total angular momentum quantum number of all the electrons (/)— 
This represents the sum of all the angular momenta of all the electrons. 

e Each of the angular momentum quantum numbers listed above corre- 
sponds to the quantum numbers of the squares of corresponding angular 
momentum vector operators, ii L, S, and J . In other words, ñ? JG+), 
hR? L(L + 1), A7S(S + 1), and A? J(J + 1) are respectively eigenvalues 
of j2, Î?, 82, and P. With this understanding, for the determination of 
the quantum numbers, one has to consider only the vector nature of the 
orbital angular momentum operators. Therefore, we will omit the operator 
symbols whenever possible, and consider only the corresponding vectors 
in the consideration below. 


Since the total angular momentum, namely, the sum of all orbital angular 
momenta and spins of all electrons, J, is a conserved quantity due to the spherical 
symmetry of the system, its quantum number J is always a good quantum number 
and can be included in any classification of the eigenstates of many-electron atoms. 
There are two ways to find out this quantum number. First, we can add all the orbital 
angular momentum vectors and spin vectors as follows: 


L= Yoh. (8.16) 


So. (8.17) 


Then, the total sum of the angular momentum and the spin vectors is given by 

J=L+S. (8.18) 
This is called LS-coupling or Russell-Saunders coupling scheme, and works well 
when spin-orbit coupling of an individual electron is weak as in most light atoms. 
This is not the case for heavy atoms for which the large nuclear charge creates strong 
spin-orbit coupling especially for those core electrons. For this case, the following 
individual j’s serve as better quantum numbers. 


ji = l; + si- (8.19) 


The total angular momentum vector in this case is given by 


J= j (8.20) 
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This is called jj-coupling scheme, which becomes complicated as the number of 
electrons increases. 


8.2.5 Examples of Energy Levels Based on LS-Coupling 
Scheme 


Within the LS-coupling scheme, one only needs to specify L, S, and J values. The 
electronic term symbols introduced in Chap. 6 can be used for this purpose. Let us 
consider the simplest example, two electrons in helium, He. The ground electronic 
configuration of He is 1s*. Since this corresponds to a completely filled orbital, 
L = 0 and S = 0. Therefore, J = 0 as well. This configuration has only one term, 
'So. 

Next, let us consider an excited state configuration of He given by 1s!2p!. For 
this, only L = 1 is possible. On the other hand, for the total spin, § = 0, 1 are 
possible. Since two electrons occupy two different orbitals, either S = 0 or S = 1 
is acceptable. When S = 0, only J = 1 is possible. The term symbol for this case is 
'P,. When S = 1, three values of J = 0, 1, 2 are possible. Term symbols for these 
cases are as follows: Po, °P1, and 3P>. 

For Li, which has three electrons, the ground electronic configuration is 1s225!, 
This is effectively one electron system since two electrons are in a completely filled 
orbital. The orbital angular momentum quantum number of this electron is L = 0, 
since it is in s orbital. For this one electron, S = 1/2. The only possible combination 
of this spin and the orbital angular momentum L = 0 is such that J = 1/2. 
Therefore, the term symbol for this is 2S) /2: 

For Be, there are four electrons. However, the ground electronic configuration is 
1s22s2, where two s orbitals are completely filled. As in the case of He, L = 0, 
S = 0, and J = 0 for this configuration. Therefore, the term symbol for this is 'So. 

For boron, B, there are five electrons. Out of these, four electrons completely 
fill in 1s and 2s orbitals and only one electron occupies a 2p orbital. Therefore, 
the ground electronic configuration is 1s*2s?2p!. For this, L = 1 and S = 1/2. 
Possible values of J in this case are 3/2 and 1/2. Therefore, there are two terms, 
Pin and 2P 3/2. 

Determination of term symbols so far have been simple because orbitals are 
completely filled or occupied with single electrons. When there are more than one 
electrons occupying the same orbital, care should be taken. This is the case for 
carbon, C, for which the ground electronic configuration is 1s*2s?2p*. Although 
all the electrons are equivalent for a given atom, for practical reasons, it is 
assumed that electrons assigned to different orbitals have unique labels and are 
thus nonequivalent. This is certainly an approximation but a useful one. Within this 
approximation, electrons in the filled orbitals need not be considered because their 
net orbital and spin angular momenta are zero. Thus, two electrons in unfilled p 
orbitals only need to be considered. 
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Table 8.2 Possible 


iar L |S |J Term Symbols 
combinations of L and S and i 
t 2 |O |2 D2 
erm symbols for two 3 3 3 
equivalent p electrons 1 |1 |2,1,0 | *P2, “P1, “Po 
o |0 0 'So 


For the two electrons occupying 2p orbitals, the total angular momentum 
quantum numbers of L = 2, 1,0 are possible. For the total spin, two quantum 
numbers for the total spin $ = 0, 1 are possible. Due to the symmetry requirement, 
not all the three values of L can be combined with the two values of S. Instead, only 
the combinations given in Table 8.2 are possible. 

A simple way of finding term symbols without going through full angular 
momentum calculation as introduced by Landau and Lifshitz [7] is described below. 
Note that each electron has / = 1 and s = 1/2. Therefore, there are six possible 
combinations for the sets of (/,, sz) as follows: 


ee eD oad 
A rey EA 


The set of (L,, S,) can be found by summing two out of the above six states. In 
enumerating all possible sums, one needs to consider only two rules. First, the sum 
of the same set is not allowed because it is not possible to make it antisymmetric 
with respect to the exchange of two electrons. Second, we only need to consider 
nonnegative values of L, and S, because the numbers of positive and negative values 
are always the same. 

The resulting list of all possible distinctive combinations with non-negative 
values of L, and S$, are as follows: 


a+a': (2,0) a+b:(,1) a+c: (0,1) 
a+b’: (1,0) a+c: (0,0) 

a +b:(,0) a' +c: (0,0) 
b+b’: (0,0), 


where each column corresponds to a different value of L}. For each column, those 
with higher value of S, appear in upper rows. Based on the above combinations, it 
is possible to deduce all possible term symbols. 

First, the presence of (2, 0) means that there has to be a state with L = 2 and 
S = 0. This also means that there have to be two additional combinations: (1, 0) 
and (0,0), which correspond to different possible nonnegative values of L; for 
L = 2 and S = 0. Thus, we have found three possible combinations of L; and 
Sz corresponding to the term !D. Removing these combinations from the list of 
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combinations shown above, we are now left with the following combinations: 


(1, 1) (0, 1) 
(1, 0) (0, 0) 
(0, 0) 


Note that the origin of each of the above combinations has been left out because 
it does not matter in identifying term symbols. In the above combinations, the 
presence of (1, 1) implies that there has to be a state with L = 1 and S$ = 1. This 
implies the existence of the following combinations: L; = 1, S$, = 1,0; L; = 0, 
S; = 1,0. All of these correspond to (1, 1), (1, 0), (0, 1), (0, 0), which constitute 
the term >P. Subtracting these from the above combinations, we are now left with the 
following single combination: (0, 0). This single combination implies that L = 0 
and S = 0, which corresponds to the term 1S, Thus, we have identified all three 
terms that appear in Table 8.2, 1D, 3P, and !S. For each case, all possible values 
of J can be obtained following the rules for the addition of angular momentum 
quantum numbers explained before. 

The approach described above can be extended to the case of three electrons. 
Consider the configuration p°. All the possible combinations are as follows: 


1 1 3 

ata’ +b: (2,5) ata’ +c: (l, 5) at bici Ors) 
1 1 

atb+b':(1,5) a+b +c: (0,5) 


1 
a+b+c': (0,5) 
1 
a +b+c: (0,5) 


From the above combinations, following a similar procedure, we can find out the 
following term symbols: 4S3, eae Pi, Ds and Da 

Having identified all possible terms, the next step is to determine the relative 
energy levels. There are three well known rules [31] for this. First, two rules by 
Hund prescribe relative energies based on the values of L and S as described below. 


Hund’s Rules 


According to Hund, relative energies of different terms can be determined 
based on the following two rules: 


(i) Of all the terms arising from the same electronic configuration, those with 
the highest multiplicity (largest value of S) lie lowest in energy. 


(continued) 
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Gii) Of all the terms with the same value of S arising from the same electronic 
configuration, the lowest is that with the highest value of L. 


The justification for (i) is that the states with the largest multiplicity have the 
lowest electron-electron repulsion. The justification for (ii) is that the highest 
L states can penetrate toward the nucleus more easily, and thus experiences 
larger effective charge and thus lower energy. 


Of the terms with the same values of L and S that originate from the same 
electronic configuration, Lande’s interval rule as described below then prescribes 
relative energies depending on the value of J. 


Lande’s Interval Rule 


For less than half-filled orbitals, smaller J has lower energy (normal case). 
For more than half filled orbitals, larger J has lower energy (inverted case). 
This is due to the spin-orbit coupling, which results in the following form of 
energy difference between different values of J: 


E,;-—Ej_,=AJ. (8.21) 


A is positive for normal case and is negative for inverted case. The above 
prescription leaves the case with exactly half-filled case undetermined, for 
which the rule for normal case seems to work in general. 


8.2.6 Atomic Spectroscopy: Selection Rules and Simple 
Examples 


Atomic spectroscopy results from the transition between many electron states 
due to interaction with a photon. The Russell-Saunders coupling scheme and 
the corresponding electronic terms can be used for fairly accurate description of 
the spectroscopy of light atoms and the relevant selection rules [31] are easy to 
understand. 
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Selection Rules for General Many-Electron Atoms 


The general selection rules governing the transition between two electronic 
states of many-electron atoms, (L’, S’, J’) > (L”, S”, J”), are as follows. 


AS = 0 (8.22) 
+1,0 if L’ 40 
Nh = 4 2 
| l =A d 
AJ = 0, +1 (no 0 < 0 transition) (8.24) 


The fact that the total spin of electrons does not change, Eq. (8.22), results 
from the fact that electrons interact only with the electric field component of the 
light which does not affect the spins of electrons. Of course, this selection rule 
can be broken if there is significant spin-orbit coupling. The selection rule for 
AL, Eq. (8.23), results from the fact that the sum of the total angular momentum 
of electrons and the spin of photon, which is one, should remain conserved. The 
selection rule concerning AJ is an outcome of those for AS and AL. 

Another important selection rule that is fundamental but can be overlooked easily 
is the Laporte’s rule as described below. 


Laporte’s Rule 


The transition in atomic spectroscopy is allowed only between terms origi- 
nating from two different electronic configurations that satisfies the following 
condition: 


` li : even < odd (8.25) 


L 


This rule results from the fact that the dipole operator involved in the 
interaction with the light has odd inversion symmetry and thus can connect 
only two electronic configurations with different inversion symmetries, which 
are determined by the sum of all individual angular momentum quantum 
numbers. As a result of this rule, transitions between terms coming from the 
same electronic configurations are not allowed. 


As the simple examples of the atomic spectroscopy, some major results for 
the spectroscopy of alkali metal and alkaline earth metal atoms [31] are briefly 
described below. 
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Alkali Metals The emission spectra of alkali metal atoms consist of four series: S 
(sharp, s —> p), P (principal, p — s), D (diffuse, d — p), and F (fundamental, 
f — d). Only one electron is involved in these transitions and the selection rules 


are similar to those for hydrogen atoms. That is, An is unrestricted, AJ = +1, and 
AJ = 0, +1 except that J = 0 <> J = 0 is forbidden. Note that AJ = 0 can be 
consistent with Al = +1 due to the interplay of the spin state except when J = 0. 


The principal series in the sodium atom result from the transitions, n 2p, /2 > 
3 81/2 and n 2P3/9 > 3 81/2, where n > 3. The lowest of these are called sodium 
D lines, which have the wavelengths of 589.592 nm and 588.995 nm. 


Helium and Alkaline Earth Metal Atoms In the ground state where the two electrons 
are in the same s-type orbital, the total spin state is singlet. However, when one 
electron is excited and thus there are two nonequivalent electrons, both singlet 
and triplet states are possible. However, the triplet excited states are not optically 
accessible from the ground state because of the following selection rules: AS = 0. 
That is, only singlet-singlet and triplet-triplet transitions, with AJ = +1 for the 
promoted electron, are allowed. 


8.3 Case Study of Helium Atom 


This section provides a detailed mathematical description of independent electron 
model and then more advanced self-consistent field (SCF) approximation for the 
case of helium atom. 


8.3.1 Hamiltonian and Schrödinger Equation 


The full Hamiltonian for a helium atom is given by 


x h? h? h? 
Aye = v2 y? v 
2M¢ 2me 2me 
2e? 2e? e? 


+ ; (8.26) 
4reolri —R-| 4reolr2 — R| 4reolri — r2| 


Working in terms of the center of mass and relative coordinates in this case is 
mathematically complicated. Thus, using the fact that me >> me, let us assume 
that the nucleus is fixed at the origin and that the kinetic energy of the nucleus can 


be ignored. With this assumption, the following Hamiltonian for the electrons in 
helium atom can be used: 


h? RP o 2@ 2e? e? 


+ 
ÅT egr 4T e€gr2 Am EQr12 


Aue.el = , (8.27) 
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where rj2 = |r) — r2|. Then, let us introduce WYHe,e(r1, r2) as the eigenfunction 
of the above Hamiltonian that satisfies the following time independent Schrédinger 
equation: 


Ĥrite ei YHe e (t1, r2) = EWute,e (11, r2). (8.28) 


The two-electron wave function Whe e(r1, r2) is defined in the six dimensional 
space of the two electron coordinates rı and r2, and provides full information on 
the electrons within the helium atom under the assumption that the nuclear kinetic 
energy, the contribution of which is extremely small, can be ignored. Unfortunately, 
no exact solution has been found even for this simplest example of the multi-electron 
system. Thus, one has to rely on approximation methods. 


8.3.2 Independent Electron Model with Variational 
Optimization of Effective Charge 


Let us consider the simplest independent electron model that assumes WHe,e (11, r2) 
as the product of two eigenfunctions for hydrogen-like systems. For this, it is useful 
to divide the Hamiltonian as follows [1]: 


e 1 
—, (8.29) 
Arey r\2 


yeei = Hy,z=2(1) + Ay,z—2(2) + 


where H. H,z=2(1) and H H,z=2(2) represent the Hamiltonian of a single electrons 1 
and 2 around a nucleus of charge Z = 2 at the origin, respectively, and are expressed 
as 


a , Pig 2e 1 . 
Hy, z=2 (j) = Vi J= 12 (8.30) 
, 2Me J Arr eg rj 


On the other hand, the Hamiltonian of a single electron interacting with a nucleus 
with charge Z at the origin is 


A h? 2 Ze? 
Hg, z = V . (8.31) 
: 2Me Areor 
Eigenvalues for the above Hamiltonian can be expressed as 
Ze 
En = 53-5» forn =1,2,3,--- (8.32) 


2Medo "n 


256 8 Many Electron Systems and Atomic Spectroscopy 


where ag is the Bohr radius (the effective radius of the hydrogen atom) defined as 


Arr eoh? 
ao = 7“ 


(8.33) 


Mee 


Similarly, the eigenfunction of A H.z, Which depends on the three quantum numbers 
as detailed in Chap. 6, is given by 


Yntm (1, 0,6) = Ru ()Y;” 6, 9), (8.34) 


where Y, Ai 


as 


Gata ar a FOE z 
Rutr) = ( ) ( ) PLL (=) r/(nao) (8.35) 


2n[(n + DIP nag nao 


1 (0, p) is the spherical harmonics and R,;(r) is the radial function defined 


In the above expression, LELE 1 (22) is an associated Laguerre polynomial as 


nag 
defined in Chap. 6. 
Now let us consider the following trial wave function: 


o1, r2) = Wis(Z, ri) Wis(Z, r2). (8.36) 


where W1;(Z, 7) is the 1s eigenfunction for the hydrogen-like system with nuclear 
charge Z, a parameter to be determined later, and is given by 


z 1/2 
Vis (Z, r) = Yol) = (4) aoe. (8.37) 
mta 


0 


Then, it is easy to show that 


i B o Ze 1 (2-21 
Hy, z=2 (j) Yis (Z, rj) = V3 r Wis(Z, rj) 
J 


2Me A4reg rj 4T E0 


B Z? (2-—Z)e 1 
7 2meag 4reo rj 


) Wis(Z, rj). (8.38) 


Therefore, application of the Hamiltonian, Eq. (8.29), to the trial wavefunction 
go(r1, r2) results in 


F PR. (2-Ze?/1 1 e? 
Hye, erġo(r1, r2) = 5 F 


Medo Arey 


po(rı, r2). 
(8.39) 


F] r3 4T €or12 
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As is clear from Eq. (8.39), @o(r1, r2) cannot be an eigenfunction Hute.c even 
when Z = 2 because of the last electron-electron repulsion term. In fact, Z = 2 is 
not expected to be the best choice considering that the electron-electron repulsion 
term causes partial screening of the nuclear charge. According to the variational 
theorem as described in Chap. 7, the best choice of Z is the one that minimizes the 
expectation value of the Hamiltonian. Therefore, let us first calculate the following 
expectation value: 


E¢ 


J am f dradotes.12) Fine epot, r» 


Zn 22- Ze? 1 
_ J dr Yis (Z, 1)- Yis (Z, 1) 


meag 4T €0 
e? 1 
tire dr, | drodgo(r1, r2)—Qo(r1, r2). (8.40) 
TEQ r12 


In the above expression, the two integrals can be calculated explicitly as follows: 
1 Z 
dr Yis(Z, r)-Yis(Z, r) = —, (8.41) 
r ao 


1 5Z 
| jie f dajte n aa 2. (8.42) 
r12 8ao 


Thus, employing the above expressions and the definition of aọ given by Eq. (8.33), 
one can express the expectation value Eg as follows [1]: 


h? 2 5 2 
Ey =~ \ Z’ +2ZQ-2Z)-3Z)=—4jZ 
meaĝ 


(8.43) 


Equation (8.43) shows that the expectation value of the Hamiltonian is a 
quadratic function of Z. Thus, it becomes minimum for the value of Z that satisfies 
the following condition: 


dE h? 27 
= e120 =0, (8.44) 


which results in Zopt = 27/16. This implies that the electron-electron repulsion 
can be seen as screening the charge of the nucleus by 5/16. Using this value in 
Eq. (8.43), we find that the best estimate for the ground state electronic energy of 
the helium atom within the present approximation is 


27\7 R h2 
Enin =- (35 5 = —2.84771—. (8.45) 


meaĝ meaĝ 
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8.3.3 Self Consistent Field (SCF) Approximation for Helium 


As a preliminary step for a general description of SCF approximations, let us use 
the helium atom as an example and go through approximations involved in this 
approach in more detail [1]. In order to clarify the main ideas in this approach, let 
us now use the atomic and Gauss units where h = me = dg = e = 1. Then, the 
expression for the electronic Hamiltonian of the helium atom can be expressed as 


Hue,el = —~V? — -V2 ES, (8.46) 


2 ro n ri 


Let us assume that the two electron wavefunction can once again be expressed as 
a product of single electron wavefunctions as follows: Y (r1, r2) = yı (r1)y2(r2), 
which are assumed to be normalized. Then, 


Ely. y2] = fa / droy* (1, r2) ÂY 1, r2) = niya] + blvel + Jil, Wel, 
(8.47) 


where the square brackets imply that they are functionals of the functions within 
them. Thus, 


niy] = / dri Wi (ri) (-3¥3 - =| yı), (8.48) 
hiy] = faw (r2) (-3%3 = 2) y2(r2), (8.49) 
Jli, Y2] = fam f itana. (8.50) 
Let us also define 
V3" [yal = i dry (t2) — val). (8.51) 


which is an effective potential energy that electron 1 experiences due to electron 2 
and is thus the functional of y2(r). Then, 


Joly, wl = J dry Y EDVÍ aldol (rı). (8.52) 


Alternatively, we can also define 


eff * 1 
VET (til = J drit) Wi): (8.53) 
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which is an effective potential energy that electron 2 experiences due to electron 1 
and is also a functional of w(r,). Then, 


Jot, y2] = f drz Wi EDV (ra) [Wir (12). (8.54) 


Finally, let us introduce an effective total potential for electron 1, 


2 aff 
Wevival = -=+ VET vival, (8.55) 


and define an effective one-electron Hamiltonian for particle 1, 


A 1 A 
Ayly2] = = + Vilya]. (8.56) 


Then, we can define an effective one-electron wavefunction that satisfies the 
following Schrödinger equation: 


Alyy w) = El, vayl), (8.57) 


where the fact that 6;[¥, Y2] is a functional of both Yı and y% according to the 
following identity has been used. 


Eily, v2] = J mwiet = hiyi] + lyi, Y2]. (8.58) 

Similarly, we can also introduce an effective total potential for electron 2 as follows: 
2 yif 

V22)[y1] = E + Vi 2) [v1], (8.59) 


and define the Hamiltonian and effective one-electron Schrödinger equation for the 
wavefunction for particle 2 as follows: 


A 1 x 
Mly] = =Y: + V2) [vi], (8.60) 
É [yily m2) = Elvi, Waly). (8.61) 
Then, 
&2lv1, Y2] = [ mwana = hiy] + Jil, y2]. (8.62) 


Equations (8.57) and (8.61) are effective single electron equations, and constitute 
the major equations to be solved. It is important to note that these are different 
from conventional one particle Schrödinger equations because the terms constituting 
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the Hamiltonian depend on the choice of as yet undetermined wavefunction. Thus, 
these have to be solved in a self consistent manner. For example, one can start from 
the first guess of the wavefunctions and then continue iterations. One important 
point to recognize in conducting such iterations is that the two effective one-electron 
wavefunctions are not independent but are coupled together as follows: 


War) = VT pO ls Abl ya- 8.63) 
vO a) > VET WO] > vO] > Pm) > +. 864) 


This procedure can continue until &; and &2 being determined converge. Note that 
the total energy is not equal to the sum of orbital energies. Rather, it is given by 


BE=)h4+h+J2=6+&-— Jp, (8.65) 


where the last term accounts for the electron-electron repulsion that is double 
counted when the two orbital energies are added up. 

The SCF approximation described above is known as the Hartree approximation 
and in general produces a better solution than simply assuming an eigenfunction for 
a hydrogen-like system for the single electron wavefunction. Of course, the actual 
performance of this approach depends on the choice of basis functions used for 
expanding the single electron wavefunction. 

One important issue that was not considered so far is the symmetry requirement 
for the final solution since the total two-electron wavefunction should be antisym- 
metric with respect to the exchange of the two electrons. Assuming that the two 
electrons occupy the same orbital, ensuring such symmetry requirement is easy. One 
simply needs to assume that vi (r) = wi (r) throughout the iteration procedure 
and use the singlet spin state. However, if more than two electrons and one orbital 
are involved, such procedure can be cumbersome. Thus, it is best to devise a method 
that satisfies the symmetry requirement. 


8.4 Self Consistent Field (SCF) Approximation for Many 
Electron Atoms 


Consider many electron atoms or ions with nuclear charge of Z. The classical 
Hamiltonian for this system in atomic units is 


pee nL as Ip 1 
a= 5) -) + 
j=l jake j=lkaj J 
Ne 1 Ne 1 
DI D (8.66) 
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where the second line defines h;, the single electron term of the Hamiltonian 
representing its kinetic energy and potential energy with the nucleus, and rj, = 
|r; — r| with r; and rg respectively denoting the coordinates of electrons j and k. 
The corresponding quantum mechanical Hamiltonian operator can be expressed as 


wal 1 
Ĥa = doh + TDN a (8.67) 
j=l j=lkAj ` 
where 
a2 
a P Z 
oar eee (8.68) 
J 
1 1 
— = (8.69) 


Let us denote an N,-electron eigenstate of Hel with eigenvalue Ey, as | Wy, j.l Thus, 
ĤalYn,) = En, |¥n,)- (8.70) 


It is straightforward to extend the independent electron model and the SCF 
approximation that have been detailed for the helium atom to find approximations 
for the above many-electron Schrödinger equation. In the description below, we go 
back to the Dirac notation for more compact presentation of formulation. 


8.4.1 Hartree Approximation 


The Hartree approximation can easily be extended to the general n electron state. 
For this, let us introduce single electron states, |¥1(1)),--- , |Ww,(Ne)), where px 
denotes the kth spin orbit state and the argument inside of this is the label of each 
electron. Thus, each of the single electron state represents the electron 1 in state 
W1, the electron 2 in state |w2), and so on. Let us also assume for now that the Ne- 
electron state can be expressed as the direct product of the single electron states as 
follows:? 


Yn.) = [Y1 (1) 8 |¥2(2)) 8 --- @ |W, Ne)) 
= |¥i(1))1¥2(2)) <- (Yn. (Ne))- (8.71) 


' Although there are many eigenstates, which all have to be labeled with appropriate indices, we 
do not consider them now but focus only on one of them, particularly, the ground electronic state 
here. 

? Apparently, this state is not consistent with the fact that all electrons are equivalent let alone it 
does not satisfy the Pauli exclusion principle. 
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Within this approximation, following a similar procedure as in the helium atom, the 
Hartree approximation for the total energy can be expressed as follows: 


Ey. [W1,-°-: . Wn. ] 


= (Ya (DI (Wn. Ne) yi +5 So WD) lw (Ne)) 


ae Ikaj Ík 
Ne 1 
= Tlvjl+ 5 2 Jit val |, (8.72) 
j=l j#k 
where 
wl = Ohl), (8.73) 
FielWy. Wel = Wi DI JOD We). (8.74) 


In above expressions, those in the square brackets denote their functional depen- 
dences. In other words, Ey, depends on the choice of all of | (1)), -++ , |W, (Ne)), 
I; only on the choice of |w;(j)), and Jj, on the choice of the two states |y;(j)) 
and |w,(k)). From now on, for notational conveniences, these dependences will be 
omitted. 

On the other hand, let us introduce the following effective one-electron Hamilto- 
nian operator: 


=h; + Y JWD), (8.75) 
kAj 


where the second term represents the potential of electron j due to others and is 
based on the assumption that each of electron j is in the state |y¥;(j)), which is 
yet undetermined. Now, let us assume that |y;(j)) can be determined to be the 
eigenstate of H j with eigenvalue ©; as follows: 


WOD = | hy + Y i | Wi) = Eli). (8.76) 
k#j 


Then, taking the inner product of the above equation with (w;(j)|, we obtain the 
following expression for the energy of electron j: 


Ej = 1+ Vo ik, (8.77) 
ii 
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where the definition of Eq. (8.73) has been used. The total energy of the Ne- 
electron system, Eq. (8.72), can thus be expressed using the above definition of 
single electron energy as follows: 


Ne l Ne 
Ey, = 8-32 2 ie. (8.78) 
j=1 j=l kAj 


Equations (8.76)—-(8.78) serve as the formal framework for the iteration proce- 
dure in the Hartree approximation, and one can continue the following procedure 
until convergence in Ey, is reached. 


1. Choose the initial guess states for |Y (1)), +, [Wy (Ne)). 

2. Determine hj and Jj, using the states determined in step (1). 

3. Solve the one electron Schrödinger equation, Eq. (8.76), with hj and Jjx 
determined from step (2), which results in the next approximation for states, 

1 1 

WPD) «+5 LAP No). 

4. Repeat the procedures (2) and (3), until convergence is reached in the energy 
determined by Eq. (8.78). 


Although the procedure of iteration within the Hartree approximation, as 
sketched above, is a powerful method applicable to general many-body problems, in 
practice, it is not applicable to actual many-electron systems because the resulting 
solution is not guaranteed to satisfy the symmetry requirement. Unlike the case with 
the helium atom that has only two electrons, it is not straightforward to check or 
ensure the symmetry requirement separately from the iteration procedure. 


8.4.2 Hartree-Fock Approximation 


The Hartree-Fock (HF) approximation is similar to the Hartree approximation 
except that it ensures that the symmetry property is satisfied by considering trial 
states that meet the symmetry condition at the outset. A well-known expression 
for the many-electron state as a linear combination of the products of single 
electron states, which satisfies the antisymmetry property, is the following Slater 
determinant: 


Wd) |w20)) «>: Iw. C)) 
1 | a) Iw2(2)) +++ lew. D) 


(8.79) 


[Wi (Ne)) |W2(Ne)) <+- Wn. (Ne)) 
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For the ground electronic state where there are Ne = 2N, electrons that completely 
fill in N, orbitals, the above state can be expressed as 


161 (1)) la) ġa) = lón, CDE) 
1 lġ12)) læ (2)) DILO = |, (2) 1B) 


11 (2N;))|a(2N-)) 191 (2N,))|B(2N-)) +++ lon, 2Nr)|B(2N;)) 
(8.80) 


Equivalently, this determinant state can also be expressed as follows: 


Y D`? P (|g: ()) lo 2N,))|B(2N;))) . 

|Won,) = ani 7 Tem C ) (11 (1))|@(1)) - lon, (2N-))|B(2Nr))) 
(8.81) 

where P represents a permutation operation of 1,--- ,2N, electron indices and 


Np is the number of pairwise permutations constituting a given permutation.> It 
is straightforward to show that the above definition satisfies the antisymmetric 
property with respect to any exchange of two electron indices. Since @;’s correspond 
to orbitals for the same atom, the following orthonormality relation holds: 


(r Dlo; (D) = dx. (8.82) 
Now, let us consider the following Hamiltonian for 2N, electrons: 


jo 


(8.83) 


Ae = = 
M Zi 


Then, the total electronic energy within the HF approximation is obtained by taking 
expectation value of the above Hamiltonian with respect to the antisymmetric state 
of 2N electrons, Eq. (8.81). 


Expression for the Total Energy Within the HF Approximation 


Taking the expectation value of the Hamiltonian Ĥa with respect to the single 
determinant many-electron state, Eq. (8.81), one can obtain the following 
expression for the HF energy: 


(continued) 


3 There is well established theorem that any permutation can be expressed as composite of pairwise 
permutations. 


8.4 Self Consistent Field (SCF) Approximation for Many Electron Atoms 265 


i 2N, 3 1 2: 2N, 
Eyr = (Von, |BelYon,)= > (Yon, lay lon) + Z >> (Yon, = 7 |Wan,) 

u=1 u výų 
rt EY m- Kuo) (8.84) 

p=l1q=1 
where 
Ip = ($p ()|Ailop()), (8.85) 
1 

Jp = Pp DI DI P0) 2), (8.86) 
K pq = = ODD =I, (D) 160). (8.87) 


In the above expressions, Ip is the energy of the orbital p for a single electron, 
J pq is called Coulomb integral, and K pq is called exchange integral. Detailed 
derivation of Eq. (8.84) is provided below. 


Let us consider detailed derivation of all the terms that appear in Eq. (8.84). First, 
the expectation value of the single electron term h, is as follows: 


2N, . 2N, N, . 
Yo on, au on, ) = eN- D! YC $O 2G p(w) lbp) 
p=! p= p=1 
l Nr . Ny 
= zp? 2Nr Di Dlhe) =2%_ Ip, (8.88) 
p=1 p=1 


where the fact that (bp (wh ul®p(2)) is independent of the particular choice of u 
has been used in replacing all 2N, expressions in terms of the one with u = 1. On 
the other hand, 


Sy Vand an) 


u=1 vA 


2N, 2N, 1 
= aah WELLE Y COLAO IWD) [We (v)) 


u=1 vžn jal hej 


1 
AY OIRO = ZOOI 
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1 
= uono wono 


j=1 k#j 


1 
-WORO Oe] , (8.89) 


where the negative sign for the second term within the curly bracket reflects the 
antisymmetric property of the Slater determinant, given by Eq. (8.81). In other 
words, this terms results from the component of the 1/7, operator between a 
particular component of the 2N,-electron product in the bra of Eq. (8.81) and 
another term of the ket where two electrons u and v have switched their states. 
The resulting ket should have an opposite sign from that of the bra state because 
they are different by one pairwise exchange of two electrons. The second equality 
in Eq. (8.89) reflects the fact that the two integral terms involving u and v are 
independent of particular choice of these indices. Thus, 2N, (2N, — 1) of such terms 
can all be replaced with the one with u = 1 and v = 2. 

Note that each single electron state is a spin-orbit state. In other words, for j = 
2p—1, 


lWop—1(4)) = $p (4) læ (u). (8.90) 
On the other hand, for j = 2p, 


lW2p()) = lbp (u) (BC). (8.91) 


Now, the components in the summation in Eq. (8.89) can be simplified depending 
on whether the indices are even or odd as follows. 
For j =2p—1,k =2porj=2p,k =2p-1, 


1 
WDD WA ean 


1 
= (Dle Blz Ip) lbp 2) = Jpp- (8.92) 
12 


On the other hand, the second term that results from the exchange of two electrons 
in this case is zero as follows: 


1 
ABDI DY) = 0. (8.93) 


This is because the spin «œ and £ states are orthogonal to each other. 
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For j =2p—1,k = 2q — l or j = 2p, k = 2q with p # q, 
WORDE WONO) 
= DIKE DAO) = Jpq: (8.94) 
On the other hand, for this case, 
WORI DIW (2)) 
= OKI Ia Ip) = Kpq, (8.95) 


which is nonzero in general. 
For j = 2p — 1, k = 2q or j = 2p, k = 2q — 1 with p # q, 


1 
ORDIS D2) 
12 
1 
=(OpVibg Dl lpha) = Ipa- (8.96) 
12 
On the other hand, the second exchange term for this case is zero as follows: 


1 
DRDI DD) =0. (8.97) 


This is because the spin «œ and £ states are orthogonal to each other. 
Combining all of the above cases, Eq. (8.89) can be expressed as 


2N, 1l 
D> uono nD 


j=1 k#j 


1 
OOE w) 


N, 
= >> J pp + X Ja — Kpq) 
p=1 


q#P 
N, Ny 
=2 >" Yi — Kpa}. (8.98) 
p=1q=1 


where, in the last equality, the fact that Kpp = Jpp has been used. This completes 
the proof of Eq. (8.84). 
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Having demonstrated the validity of Eq. (8.84), let us now consider its relation- 
ship with the single electron picture. For this, let us consider the following effective 
single electron Hamiltonian operator: 


Nr 
ÂD = hi + D> (24pqQ) - RD), (8.99) 
q=1 


where J pq (1) and K pq(1) are operators defined for electron 1 by the following 
relations: 


x 1 
Jpg Dlo (1)) = (600215, 16012) lbp (1), (8.100) 
x 1 
Kpa (1)lġp(1)) = COZ l$). (8.101) 


Let us assume that |p (1)) is the eigenstate of H p(1) with eigenvalue &, as follows: 


N, 
A DoD) = | hi + X (250 — Rpg) } lbp) = £2160). 
q=1 


(8.102) 
Then, taking inner product of the above equation with (ġp(1)|, we obtain the 
following expression: 


N, 
Ep = Ip + Cpa — Kpa). (8.103) 
q=1 


This is the energy of each orbital. In this expression, 2Jpq is the regular Coulomb 
interaction term representing interactions with other electrons. The factor of 2 in 
this term accounts for the contributions of both spin up and down states. On the 
other hand, —K pq represents purely quantum mechanical interaction that comes 
from exchange of two electrons. This is nonzero only when the two electrons are 
in the same spin state. Note that the interaction between two electrons in the same 
orbital, Jpp, is also included in Eq. (8.103), for which Kpp = Jpp. With the above 
expression, the HF energy can be expressed as follows: 


N, N, N, 
Eur =2_ Ep- YY OJy- Kpa). (8.104) 
p=1 p=1q=1 


Equations (8.102)—(8.104) serve as the formal framework for the iteration procedure 
in the HF approximation. Thus, one can continue the following procedure until 
convergence in Ef is reached. 
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1. Choose the initial guess states for 1p (1)), =>, P), which are all 
orthogonal to each other. 

2. Determine hy, T (1), and Kus (1) using the states determined in step (1). 

3. Solve the one electron Schrédinger equation, Eq. (8.102), with h i; J pq (1), and 
K pq (1) determined from step (2), which results in the next approximation for the 
orbital states, |{'”(1)), +, 199 0). 

4. Repeat the procedures (2) and (3), until convergence is reached in the energy 
determined by Eq. (8.104). 


Although the above HF approximation accounts for the effect of many electrons 
on average, it misses the effects of correlation between different electrons, which 
requires going beyond the assumption of trial state as a single Slater-type deter- 
minant. The approach of assuming the state as a linear combination of multiple 
determinants is usually called multi-configuration methods. Another important 
effect that is missing in the HF approximation described above is the spin-orbit 
interaction and/or relativistic effect, which become important for heavy atoms. 


8.5 Summary and Questions 


For many-electron atoms, the corresponding time independent Schrédinger equa- 
tions cannot be solved exactly. However, due to the spherical symmetry of the 
system having only one nuclear center and the Pauli exclusion principle that leads 
to substantial reduction of repulsive interactions between electrons, it is possible to 
come up with an approximate scheme that is simple enough to offer good physical 
insights into many-electron atoms. The simplest of this kind is the independent 
electron model that assumes that the collection of many-electron states can be 
viewed as filling up electrons one by one on top of others according to the Aufbau 
(Building-up) principle that prescribes putting electrons in single electron orbitals 
that are available and have the lowest possible energies. 

Within the independent electron model, the degeneracy of the single electron 
orbitals for the same value of the principal quantum number is lifted because the 
effective electron-nuclear potential, even though it remains centrally symmetric, 
is no longer in Coulombic form. In general, orbitals with smaller orbital angular 
momentum quantum number / have lower energy than those with higher / for the 
same principal quantum number n. This is because the former tends to penetrate 
better into the region closer to the nucleus than the latter. While these energy 
differences between different values of / are small compared to the principal energy 
differences for small n, the two become comparable as n becomes large. This results 
in unique properties of transition metal elements, lanthanides, and actinides. 

For many electron atoms, the sum of total orbital angular momenta of electrons 
and total spin of electrons remains conserved and the corresponding quantum 
number, normally called J, serves as a good quantum number. For the case where 
the spin-orbit interactions are small, which remains a good approximation except for 
heavy atoms, the total orbital quantum number L and the total spin S serve as nearly 
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good quantum number and can be effectively used to specify different electronic 
states. With proper consideration of the Pauli exclusion principle that forbids having 
two electrons in the exactly the same spin-orbit states, it is possible to come up with 
all distinctive states that can be specified by the values of L, S, and J. Then, relative 
orders of these states can be determined according to the application of Hund’s rules 
and Lande’s interval rule. 

Selection rules for the atomic spectroscopy of many atoms can be understood on 
the basis of terms classified according to the values of L, S, and J and employing 
the fact that the interaction with the radiation is through the dipole operator, which 
causes the change of L at most one and leaves S to remain unchanged. The fact 
that the dipole operator has odd inversion symmetry also leads to Laporte’s rule for 
allowed transitions. 

More quantitative description of many-electron states can be conducted by 
applying the variational principle in a self-consistent way. The simplest of this 
is called the Hartree approximation, which however does not take the symmetry 
property of many electron states into consideration. A proper approach that also 
accounts for the Pauli-exclusion principle is the HF approximation. This serves 
as fairly accurate method of calculating many electron states although it does not 
account for correlation effects of many electrons and other effects that require more 
advanced theories. 


Questions 


e What is the physical basis for Aufbau principle? Can this be justified based 
on the perturbation theory? 

e What is the difference between a configuration and a state for many 
electron systems? 

e What is the major difference between LS-coupling and j/j-coupling 
schemes? 

e Why are not all combinations of L and S possible for states for electrons 
occupying the same orbital? 

e How can Hund’s rules be understood? Can they be violated? 

e What is the physical origin of Lande’s interval rule? 

e What are selection rules for L, S, and J in electronic absorption or 
emission involving electronic states of many electron atoms? How can they 
be explained? 

e Can one apply the Hartree approximation for a collection of identical 
bosons? 

e What is the origin of the exchange interaction in the HF approximation? 


Exercise Problems with Solutions 


8.1 Find out all the atomic term symbols for přd!, and list them in the order of 
increasing energy (assuming Lande’s interval rule for more than half filled orbitals.). 
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Solution 8.1 přd! has the same terms as p!d!. Thus, we consider the latter. Since 
there are two electrons with /; = 1 and h = 2 occupying different orbitals, L = 1, 
2, and 3, and for each case S$ = O and 1 are possible. Therefore, the following 
combinations and terms are possible. 


LIS lJ Terms 

1 lo |1 'p, 

1 |1 |0,1,2 | 3Po,3P1,3P. 
2 |0 |2 1D, 

2 |1 |1,2,3 | 3D), 3D2, D3 
3 J0 |3 IR, 

3/1 


2,3,4 |F, 3F3, 3Fy 


The order of the above terms from the lowest to the highest energies is as follows: 
°F 4, °F3, °F2, °D3, *Do, °D1, *P2, *Pi, *Po, 'F3, Do, 'P1 


8.2 Find all the atomic term symbols for d? configuration, and list them in the order 
of increasing energy. Specify where Hund’s rule and Lande’s interval rule are used. 


Solution 8.2 For the given configuration, there are the following ten states of 
(lz, Sz) for one electron: 


a:(2,5) bid, ©€:0,5) d:(-1,5) — e:(-2,4) 
a:(2,5) V:a, e:O d'il, i) &:(-2,5) 


The combination of two different states among the above leads to the following pairs 
for (Lz, Sz): 


a+a': (4,0) a+b:(3,1) a+c:(2,1) a+d:(1,1) a+e: (0,1) 
a+b :(3,0) a+c’:(2,0) b+c:(1,1) b+d:(0,1) 
a'+b:(3,0) a’+c:(2,0) a+d': (1,0 a+e: (0,0) 

b+b’:(2,0) a’+d:(1,0) a’+e: (0,0) 
b+c’:(1,0) b+d’: (0,0) 

b +c:(1,0) b +d: (0,0) 

c+ c: (0,0) 


In the above list, the presence of (4, 0) means that the combination of L = 4 and 
S = 0 exists, for which (3, 0), (2, 0), (1, 0), and (0, 0) can also be removed from 
the list. The remaining list thus becomes 
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(3, 1) (2, 1) d, 1) (0, 1) 
(3, 0) (2, 0) (d, 1) (0, 1) 
(2, 0) (1, 0) (0, 0) 

(1, 0) (0, 0) 

(1, 0) (0, 0) 

(0, 0) 


where we have removed the combinations of labels how the above pairs are formed 
because they are not important for determining the terms. In the above list, the 
presence of (3, 1) means that the combination of L = 3 and § = 1 exists, for 
which (3, 0), (2, 1), (2, 0), C1, 1), (1, 0), (0, 1), (0, 0) can also be removed from the 
list. The remaining list thus becomes 


(2, 0) (1, 1) (0, 1) 
(1, 0) (0, 0) 

(1, 0) (0, 0) 

(0, 0) 


In the above list, the presence of (2, 0) means that the combination of L = 2 and 
S = 0 exists, for which (1,0) and (0, 0) can also be removed from the list. The 
remaining list thus becomes 


d, 1) (0, 1) 
(1, 0) (0, 0) 
(0, 0) 


In the above list, the presence of (1, 1) means that the combination of L = 1 and 
S = 1 exists, for which (1, 0), (0, 1), and (0, 0) can also be removed from the list. 
As aresult, the only remaining list becomes (0, 0), which corresponds to L = 0 and 
S = 0. Summing up all of those identified above, we find that 


LIS |J Terms 
40 l4 'Gy 
3 |1 |2,3,4 | 3Fo, 3F3, 3Fy 
2 |0 |2 1D, 
2 |1 [0,1,2 | 3Po, 3P1, P2 
0 jojo 'So 


Applying Hund’s rules and Lande’s rule, terms from the lowest energy to the 
highest energy can be ordered as follows: 


$F, 3F3, 9F4, Po, °P1, °P2, 'Ga, 'D2, 'So 
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8.3 For an oxygen atom in the ground configuration [He]2s”2p‘, find out the term 
symbol for the ground electronic state. Assuming that the oxygen atom makes 
transition to an excited state configuration [He]2s?2p73d!, find out term symbols 
for all the excited states to which the transition from the ground electronic state is 
allowed. 


Solution 8.3 2s p* has the same terms as p?, for which, as explained in the main 
text, the following terms can be identified: 


'Dy, 3P2, 3P1, Po, 'So 


Since the p orbital is more than half-filled, according to Lande’s interval rule, 
3P, is the ground state term. Now let us consider possible terms for the excited 
configuration, which is equivalent to 2p*3d!. As described in the main text, for p°, 
the following three cases are possible. 


1 
L=2,S=- 
2 

L=1 =e 
SBS 
3 

L=0, S=- 
2 


For each case, adding / = 2 and s = 1/2 of the d orbital electron, we obtain the 
following combinations: 


L=0, 1, 2, 3, 4; S=0, 1 
L=1, 2, 3; S=0, 1 
L=2,; S=1, 2 


Therefore, possible terms can be obtained as follows: 


LiS\J Terms 

0 io 0 'So 

0/1 /1 38) 

1 |0/1 Ip, 

1 |1 |0,1,2 3Po, P1, SP2 
2 l0 |2 1D, 

2 |1 |1,2,3 3D), 2D2, D3 
2 |2 |0,1,2,3,4 |°Do, D1, *Do, *D3, D4 
3 0 13 Ip; 

3 |1 |2,3,4 3F3, 3F3, 3Fy 
4 0 4 1G4 

4 11 [3,4,5 3G3, G4, °Gs5 
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Among the terms above, transition from >P2 to the following terms are allowed: 
3S1, Pts Pay “Di, "Dy, °D3 


Problems 


8.4 Find out all the atomic term symbols for s! přd!, and list them in the order of 
increasing energy (assuming Lande’s interval rule for more than half filled orbitals.). 


8.5 For an excited configuration of C given by 1s?2s!2p?, find out all possible 
terms. 


8.6 For the ground electronic state of Be with the configuration 1s?2s?, find 
out total electronic energy within the Hartree-Fock approximation by employing 
Eq. (8.84). Express your answer in terms of the following quantities: 


hs = (1s(1)|Ai|1s()), 
hs = (2s(1)|h1|25(1)), 


1 
Jisis = (IsC((Is(2)1= Hss), 
12 
1 
Jrsas = (2s (D (2s (|z |28(2)}|2s(1)), 
12 
1 
Jisas = (IsCD)(2s(2)|= [2s (2))|18(1)), 
12 


1 
Kisz = (SDK Blz 2s) 1s). 
12 


Chapter 9 A) 
Polyatomic Molecules and Molecular om 
Spectroscopy 


We have sought for firm ground and found none. The deeper we 
penetrate, the more restless becomes the universe; all is rushing 
about and vibrating in a wild dance. 


— Max Born 


Abstract This chapter provides a general quantum mechanical account of poly- 
atomic molecules, and describes the Born-Oppenheimer approximation that allows 
calculation of adiabatic electronic states for fixed nuclear coordinates. Taking 
diatomic molecules as examples, independent electron model and the approximation 
of linear combination of atomic orbitals as molecular orbitals (LCAO-MO) are 
described, and the molecular term symbols for corresponding electronic states are 
explained. As the next example, the LCAO-MO approximation with additional 
assumptions due to Hiickel is used to describe electronic states of 2-conjugated 
molecules. The chapter then provides a brief overview of the group theory and its 
applications for constructing MOs and analyses of vibrational spectroscopy. 


The Hamiltonian operator for a polyatomic molecule with N, nuclei and Ne 
electrons consists of two terms as follows: 


Hu = Eau F co (9.1) 


where Êpu represents the nuclear kinetic and potential energies, and Hen represents 
the kinetic and potential energies of electrons. The potential energy of electrons 
includes both electron-nuclei interactions and those between electrons. In atomic 
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units, these two terms are expressed as 


Nu § N, 
x u P2 1 u ZZ 
Any = c = Thua 9.2 
ae Ao 2s (9.2) 
c=1 c=] d'Æc 


p Zee? Ni 
H,, — ee ee Fa, ee 
en 7 > > r a Ar 5 a J AE (9.3) 


In Eq. (9.2), Me, Ê., R., and Ze are the mass, momentum operator, position operator, 
and charge of the nucleus labeled as c. In Eq. (9.3), p, and f, are the momentum 
and position operators of the electron labeled as jz. 

Let us denote the eigenstate of the above molecular Hamiltonian Hu as |Vy), 
for which the time independent Schrödinger equation is 


Au|u) = (Anu + Hen) Yu) = Em|Ym). (9.4) 


Solving the above equation is challenging even numerically. In particular, the large 
disparity of the masses of electrons and nuclei make it difficult to come up with 
common length and energy scales applicable to both of them. Thus, due to both 
conceptual and numerical reasons, it is much more beneficial to treat them at 
different levels. The standard approach for this is the Born-Oppenheimer (BO) 
approximation that treats nuclear motions adiabatically and ignores the coupling 
between electron and nuclear kinetic energies as described in detail below. 


9.1 Born-Oppenheimer Approximation 


Let us denote the whole set of nuclear coordinates as R = (Rj,-:- , Ry,) and 
the corresponding position state bra of the nuclear coordinates as (R|. Taking inner 
product of this with Eq. (9.4), we obtain 


(R| Ay |W) = (R| ÂnulYm) + (Rl Aen Yau) = Eu (R|Ym). (9.5) 


In the above expression, the nuclear term involving Any can be calculated using 
Eq. (9.2) and is expressed as 


Nu 


P h? 
(Rl Anal Va) = } -) sge + aa — (R|Wu). (9.6) 
c=1 c=] c'Ac 
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On the other hand, the term involving Hen in Eq. (9.5) can be simply expressed as 
(Rl Hen|Y) = Aen R)(R|Ym), (9.7) 


where Hen (R) is the same as Eq. (9.3) except that Ris replaced with R as follows: 


Ne f? Ne Nu e i 1 
a a LLB it pT a) (9.8) 


Equation (9.8) represents the Hamiltonian for electrons with fixed nuclear coor- 
dinates as parameters. Let us now define adiabatic electronic states as eigenstates of 
this Hamiltonian. Thus, 


Heen(R)|We,a(R)) = Ee,a(R)|Ve,a(R)), (9.9) 


where a denotes the index specifying different adiabatic electronic eigenstates for 
the fixed nuclei. 

Before moving to the next step, it is worthwhile to note the parametric depen- 
dence of Eq. (9.9) on the nuclear coordinates R = (Rj,--- , Ry,). As indicated, 
both the eigenstates and eigenvalues depend parametrically on R. Although not 
shown, in fact, even the index a depends implicitly on R. As a consequence, two 
different adiabatic states for two different nuclear coordinates are not in general 
orthogonal as indicated below. 


(We,a'(R')|We,a(R)) x 0. (9.10) 


Once we have specified an adiabatic electronic state |We a(R)), let us assume 
that the inner product of (R| with the total molecular wavefunction |W) can be 
expressed as! 


(R|Ym) = Vnua(R)|We,a(R)). (9.11) 


The implication of the above expression is that the molecular state at R is defined 
by electrons in the particular adiabatic state |We a (R)), whereas the wavefunction 
for nuclei is Ynu, a(R). Employing Eq. (9.11) in Eq. (9.7), we obtain 


Hen (R)(R| Ym) = Hen (R)Wnu,a (R)|We,a(R)) = Vnu.a R) Hen R)I Yea (R)), 
(9.12) 


where the second equality results from the fact that Hen (R) does not involve 
any derivative with respect to nuclear coordinates. On the other hand, employing 


' More generally, one can consider a linear combination of these. 
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Eq. (9.11) in Eq. (9.6), we obtain 


Nu h2 Nu ZZ 
a = 2 c! 
(RlÊnu| Ym) = 2 am; V+ LD RR Ra Vnu,a(R)|We,a(R)). 


(9.13) 


In the above equation, due to the dependence of the electronic state | We a (R)) on the 
nuclear coordinates, derivatives with respect to nuclear coordinates entail couplings 
between electronic and nuclear degrees of freedom as follows: 


Ve(Wnu,a(R)|We,a(R)) = |We,a(R))VeVnu,a(R) + 2 (VelWe,a(R))) - (VeWnu,a(R)) 
+ (V2l¥ea(R))) Ynu.a R). (9.14) 


In principle, the molecular Schrödinger equation, Eq. (9.5), can be solved by 
employing Eq. (9.13) including all the derivative coupling terms as indicated above. 
However, this is computationally challenging, and is not necessary typically because 
the first and second terms in the righthand side of the above equation are very small 
compared to the first term. The BO approximation is to ignore these small terms” 
and to employ the following simplification: 


Vi (Wnu,a(R)|We,a(R)) ~ |We,a(R)) Ve Ynu,a R). (9.15) 


Within the BO approximation as noted above, using Eq. (9.11) in Eq. (9.5) now 
leads to 


N, 
u a 
IWea®)) \— zy Ta a =e Rey t EaR) Yna (R) 
c=1 c=] c’4c 
= Em |We,a(R)) Ynu,a R). (9.16) 


The above equation implies that the electronic Schrödinger equation, Eq. (9.11), 
can be solved for all values (practically only for important region) of R, from 
which the electronic energy Ee a(R) for each of the eigenstate can be determined. 
Combination of this with the nuclear potential energy leads to the following full BO 


? In case two or more adiabatic electronic states are degenerate or close to each other for certain 
value of R, these terms cannot be ignored and result in nonadiabatic effects. Nonadiabatic effects 
can be significant for bond forming or breaking situations, excited electronic states, and processes 
involving proton or electron transfer. 
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potential energy for the nuclear degrees of freedom: 


Nu Nu 


Vgo,a(R) = oy = a Rat ER), (9.17) 


c=1 c’4c 


Taking inner product of Eq. (9.16) with (We(R)| and employing the above definition 
of Vgo, a(R), we thus obtain the following nuclear Schrödinger equation (in 
Schrédinger’s formulation): 


Nu h2 
|- X v+ vaoa) Vnu, aR) = Em Wru aR). (9.18) 


Alternatively, introducing the nuclear state | Wy) such that Wnu,a (R) = (R| Ynu,a)» 
the above Schrödinger equation can be expressed in the Dirac notation as follows: 


Nu p2 a 
D , |Wnu.a) = Em |Wnu,a)- (9.19) 


c=1 


Solution of the above equation completes the calculation of the molecular eigenstate 
within the BO approximation and the total molecular energy Ey. 


9.2 Molecular Orbitals and Electronic Configurations 
for Diatomic Molecules 


This section provides more detailed consideration of diatomic molecules, as the 
simplest examples of polyatomic molecules. The electronic Hamiltonian and 
Schrödinger equation based on the BO approximation are presented in detail. A 
simple molecular orbital theory for approximating these electronic states [1] is 
summarized, which offers clear understanding of important qualitative features 
observed for these systems. 


9.2.1 Example of H2 


For H? molecule, the nuclear and electronic components of the molecular Hamilto- 
nian constituting Eq. (9.1) are 


ps Pe (9.20) 
"5am t 2M Rl : 
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i. - Pi BS 1 1 1 1 
en = + z A A A r A x az 
2 2 |f-Ral |fi—Rel |f2 Ral | — Ral 
1 
+ ——_. (9.21) 
Ir) — f2| 


Thus, the electronic Hamiltonian for fixed values of R4 and Rg, defined by 
Eq. (9.3), for the present case is 


A? ad 
x Pi , Po ! : 
Hen (Ra, Rg) = = + P f 
en (Ra, Rg) 2 2 Ir; — Ral Ir: — Rg| 
1 1 ! 
n S + f f 
Itf2— Ral |f2-Rs| Ifi —î2| 


ô ôo ı 1 1 1 1 
+ x rR = a 
2 2 ña Tip hA B Pi2 


(9.22) 


Although the above Hamiltonian corresponds to the simplest electronic Hamiltonian 
of all polyatomic molecules, it is not amenable for an analytic solution. Thus, 
approximations are needed. As in the case of many-electron atoms, where the 
solution for hydrogen atom serves as a good basis for constructing states for many 
electrons, one can use the electronic states for Hy , for which exact analytic or 
reasonably good approximations exists, as a useful basis for constructing states for 
two or many electrons. The simplest approximation of this nature is called the linear 
combination of atomic orbitals as molecular orbital (LCAO-MO). 

Within the LCAO-MO approximation, MOs are approximated as linear combi- 
nations of atomic orbitals. For example, for the ground electronic state of H , where 
there is a single electron, one can assume the following form for the MO: 


|W) = Call Sa) + Call Sp), (9.23) 
where 1S4 and 1S, respectively represent the 1s orbital for a hydrogen atom 


centered at R4 and Rg. Employing the variational principle, as described in Chap. 7, 
we can obtain the following matrix equation for C4 and Cg: 


Cae a T (9.24) 

Hga — ES Hgg— E Cp (0) 

where 
H44 (R) = (1S4|Êen(R)|1S4), (9.25) 
Hgg (R) = (1Sg8|Êen(R)|1SB), (9.26) 
Hag (R) = (1S4|Êen(R)|1S8) = HBA (R), (9.27) 


S(R) = (1S4|1S8) = (1Sg|154). (9.28) 
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Employing the expression for the 1s orbital explicitly in the above expressions, it is 
possible to confirm the following relationship: 


1 
Haa (R) = Hgg(R) = =F J(R), (9.29) 
where 
J (R) = e™?®? (1 + z) ao (9.30) 
=e R R à A 
Similarly, 
R2 
S(R) =e * (: +R+ 5) ; (9.31) 
R 
Hap(R) = -25 + K(R), (9.32) 


where? K(R) = —e~*(1 + R). 
The matrix equation, Eq. (9.24), implies that 


Haa—E Hagp—ES|\ _ 


= 0, 9.33 
Hga — ES Hgg— E ( ) 
which has the following solutions: 
H H 
pa MATHAR (9.34) 
IFS 
Note that 
1 1 
Haa — Hgg =—, + J (R) + SCR) — K (R), (9.35) 
1 1 
Haa + Hag = —3 + J (R) — 55S(R) + K (R). (9.36) 


3 Note that K (R) is not the exchange interaction term introduced in Chap. 8 although similar 
notation is used. 
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Therefore, 
aif, = = 
E_(R) = 5(1 — S(R)) + J(R) — K(R) 
1— S(R) 
o 1l J(R) K(R) 
E 21I- S@) 1—S(R) en 
Similarly, 
1 
ies a (9.38) 


2° 1+S(R) 14+S(R)’ 


In the above expressions, J(R) represents the Coulomb interaction between the 
electron in orbital 1S4 (or 1Sg) and the nucleus B (or A). 

From Eq. (9.30), it is clear that J(R) + 1/R > 0 always. On the other hand, 
K(R) represents stabilization energy due to sharing of an electron between two 
orbitals and is always negative. Therefore, E+(R) < E_(R) for all values of R. 

For E(R), Eq. (9.24) reduces to 


aout ok = (3) (9.39) 
Hga — SHaa SHaa — Hap Cp 0 

The solution for C4 and Cpg satisfying the above equation is that C4 = Cp. 
Therefore, the corresponding state is |W) = C4(|1S4) + |1Sg)). The remaining 


coefficient Ca can be determined by the normalization condition, (W+|w+) = 
C3 (2 + 2S) = 1. Thus, the state is given by 


1 
IV+) = pars l1% + IS). (9.40) 


For E- (R), Eq. (9.24) reduces to 


es + Hag Hap — SHAA ) i) 2 (3) (9.41) 
Hga — SHaa —SHaa + Aap CB 0J” l 


The solution for C4 and Cg satisfying the above equation is that C4 + Cg = 0. 
Therefore, the corresponding state is |W) = C,4(|1S,4) — |1Sg)). The remaining 
coefficient C4 can also be determined by the normalization condition, (w_|w_) = 
Ci (2 — 2S) = 1. Thus, the state is given by 


1 
lv) = Td 5) (|1S4) — |1SB)). (9.42) 
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[1S4) + |1Sp) 


9o. 


No nodal plane in between 


aan = |LSB) 


=+ =— =--> , 
Z-ax1S 


Nodal plane in between 


Fig. 9.1 Two LCAO-MO states formed by 1S orbitals in Hy 


lsa ‘ ‘ 1s 
= 


Fig. 9.2 Energy diagrams of two LCAO-MO states formed by 1S orbitals 


Figure 9.1 illustrates the two orbitals |y) and |W_). Because both of these 
states are cylindrically symmetric around the internuclear axis, they are called o 
orbitals. Note that |w+) does not have any nodal plane in between A and B and 
is thus symmetric with respect to inversion, whereas |w_) has a nodal plane and 
is antisymmetric. Therefore, the former is denoted as* log 1s) while the latter as> 
lo, 1s). 

Figure 9.2 shows the energy diagram of |og1s) and |o,1s) states. As is alluded 
from the figure, the lowering of Eg = E+(R) from that of the atomic state is less 
than the relative increase of E, = E_(R). This can in fact be proved directly. 


4 Subscript g represents gerade (even in German). 
5 Subscript u represents ungerade (odd in German). 
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Equations (9.37) and (9.38) can be re-expressed as 


_ 1 J(R)— K(R) 1 
E, = 5 T SR) R (9.43) 
— 1 J(R)+K(R) 1 
AE 5 1+ S(R) R’ eon 
where note that Eis = —1/2. Therefore, 
1 1 
(Eu — Eis) — (Eis — Eg) = (<5 am) Ke) 
( 1 1 TR) 2 
T t n) TR 
>2 (10) + z) > 0. (9.45) 


Thus, the amount of destabilization of energy in anti-bonding orbital is more than 
the amount of stabilization in bonding orbital. 


9.2.2 Molecular Orbitals and Electronic Configurations 
of Diatomic Molecules 


LCAO-MOs can be constructed for all other diatomic molecules in a manner similar 
to those for H2 described in the previous subsection. Within the independent electron 
model, one can then construct the electronic configuration by filling electrons in 
available MOs, up to two electrons per each orbital so as not to violate the Pauli 
exclusion principle. An important quantity indicating the stability of each electronic 
configuration is its bond order defined below. 


Bond Order (B.O.) 


Given the electronic configuration, the bond order (B.O.) can be calculated as 
defined below. 


1 
Bond Order (B.O.) = 5 {(# of electrons in bonding orbitals) 


—(# of electrons in anti-bonding orbitals)} 
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Let us consider the examples of diatomic molecules in the first row. For the case 
of Hp, the electronic configuration is (og 1s)? and the B.O. is 1. On the other hand, 
for Hep, the electronic configuration is (og 1s)*(o,1s)* and the B.O. is 0. Because 
of Eq. (9.45), the total energy of electrons for Hez is higher than the sum of He, even 
within the approximation of independent electrons. Therefore, Hez is energetically 
unfavorable and is not formed. 

For the specification of electronic configurations of diatomic molecules with 
more electrons than Hey, it is necessary to consider additional MOs formed by other 
types of atomic orbitals. For 2s atomic orbitals, the MOs that can be formed are 
similar to those from 1s orbitals, and are denoted as og2s and 0,25. 

The MOs formed by the three 2p orbitals can be classified into two different 
groups. The 2p, orbitals form o orbitals as follows: 


log2pz) X (|2pz,a) — |2Pz,B8)), (9.46) 
|ou2pz) X (|2pz,a) + |2Pz,B))- (9.47) 
Note that the bonding orbital in this case is formed by the difference (instead of 
the sum) of the two 2p, atomic orbitals. This way, the two has the same phase in 


the region between the two nuclei. Bonding and anti-bonding orbitals that can be 
formed by the two atomic orbitals are illustrated in Fig. 9.3. 


On the other hand, px and py orbitals form x MOs as follows: 
|u2Py) x (|2py,a) + |2Py,B)), (9.48) 
|Tu2px) X ([2px,a) + |2px,B)), (9.49) 
|7g2py) X (|2py,a) — |2Py,B)): (9.50) 
| g2px) X (|2px,a) — |2Px,B)). (9.51) 


These x MOs have one nodal planes that contain the internuclear axis as illustrated 
in Fig.9.4. The bonding orbital has u symmetry and the anti-bonding has g 
symmetry. The axis perpendicular to the internuclear axis can be either x or y axis. 
Thus, there are two 2 MOs for each type of bonding and anti-bonding. 

In general, o interactions are stronger than x interactions because electrons are 
more localized along the internuclear axis for the former. Therefore, it is expected 


Fig. 9.3 Bonding molecular orbital, og2p, (left), and anti-bonding molecular orbital, o,,2p, 
(right), formed by two 2p; atomic orbitals 
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Fig. 9.4 Bonding z molecular orbital, 27,2 p (left), and anti-bonding x molecular orbital, 27r g2 p 
(right), formed by 2p, or 2py atomic orbitals 


Fig. 9.5 MO diagram corresponding to Liz through N2 


that og2p, bonding orbital has lower energy than 7,2 p,,y and that o„2 pz has higher 
energy than 7g2p,,y. However, for diatomic molecules ranging from Liz through 
No, the relative order of bonding orbitals is switched. Thus, og2 pz has higher energy 
than 7,2 px,y for these molecules. This is an outcome of repulsive interactions from 
electrons already occupying the o,,2s orbital, which destabilizes the og2p, orbital 
because they have significant overlap along the internuclear axis. Figure 9.5 shows 
the MO energy diagram reflecting this effect. The ground electronic configurations 
that are obtained by filling up electrons according to the molecular building-up 
principle are listed in Table 9.1. 


9.2 Molecular Orbitals and Electronic Configurations for Diatomic Molecules 287 


Table 9.1 Molecular configurations, bond order, and term symbols of ground electronic states for 
stable diatomic molecules 


# of elec. | Configuration B.O. | Ground st. 

Hy 1 (og1s)! 1/2 Ee 
H? 2 (oz 1s)? 1 ee 
Hey | 3 (og1s)*(o, 1s)! 1/2 [PEt 
He» 4 (og 18)? (0u 18)? 0 

Liz 6 KK(a42s)? 1 ‘Ee 
Bez 8 KK(o¢2s)? (0425)? 0 

Bo 10 KK (0925)? (6425) (u2 Dx, y) 1 E 
C2 12 KK (0325)? (Ou 28)? (Tu2Px,y)* 2 p 
N2 14 KK (0325)? (0u28)? (u2 Px, y) (082p) 3 p 
O2 16 KK (25)? (Ou28)? (tu 2Px,y)4(Gg2pz)"(Te2px,y)” |2 ae 
Fy 18 KK (092s)? (0428)? u2 Px y) (0g2P:) tg2Px y) |1 pons 


Fig. 9.6 MO diagram for O2 


— 
and F2. The electrons filled in H : 
represent the configuration of I — .— 

O2 T,2 Px E ` T.2Py 


ly \l 
i] “u 


On the other hand, for O2 and Fy, the original order is restored and the og2pz 
orbital has lower energy than z,,2p orbitals. This is because large nuclear charges 
of these molecules cause large enough separation of energy levels between the 
0,28 and og2p, orbitals compared to their electron-electron repulsion effect. The 
resulting MO diagrams, with all electrons for Op filled, are shown in Fig. 9.6. For 
the case of Fo, the additional two electrons fill up the 7,2p orbitals. The ground 
electronic configurations for these are also listed in Table 9.1. 

Having defined the MOs, as depicted in Figs. 9.5 and 9.6, and identified the 
electronic configurations of diatomic molecules as summarized in Table 9.1, it is 
important to assess the validity and accuracy of the approximations involved. To 
this end, photoelectron spectroscopy and Koopmans’ theorem play important roles, 
which are summarized below. 
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Photoelectron Spectroscopy 


Photoelectron spectroscopy is the molecular version of the photoelectric effect 
where a photon of large enough energy is absorbed by a molecule and an 
electron is released from the molecule. Due to the energy conservation, the 
following relationship holds for a photoelectron spectroscopy: 


1 
RV = zev? F fg: (9.52) 
where vpn is the frequency of the photon being absorbed by the molecule, 
v is the speed of the ejected electron, and /; is the ionization energy of the 
molecule. 


Koopmans’ Theorem 


According to Koopmans, the ionization energy can be approximated well by 
the negative of the orbital energy as follows: 


ly RY Gp, (9.53) 


where &; is the energy of the orbital the electron is ejected from. 


Combination of Eqs. (9.52) and (9.53) provide direct means to experimentally 
determine the energies of MOs. Indeed, these experimental results have confirmed 
the validity of the MOs and configurations for diatomic molecules described above. 
Ionization energies of molecules are typically several electron volts even for valence 
electrons, for which photon with wavelength less than 200 nm is typically needed. 

So far, only homonuclear diatomic molecules have been considered. For het- 
eroatomic diatomic molecules, if atomic numbers are not significantly different, 
similar MO levels can be used. However, even in this case, the notation g or u cannot 
be used any more because the molecule no longer has the inversion symmetry. The 
magnitudes of coefficients contributing to LCAO-MOs are different as well. Other 
than that, the order of MO energy levels and the building-up principle remain intact. 
For example, CO and CN“ have the following ground electronic configuration: 


KK(o2s)2(o*2s)2(12p)*(o*2p-)’, 


for which the B.O. is 1. 
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For diatomic molecules formed by those with significantly different atomic 
numbers, different types of MOs have to be used because only atomic orbitals 
with similar energies and proper symmetries form significant molecular orbitals. 
For example, HF has the following electronic configuration: 


Asr Osr’ (10)? (2pxr)*(2pyr)* 


While the LCAO-MO approximation still provides simple understanding that is 
useful, in reality, actual MOs being formed become complicated once interactions 
among all the electrons and perturbation by other MOs are taken into consideration. 
Still, the notations for o, 77, --- can be used since the molecules remain cylindrically 
symmetric. Thus, more generally, instead of specifying the atomic orbitals consti- 
tuting MOs within the simplest LCAO-MO approximation, the MOs are labelled by 
numbers of increasing order. For example, F has the following configuration: 


(log) (1o,)? (20g) (207)* 309)" (ty) Ar 


9.2.3 Molecular Electronic States of Diatomic Molecules 


All the diatomic molecules have cylindrical symmetry, for which L. (with the z 
axis defined as the direction of internuclear axis) commutes with the molecular 
Hamiltonian. Therefore, the eigenvalue of bs serves as a good quantum number, 
and can be used to label the electronic states of all diatomic molecules. For this, 
A, the absolute value of the eigenvalue of L z divided by hi, is used. In other words, 
states with A have +Af as eigenvalues of Ê.. For A = 0, this is a single state. 
For A Æ 0, this represents doubly degenerate states. These different states, along 
with other important properties, can be represented compactly by molecular term 
symbols that are introduced below. 


Molecular Term Symbols 


The following molecular term symbol is used to express the electronic states 
of diatomic molecules: 


2S+1y qt 

Mz)» 
where M is one of capital Greek letters, X, II, A, I for A = 0, 1, 2,3, 
respectively. In the left superscript, S is the total spin quantum number of 
electrons. In the right subscript, g is used for a state with even inversion 
symmetry and u is used for a state with odd inversion symmetry. In the right 


(continued) 
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superscript, + means even reflection symmetry and — means odd reflection 
symmetry with respect to a plane containing the internuclear axis. 


For the case of singly occupied MOs, it is easy to find the corresponding 
term symbols because the state has the same symmetry as the MO and the spin 
multiplicity is always 2. Below are examples: 


(0g)! > °D} 


(Ou)! > 7x7 


(my)! > Nu 


(tg)! => Ti 


For the case of fully occupied MOs, the spin multiplicity is 1 and the electronic 
state is totally symmetric. Thus, all of Cae (a); (te) and (z,)* have the same 
term, !X=+. For the case of one less than fully filled MOs, the term is the same as 
singly occupied MOs. This is because, the former can be viewed as that of a single 
hole (absence of electron) which has to obey the same property as the electron as 
far as the molecular term symbols are concerned. 

For the case where two electrons occupy the same orbitals, for example, as in 
(T)? or (Tu)?, care should be taken in identifying all possible term symbols that 
are consistent with the Pauli principle. A simple way to figure out all possible terms 
is to consider the sum of the pair of single electron angular momentum and spin 
values, /, and sz. For example, for an electron occupying the m molecular orbital, 
the following four pairs exist. 


1 1 
‘s(1,-< b:(-1,-= 
i ar a) 


Then, all possible values for the total L; and $; of the two electrons occupying the z 
orbitals can be found by summing all distinctive pairs of (lz, sz). Considering only 
the positive values of these, we obtain the following four cases of (A, S): 
ata’: (2,0) a+b : (0,1) 
a+b’: (0,0) 
a' +b : (0,0) 
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In the above list, the case with A = 2 and S = 0 corresponds to a term with 
LA g- Here, the subscript g is used because two electrons occupying the same orbital 
always have even symmetry with respect to inversion regardless of the symmetry 
of individual MOs. In the remaining three pairs, (0, 1) and (0, 0) represent the case 
with A = 0 and S = 1. These apparently represent triplet states. For this to be 
true, the MO should be an antisymmetric combination of the product of two single 
electron z orbitals, which is expected to have odd reflection symmetry with respect 
to a plane containing an internuclear axis. Therefore, these correspond to Da : 
The remaining pair corresponds to the case of A = 0 and S = O. Since the spin 
state is antisymmetric, the orbital in this case has to be a symmetric combination 
of two atomic z orbitals, for which the reflection symmetry with respect to a plan 
containing the internuclear axis is even. Therefore, this corresponds to Re 


Compiling all the results obtained so far, we find that both (Tg)? and (7„)? have 
the following three different terms: 


3y- 1 Iyt+ 
Dr Ag D, 


Note that the terms above are listed in the order of increasing energy according 
to Hund’s rules. In other words, the states with higher spin multiplicity have lower 
energies. Among the states with the same spin multiplicity, the states with the higher 
value of A have lower energies. 

For two electrons in two different orbitals, all possible combinations of A and 
S can be used without restriction. For example, for an excited configuration of H2, 
(log) (lox)!, the following two terms exist: 


35+ l+ 
D Uy 


where the two terms are listed in the order of increasing order of energy according to 
Hund’s rules. For an excited state configuration of No, (dru)? Bog)? (rž)! there 
are four possible terms, and they can be written in the order of increasing energy 
according to Hund’s rules as follows: 


3 3 je = 1 1 pe = 

Au, “Das Ay, Ya- 

Transitions between the electronic states of diatomic molecules due to absorption 

or emission of a single photon occur according to well known selection rules. More 

generally, one can identify a set of selection rules for electronic states of linear 
molecules as described below. 


6 For molecular electronic states, Hund’s rules are less reliable than atomic electronic states. 
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Selection Rules for Electronic Transitions of Linear Molecules 


e AA =Q, +1: This is because the total orbital angular momentum number 
of all electrons L can change only by +1 or remain the same, for which A 
can change only by +1 at most or remain the same. 

e AS = 0: This is because the spectroscopy involves interaction of the 
electric filed part of the radiation, which does not interaction with spins 
and thus leaves the total spin of electrons intact. 

e There is no transition between X" and X` states: This is because the 
transition dipole moment interacting with the radiation is always along 
the direction of the internuclear axis due to the cylindrical symmetry. This 
means that the transition dipole has positive reflection symmetry and thus 
cannot couple any two states with different reflection symmetries. 

e Only transitions between u and g symmetries are allowed: In other 
words, transition between states with the same inversion symmetries is not 
allowed. This is because the transition dipole has u symmetry and thus can 
couple only states with different inversion symmetries. 


9.3 Conjugated Hydrocarbons and Hiickel Approximation 


The simple LCAO-MO approximation can be useful for qualitative understanding 
of x-type electronic states formed by p, orbitals in hydrocarbons with conjugated 
double bonds. In fact, one can make further simplifications known as Hiickel 
approximation as described below. 


Hiickel Approximation 


For x-type molecular orbitals formed by p; orbitals (p orbitals perpendicular 
to C — C bonding), the following three approximations can be made. 


e All the overlap integrals between different p; orbitals are zero. 
e All the diagonal elements of the electronic Hamiltonian with respect to pz 
orbitals are assumed to be the same as follows: 


Hii = (2pzi|Hen|2pzi) = a. (9.54) 


e All the off-diagonal elements of the electronic Hamiltonian between 
different p; orbitals are assumed to be zero except for those due to the 


(continued) 
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nearest neighbors, which are also assumed to be the same as follows: 


Hii+ı = (2pzi|Hen|2pzi+1) = (2pzi+1|Ĥen|2pzi) = B. (9.55) 


9.3.1 Ethylene 


As the simplest example, let us consider ethylene, for which the x-type LCAO-MO 
formed by the two p; orbitals can be expressed as 


Wr) = C1|2pz1) + C2|2pz2). (9.56) 


Application of the variational principle described in Chap. 7 for the above state leads 
to the following matrix equation: 


Ha- E Hp- ES}2. Cı 7 0 (9.57) 
Hn — ES Hy2—-E C2 0 


where Hit = (pzi|HenlPz1), H2 = (pz2lÊenlpz2), Hi2 = (pzilĤen|pz2), and 
Si2 = (pzi|pz2). Based on the Hiickel approximation, Hıı = H22 = a and Hı? = 
B, Thus, the above matrix equation implies that 


a-—-E B$ 
B a-E 


[=@- BF - P= @-E-pla-E+p)=0. (9.58) 


Therefore, there are two possible solutions, E = a + £. 
For the case of E = a + £, solving Eq. (9.57) results in 


— Cı + C2 = 0. (9.59) 


This, along with the normalization condition, means that C1 = C2 = 1/./2. For the 
case of E = a — 8, solving Eq. (9.57) results in 


BC, + BC? =0. (9.60) 


This, along with the normalization condition, means that C1 = —C2 = 1/ /2. These 
results for ethylene are summarized below. 
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x Molecular Orbitals and Energies for Ethylene 


The z bonding and z* anti-bonding states for ethylene and their energies are 


as follows: 
1 
J/2 
1 
V2 


Wa) = ([2pz1) + |2p22)), Ex =a+ B 


(Wa) = = (2p) — |2pz2)), En* =a — f 


9.3.2 Butadiene 


(9.61) 


(9.62) 


As the next example, let us consider butadiene. For this case, the xz —MO constructed 


from the linear combination of four p; orbitals is expressed as 


Wr) = Ci|2 pz) + C2|2pz2) + C3|2pz3) + C4|2 pz). 


(9.63) 


Then, application of the variational principle and Hiickel approximation leads to the 


following equation for E and the Cx: 


a—-E £ 0 0 Ci 0 
Bb a-E B 0 Co} |0 
0 Bp a-E B CG] {0 
0 0 B a—-E/] \C 0 


Let us introduce 


Then, the above matrix equation can be equivalently expressed as 


x100 Cı 0 
1x10 C| | 0 
Olxl CG] | 0 
001x C4 0 


(9.64) 


(9.65) 


(9.66) 
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This implies that 


x100 


med G x10] [110 

. =x|/1x1/-|Ox 1)/=x@?—2x+(?-l=x*-3x7+1=0. (9.67) 
eet O1x| |Oo1lx 

OO0l1x 


Solving the above algebraic equation, we obtain 


2 
3 xc 5 = m 1 
r= v5 = v3 : (9.68) 
2 2 
which correspond to the following solutions for x: 
5+1 V5-1 5-1 5+1 
-5t V5 V5 V5 + (0.69) 


2 7 Qf 2 * B 


Since x = (a — E)/B, the above solutions correspond to the following four values 
for the energies: 


1 =1 —1 1 
V5 + J5 B ns TELE B. (0.70) 


E= , 

e E r 

Since $ is negative, the energies given above are in the decreasing order. 
Employing the corresponding value of x for each case in Eq. (9.66), we can 

obtain the corresponding MOs. For this, it is useful to rearrange the linear equations 

for Cx’s. First, note that Eq. (9.64) is equivalent to the following equations: 


Cix+ Co =0, (9.71) 
Cı +xC2 +03 =0, (9.72) 
C2 +xC3 +C4=0, (9.73) 
C3+Cax =0. (9.74) 


Adding Eqs. (9.72) and (9.73), we obtain 
Cı + (1 +x)C2 + (1 + x)C3 + C4 = 0. (9.75) 
Subtracting Eq. (9.73) from Eq. (9.72), we also obtain 


Cı + (x — 1)C2 + (1 — x)C3 — C4 = 0. (9.76) 
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From Eqs. (9.71) and (9.74), we find that C2 = —xC and C3 = —x C4. Substituting 
these for C2 and C3 in Eqs. (9.75) and (9.76), we obtain the following two different 
equations involving Cı and C4. 


C2337) +C- x- x?) = 0, (9.77) 
Cd +x- x- Co +x- 27) S00, (9.78) 


For the cases of x = (/5 + 1)/2 and x = —(/5 — 1)/2, 1 + x — x? = 0 and 
Eq. (9.78) is already satisfied. Therefore, using Eq. (9.77), we find that C1 = —C4. 
On the other hand, for the cases of x = (v5 — 1)/2 and x = —(/5 + 1)/2, 
1 — x — x? = 0 and Eq. (9.77) is already satisfied. Therefore, using Eq. (9.78), we 
find that Cı = C4. As a result, we obtain the following four MOs corresponding to 
the four values of the energy for butadiene. 


x-MO Energies and States for Butadiene 


x-MO energies and states formed by linear combinations of p; orbitals, 
indexed in an increasing order of energy, are provided below. 


Ex | Wr-Mo) 
tot SB) e + SH 2p) + ZH 2p.) + [2p 
Aar p| aea t =) = Salas 2ra 


~~ ~ wa wH 


) 
3a- SHB) Ci (I2pa) - A l2pa2) — S 2pa) + [2p ea 
) 


dla - 1B) Ci (l2pa) - H 2p2) + H 2p) — Ape 
The values of Cı in above expressions can be determined by the normalization 
condition. For states 1 and 4, Cy = 1/vV 5 + /5. For states 2 and 3, C= 
1/V¥5— V5. 


9.3.3 x Orbital and Delocalization Energies 


Having obtained the z-MOs, let us now consider the z orbital energies of electrons 
within the independent electron model. The ground electronic state is obtained by 
filling in two electrons from the lowest possible z -MOs. 


9.4 Molecular Symmetry and Group Theory 297 


For the case of ethylene, the two valance electrons from p, atomic orbitals can fill 
the lowest energy z-MO with energy œ + £. Thus, the z orbital energy for ethylene 
is 


Ez (ethylene) = 2(a@ + £) = 2a + 26. (9.79) 


On the other hand, for butadiene, there are four valance electrons coming from pz 
atomic orbitals. These can fill in the two lowest energy 2-MOs, for which the energy 
is equal to 


E, (butadiene) = 2 (- $ = l e) 43 (- i = s) 


= 4a + 2/55. (9.80) 


Note that the z orbital energy for butadiene is different from twice the z electron 
energies of ethylene. The difference between the two accounts for the additional 
stabilization due to conjugation (or delocalization) of neighboring 2-MOs and 
accounts for the stability of z-conjugated molecules as summarized below. 


x -Bonding Delocalization (or Conjugation) Energy 


The z bonding delocalization energy is the difference of the total z-orbital 
energy from the sum of those for isoelectronic ethylenes. For the case of 
butadiene, 


E „_de] (butadiene) = 4w + 256 — 4(a + B) =2(V5—2)8. (9.81) 


9.4 Molecular Symmetry and Group Theory 
9.4.1 Symmetry and Symmetry Operation 


Symmetry plays an important role in quantum mechanics. It allows determination 
of the nature of eigenstates of the Hamiltonian and classifying them without going 
through detailed calculations. For molecular systems, consideration of symmetry 
in particular enables constructing MOs in an efficient manner and identifying the 
nature of vibrational modes, both with the help of the group theory [9-13]. We 
begin this section with more exact definition of symmetry and related terms as listed 
below. 
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Symmetry and Related Terms 


e Symmetry: An object is called to have symmetry if it remains equivalent 
(appears to look the same) after certain operation. 

e Symmetry operation: An operation that is intended to test whether an 
object has symmetry or not is called symmetry operation. 

e Symmetry element: A geometrical object with respect to which a symme- 
try operation is performed. 


The two definitions of symmetry and symmetry operation seem somewhat 
circular, but it is important to note that the former is the property of a specific 
object whereas the latter can be applied to any object. Thus, a symmetry 
operation can be defined independent of objects it is being applied to. It only 
requires existence of a symmetry element with respect which the operation is 
performed. 


Symmetry operation is also a physically well-defined operation, which can also 
be viewed as a quantum mechanical operator with proper definition of its action on 
either physical observables or states. The fact that a molecule has certain symmetry 
is equivalent to stating that the Hamiltonian for the molecule commutes with the 
corresponding quantum mechanical symmetry operator. This important fact will be 
detailed further later. In many cases, the same symbol is used for symmetry operator 
and symmetry element, which often becomes the source of confusion between the 
two. Therefore, operator notation is used here for the symmetry operation. 

Out of all possible symmetry operations, we will focus here only on point 
symmetry operations, which leave at least one point of the object being operated 
on unchanged. Point symmetry operations are the only kinds of operations needed 
for the specification of intrinsic properties of molecules. Let us first review the basic 
types of point symmetry operations as listed below. 


Point Symmetry Operations 


There are five types of symmetry operations [9] that form the basis for all 
point symmetry operations as listed below. 


e Identity operation, Ê, is doing nothing, and does not have any symmetry 
element associated with it. 

e Inversion operation, i, is an inversion with respect to an inversion center. 
If the inversion center is origin, this operator transforms (x, y, z) to 
(—x, —y, —z). Application of this operation twice becomes the identity 
operation as follows: Pia = Ê. 


(continued) 
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e Proper rotation, Ê n» 1S an operation that rotates around an axis (denoted as 
Cn axis) by 27 /n and is called n-fold proper rotation operation. Note that 
applying this operator n times leads to the identity operation as follows: 


= E eee 


e Reflection operator, ô, reflects a point or body with respect to a plane 
of reflection. For example, if the plane of reflection is the xy-plane, 
this operation transforms a point (x, y,z) to (x, y,—z). If the plane 
of reflection is yz-plane, the operation transforms a point (x, y, z) to 
(—x, y, z). When both Cn’s and ô’s coexist in a group of symmetry 
operations, the reflection plane that contains C, axis with the highest value 
of n is denoted as oy. On the other hand, the plane perpendicular to C, is 
denoted as oy. 

e Improper rotation, Sn, is a combination of a proper rotation and a 
reflection with respect to on, the plane perpendicular to the proper rotation 
axis C,,. Thus, $ = = h Ê = = Ĉ,ô ôn. Note that the two operators ôn and E 
commute with each other. The symmetry element of the improper rotation 
is denoted as S,, which is in fact the same as C,. If S, is equal to the 
z-axis, this operation transforms a point (x, y, z) to (x’, y’, —z), where 
x’ = cos(2m/n)x — sin(2z/n)y and y’ = sin(2z/n)x + cos(27/n)y. 

This operation transforms every point except the origin where Cn axis 

and op intersects. There are a few important properties of SA Application 

of i improper t rotation twice is equal to that of proper rotation as follows: 

S, = = ôf- e _ = 62, 2 This is because G and 6, commute with each 

other. Therefore, if n is even, ce = E. On the other hand, if n is odd, 

sa = Gp. It is also important to note that S =i. Therefore, the smallest 

value of n for So which is distinctive from others, is n = 3. 


9.4.2 Group Theory 


Mathematically, a group is defined by a set of group elements, which can be finite 
or infinite, and a rule of mapping called group multiplication, which combines any 
pair of group elements and produces another one [9, 10]. 
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Definition of Group 


Let us denote group elements of a group G as A, B, C, ---, and the 
group multiplication as o. Then, the set of elements and the multiplication 
constituting G should satisfy the four properties described below. 


1. If A and B are elements of G, then A o B and B o A are also elements of 
G. 

2. There is an identity element E in the group such that A o E = E o A = A 
for any A in G. 

3. The group multiplication o is associative. In other words, (A o B) o C = 
A o (B o C) for any A, B, and C in G. Note that the multiplication does 
not have to be commutative. In other words, A o B does not the have to be 
the same as B o A. In case the group multiplications are commutative for 
all elements of a group, such a group is called an Abelian group. 

4. For any group element A in the group G, there is always a unique inverse 
of A, which is denoted as A~!, such that Ao AT! = A7! o A = E. 


There are various finite and infinite groups. For example, the set of integers can 
be shown to be a group by defining addition (+) as the group multiplication. A well- 
known finite group is the set of integers mod n (remainder after division), where n 
is an arbitrary positive integer. The group multiplication in this case is defined as 
the sum of two integers mod n. For example, for n = 3, the group elements are 0, 
1, and 2, and the results of group multiplications of these elements are as follows: 
0ol=100= 1,002 =200=2,102=201=0. Thus, 0 is the identity 
element for this group, and the inverse of 1 (2) is 2 (1). Both of these groups are 
Abelian groups. 


Important Terms and Concepts in Group Theory 


e Order, is the total number of elements of a group, which will be denoted 
as Q here, and can be either finite or infinite. 

e Group multiplication table, is a Q x Q table that specifies the results of 
the group multiplication of all pairs of group elements. 

e Conjugate elements: Two elements A and A’ of a group are called 
conjugate if they are related by the following similarity transformation: 
A’ = Bo Ao B~|, where B is any element in the group and B™! is its 
inverse. If this relationship holds, A’ o B = BoA. 

e Class: The set of all conjugate elements in a group is called a class. For an 
Abelian group, each element forms its own class since Ao B = B o A for 
any A and B. 


(continued) 
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e Representation, refers to any group composed of concrete mathematical 
entities that are homomorphic (many-to-one mapping from represented 
elements to the original group element) or isomorphic (one-to-one map- 
ping) to the original abstract group that can be completely specified by the 
group multiplication table. 

e Matrix representation, is the representation where each group element is 
represented by a square matrix and the group multiplication is the matrix 
multiplication. 

e Equivalent matrix representations: Two matrix representations I’ and I 
of a group are called equivalent if there is an invertible matrix S relating 
the two for all matrix representations of the group as follows: 


1’(A;) = SIT (ApS, for i=1,---,O0, (9.82) 


where A;’s represent all the elements of the group with order Q. 


9.4.3 Groups of Point Symmetry Operations 


Certain sets of point symmetry operations can form group. In a group of point 
symmetry operations, the group elements are symmetry operations and the group 
multiplication of two “elements” is defined as successive application of the two 
operations, with the convention that the one on the righthand side is always applied 
first. These groups can be classified according to what symmetry operations generate 
the entire elements of a group and are listed in the Table 9.2, employing Sch6nflies 
notation. For example, the group Cny consists of E : Ĉ n, and n different o,’s and all 
others that can be generated from them such as Ĉĉ K with k = 2,---,n—1. 

In Table 9.2, note that there are no S2ņn—ı points groups. The reason for this 
is as follows [9]. If there were a group called S2,_1, it should be generated by the 
corresponding i improper rotation operation Son—1. This means that such a group also 
should have Ta i= = Gn, which also implies that it should have Cx 1 = Ôh Sni as 
its group element. However, such a group has already been classified as the C2n—1h 
group. Since we do not want duplicate notations for the same group, the customary 
practice is to assume that only $2, groups exist. 

The groups from T to Ip in Table 9.2 are called cubic point groups. Among these 
point groups, Tg, Th, On, and I, exactly have the same symmetries of tetrahedron, 
cube, octahedron, and icosahedron, respectively. 

Typically, it is stated that a given molecule belongs to a certain point group if its 
structure (in the ground electronic state) remains unchanged with respect to all the 
symmetry operations constituting the point group. For example, it is easy to show 
that H20 belongs to the C2, point group and benzene CegH¢ belongs to the point 
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Table 9.2 Point groups and their respective generating operators. Except for the first three point 
groups, where all the generators form a complete group, there are additional symmetry operators 


being generated by those listed, which altogether form a complete set of symmetry operations 


Point group Generating operators 

Ci Ê (complete) 

C; Ê, ô (complete) 

Ci E, i (complete) 

C; Ê, Ĉn 

Cay Ê, C,,, n different ô,’s 

Cik É, Cn, on = ra 

Dn E, Cn, n different C2’s (perpendicular to Cn) 

Dah E, Cis n different Cy’s (perpendicular to Cn)s on 
Dna Ê, Ch n different Cy’s (perpendicular to Či) n ôg’s 
Son E, Son 

Coop Cno in the limit of n —> co 

Dooh Dyn in the limit of n —> oo 

T E , three perpendicular Cy’s, and four C3’s 

Ta (tetrahedron) E , three perpendicular Cy’s, four C3’s, six Gg’s 

v Ty, (cube) E , three perpendicular Co’s, four C3’s, i 

O E, two sets of three perpendicular Ca’s, eight C3’s 
Op (octahedron) E , two sets of three perpendicular Ca’s, eight C3’s, i 
I E , four sets of three perpendicular Cs’s, twenty C3’s 
In (icosahedron) E , four sets of three perpendicular Cs’s, twenty C3’s, i 


group Den. If this is the case, The importance of the point group of a given molecule 
is that the Hamiltonian within the BO approximation, Eq. (9.18), commutes with 
all the symmetry operations of the group, which also means that it is possible to 
determine simultaneous eigenstates of both the Hamiltonian and all the symmetry 
operators of the group. This can be used to identify symmetry adapted LCAO-MOs 
and also for identifying IR and Raman activity of molecular vibrational modes. 

If a molecule is polar, it belongs to only one of Cn, Cs, and Cnv. This is because 
a given polar molecule should have nonzero permanent dipole moment. Since the 
permanent dipole should be invariant with respect to all the symmetry operations 
constituting the group that the molecule belongs to, the dipole vector should be 
contained in the intersection of all symmetry elements defining the group operations. 
This is possible only if all symmetry operations share at least one line on which 
the permanent dipole vector lies. For this to be true, there should be no inversion 
center or planes perpendicular to C,,. The three groups listed above are the only 
such groups having this property. 
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9.4.4 Matrix Representation of Point Symmetry Group 
Elements 


For groups consisting of point symmetry operations, representation of each group 
element (symmetry operation) by a square matrix is a convenient choice. Different 
matrix representations are possible depending on the choice of the basis set, but 
there are certain quantities that remain invariant and play important roles for 
defining more universal properties. One such quantity is called character of the 
matrix representation. 


Character 


The character of a matrix representation, which is denoted as x here, refers 
to the trace, namely, the sum of all the diagonal matrix elements, of the matrix. 
The characters of two matrix representations are always the same if they are 
related by a unitary transformation. 


For example, let us consider a basis consisting of three cartesian coordinates. 
Then, the symmetry operations E, Cz, 6,, and ô} constituting the C2, point group 
can be represented as follows: 


x. È x 100 x 
y}>{y]= {010 y]> (9.83) 
Zz Zz 001 Z 
Ê 
x % —x —1 x 
C2 
y| = >) = 0-10 y], (9.84) 
Z Z 0 01 Z 
—— 
Cp 
x\ . pr 1 00 x 
y}) 3 -y]=[o-1o]ly], (9.85) 
Zz Z 0 01 Z 


|= 
S< 


II 
= 
= 
= 

=< 


(9.86) 
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For the matrix representations of the four symmetry operations constituting the C2, 
group, the characters are as follows: x (Ê) = 3, x (Co) = —l, x(Gy) = 1, and 
xô) Sh 

Note that all the four matrix representations for the above C2, group are diagonal, 
which means that they can be represented by the properties of each one dimensional 
component. The matrices shown are examples of reducible representation and each 
of x, y, and z components here are considered as irreducible representations. More 
exact definitions of these are provided below. 


Reducible and Irreducible Representations 


e A given matrix representation of a group is called reducible if all the 
matrices representing the symmetry operations of the group can be reduced 
to smaller block diagonal or fully diagonal forms by the same similarity 
transformation, which means that there exists an invertible matrix $ such 
that for any A in the group, A’ = SAS~!, where S~! is the inverse of $, 
becomes a matrix consisting of smaller diagonal blocks. 

e A representation is called irreducible if all the matrices cannot be reduced 
to smaller block diagonal or fully diagonal forms by any similarity 
transformation. 

e For a given point group, there is a unique set of all distinct irreducible 
representations. 


Each irreducible representation can be fully characterized by the set of characters 
of symmetry operations constituting a group. For example, for the representation 
of the Cz, group shown above, each component x, y, and z corresponds to an 
irreducible representation with the following characters. 


E C5 Ôv ô |Irrep. 
x 1 —1 1 -l1) B 
y 1 =i =j I b 
z 1 1 1 1| A 


In the above table, the right column shows the conventional notation for the 
three one dimensional irreducible representations. A fairly complete description of 
notations for irreducible representations is provided below. 
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Notations for Irreducible (Irrep.) Representations 


The main symbols denoting the irreducible representations of finite point 
groups are A, B, E, and T. Each of these symbols is described below. 


A: One dimensional and symmetric with respect to Ĉ,„ of the highest n. 
B: One dimensional and antisymmetric with respect to Ĉ,„ of the highest 
n. 

E: Two dimensional. 

T: Three dimensional. 


Each symbol can further classified with subscripts as described below. 


1 (subscript): Symmetric with respect to the c 2’s around Ch axes that are 
perpendicular to C, of the highest n or o,,’s. 

2 (subscript): Antisymmetric with respect to the Co's around C} axes that 
are perpendicular to C, of the highest n or o,’s. 

g (subscript): Even inversion symmetry when there is i operator in the 
group. 

u (subscript): Odd inversion symmetry when there is i operator in the 
group. 


ie 


In case the group has ô, operation, each Irrep. is labeled with ’ or ” as 
follows. 


Having introduced the notations for irreducible representations as detailed above, 
it is now possible to appreciate the implications of a character table for a point group. 


'; Symmetric with respect to Gp. 
”: Antisymmetric with respect to Gy. 


Let us consider, for example, the full character table for C2, as follows: 


Each row in the above table represents a one dimensional irreducible representation, 
tl is possible as the character. The value 1(—1) implies that the 
representation is symmetric (antisymmetric) with respect to the symmetry operation. 
The right column shows linear or quadratic functions of Cartesian coordinates that 
have the same symmetry as the given irreducible representation. Rx, Ry, and Rz 


for which only 4 


Coy E Cy Sy om 

A1 1 1 1 1 Z, X, yz 
A2 1 1 —1 —1 xy, Rz 
Bo 1 —1 1 —1 x, xz, Ry 
Bo 1 —1 —1 1 y, yz, Ry 


represent rotations around x, y, and z axes. 
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In the above table for the C2, point group, the number of irreducible represen- 
tations is the same as the order of the group, Q = 4. This is because each element 
belongs to a different class and all irreducible representations are one dimensional. 
This is not always the case. For example, let us consider the C3, group, which 
consists of the following symmetry operations: 


In the above list, C3 and (ee are related to each other, forming a class, and so do the 
three reflection operations ô, 6 and 62), which forms another class. Symmetry 
operations belonging to the same class have same values of characters for all the 
irreducible representations and thus can be grouped together in the character table. 


In other words, the character table for the C3, group can be expressed as follows: 


Cap E 2C3 36y 

Al 1 1 1 Z, X, y2, z 

A2 1 1 —1 R; 

E 2 -1 0 |x, y), @ — y*, xy), Œz, yz), (Rx, Ry) 


In the above character table for C3, point group, there is a two dimensional 
irreducible representation, Æ. All the characters of this can be confirmed by 
considering how the two dimensional x and y coordinates are transformed as 
follows: 


) con Co — o) oe. ao) (*) 
y sin(2/3)x + cos(27/3)y )  \ sin(2x/3) cos(27/3) y)’ 
a AA E 


C3 
o) & a. — Ba Te pen a (z) 
y sin(47 /3)x + cos(4/3)y )  \ sin(4r/3) cos(47/3) y)’ 

————— m 

ô; 
y = Cale 
——<$— 
gi 


Since 2 cos(27/3) = 2cos(47/3) = —1, this confirms that the character for 2Ĉ3 
is equal to -1. The character for Ê is equal to 2 because this is a matrix in two 
dimensional vector space. The character for Gy is equal to zero as can be seen from 
its matrix representation. Note that the number of classes is equal to the number 
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of irreducible representations. In addition, the order of C3, group, Q = 6, is also 
equal to 1? + 17 + 27, which is the sum of squares of the dimensions of all the 
irreducible representations. In fact, these relationships are true for C2, and for all 
the point groups. 


Relationships Between the Order, the Number of Classes, and the Num- 
ber of Irreducible Representations 


e The number of classes is equal to the number of irreducible representations. 
e The order of a group Q is equal to the sum of squared dimensions of all 
irreducible representations. 


The importance of irreducible representations is that they can be regarded as an 
orthogonal basis in defining any representation. In other words, given a representa- 
tion in a certain basis, the following decomposition always exists uniquely: 


P 
P=) ar, (9.87) 
k=1 


where ax is a nonnegative integer, I’, is an irreducible representation l embedded 
in the full dimension of I so that all other matrix elements except for the block of 
Tx are zero, and P is the total number of irreducible representations in the group. 
Thus, both r% and r; have the same trace. 

An important theorem concerning the characters of irreducible representations is 
their orthogonality as stated below. 


Orthogonality Theorem 


Given two different irreducible representations T; and Tx, the following 
relation holds: 


Q 

1 A X 

g > Xj [Sil xls] = 8 jx, (9.88) 
i=l 


where x jLSi] is the character of the irreducible representation I"; for the 
symmetry operation ŝi. This is a special case of the most general great 
orthogonality theorem given by Theorem 9.6, provided in the Appendix of 
this chapter, as described below. 


(continued) 
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For the present case, the group elements G’s in Eq. (9.135) of the Appendix 
are symmetry operators, 5;’s. Since the trace is given by 
lj 
xls = SSO Ym, (9.89) 


m=1 


we find that 


Lar lS = SEN AS D Sen 


mal p= Sl 


= E Ôjkômn = QÔ jk. (9.90) 


i=l p= 


Dividing the above expression with Q, we obtain Eq. (9.88). 


Given the decomposition of a (reducible) representation I according to 
Eq. (9.87), the same relationship should hold for the character of any symmetry 
operation as follows: 


P 
xr[Si] = J ae xe Si, (9.91) 


where xr lS) is the character of the reducible representation I for the symmetry 
operation S;. Multiplying the above equation with x; [S; ]* and summing over all the 
symmetry operations of the group, Ŝi, and dividing with Q, the order of the group, 
we obtain 


122 P 
XOY ls an xel Si] = > aâj = aj, (9.92) 


i=1 k=1 k=1 


where Eq. (9.88) has been used. The above expression confirms that each coefficient 
a; in the expansion, Eq. (9.87), can be obtained only from the information on the 
characters for all symmetry operations 
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9.4.5 Application for Symmetry Adapted LCAO-MO 


Let us consider an example of water molecule, which belongs to the C2, group, and 
assume LCAO-MOs consisting of six atomic orbitals, 


IWuo) = CsalSa)+CsB|SB) +¢sc|Sc) + Cpx|Px) +Cpy|Py) +CpzlPz), (9.93) 


where |S,4) and |Sg) are 1s orbital states of two hydrogen atoms, respectively 
denoted as A and B, |Sc) is the 2s orbital state of the central oxygen atom, |px), 
|Py), and |p-) are Px, Py, Pz orbital states of the oxygen atom. The molecule is 
assumed to be in the yz-plane. Thus, xy-plane bisects the two hydrogen atoms. 
All the representations of the symmetry operators in this basis can be identified 
by finding out the outcomes of their actions on the vectors of six orbital states as 
described below. First, the representation of Co operation is obtained by 


Sa SB 0100 00 SA 
SB SA 1000 00 SB 
a | Sc Sc 0010 00 Sc 
C = = f 9.94 
A Dy px 000-10 0]] p Om) 
Py —Py 000 0 -10 Py 
Dz Dz 0000 01 Pz 


where for convenience we have omitted the ket symbols for the atomic orbital states. 
The actions of other operators in the C2, group can be identified similarly. Thus, 


Sa Sg 0100 0 0\ (Sq 
Sp S4 100000] | Sz 
a ee Sc 001000] | Sc 
= 2 ; 9.95 
vl p Pr 000100] ] p i) 
Dy = Dy 0000-10] | py 
Pz Pz 0000 01 Pz 
S4 SA 100 0 00\ (Sq 
Sp Sg 010 0 00|] Sz 
a Sc 001 000] | Sc 
= 2 , 9.96 
vl! p =p 000-100] | p ice 
Py Py 000 0 10 Py 


Pz Pz 000 001 Pz 
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Matrices shown above are matrix representations of the symmetry operations in 
the basis of the six atomic orbitals. Thus, including the identity operation, which is 
represented by a six dimensional unit matrix, one can calculate the characters for all 
the symmetry operations as listed in the table below. 


Cay Ê C2 ôv (xz) ô, Oz) 
r 6 0 2 4 


Using the orthogonality theorem, we can identify the coefficients for irreducible 
representations for the above reducible representation as follows: 


1 
Ay: 70-6+1-041-241-4)=3 


Ap: 7 (1-641-04(-1)-24+(-1)-4) =0 
By: 70-64 (1041-24 (-1)-4) =1 
Ap: 71-64 (-1)-0+(-1)-241-4) =2 
Therefore, we find that 
T =3A;+ Bı 4+ 2B). (9.97) 


This implies that the MOs that are simultaneous eigenstates of the symmetry 
operations of the C2, group, which can be constructed out of the six atomic orbitals 
are three MOs with the symmetry of A1, one MO with the symmetry of Bı, and two 
MOs with the symmetry of B2. Due to the simplicity of water molecule, these MOs 
can be identified easily by inspection. 

Indeed, it is clear that the three MOs with A; symmetry correspond to (|S4) + 
|Sz))/2, |Sc), and |p,). The MO with Bı symmetry is the py orbital of oxygen 
and thus corresponds to | px). Two MOs with B2 symmetry are (|S4) — |Sp))/ J/2 
and |p,). Note that these are not yet bonding or anti-bonding orbitals, but can 
be used to construct them easily because only MOs belonging to the same 
irreducible representations can be combined together. This implies that at least 
three bonding/anti-bonding MOs can be constructed from the three MOs with A, 
symmetry and that bonding and anti-bonding MOs can be constructed from the two 
MOs with B2 symmetry. On the other hand, the single orbital with Bı symmetry, 
|px), is expected to remain as nonbonding. Figure 9.7 shows four MOs obtained 
from a HF calculation, and indicates that the simple analysis based on the group 
theory can indeed explain qualitative patterns of the lowest unoccupied molecular 
orbital (LUMO), the highest occupied molecular orbital (HOMO) and HOMO-1. 
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Fig. 9.7 Four MOs of a 
water molecule, highest 
occupied MO (HOMO), 
lowest unoccupied MO 
(LUMO), HOMO-1, and 
LUMO+1 obtained from a 
Hartree-Fock calculation. 
Their symmetry properties 
are also shown 


Orbital Energy (a.u.) 


9.5 Spectroscopy of Polyatomic Molecules 


Within the BO approximation, the eigenstates of the molecular Hamiltonian can 
be decoupled to electronic and nuclear parts as described in Sect. 9.1. Given that 
the potential energy surfaces Vgo,a(R) can be determined by solving the electronic 
Schrödinger equation, Eq. (9.9), for all possible values of the nuclear coordinates,’ 
one can then obtain the Schrödinger equation for the nuclear degrees of freedom, 
Eq. (9.19). This Schrödinger equation can again be decomposed into translation, 
rotation, and vibrational components. In the absence of external potential, the 
translational components can be ignored. 


9.5.1 Infrared and Raman Spectroscopy 


As in the case of diatomic molecules, the selection rules for the IR and Raman 
spectroscopy are the same. In other words, Av = +1 in both cases. However, for 
general polyatomic molecules with many vibrational normal modes, determining 
which modes are IR and Raman active is not a simple task. The group theory and 
character table for each group is very helpful in this respect. 

Given a molecule, we can identify a point group with the maximum number 
of symmetry operations with respect to which the molecule remains invariant. 
Then, we can determine the characters for the reducible representation of all the 


7 While this is possible in principle, it is almost impossible in practice for most polyatomic 
molecules. Thus, only partial information around local minima around the minimum of each 
electronic state is typically available. 
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coordinates for operations in the group. Application of the orthogonality theorem 
then allows determining the linear combination of irreducible representations. Once 
all the translational and rotational modes are subtracted, the IR active modes 
correspond to those that behave like x, y, and z. The Raman active modes 
correspond to those that behave like quadratic functions of the coordinates. 

Let us once again consider the water molecule as an example. For this, consider 
the representation of the symmetry operations in the nine dimensional cartesian 
coordinates consisting of x1, Y1, Z1, X2, Y2, Z2, X3, y3, and z3, where the subscript 
1 denotes the coordinates of the oxygen and 2 and 3 denote the coordinates of two 
hydrogen atoms. In this basis, the character of the identity operator x (Ê ) = 9. The 
operation of C2 can be represented according to the following relation: 


xı —x] —1 00 0 00 0 00 x] 
yı —=yı 0-10 0 00 0 00 yı 
Z1 Z1 0 01 0 00 0 00 Z1 
x2 —X3 0 00 0 00-1 00 x2 
Co yo f=] -yz J = 0 00 0 00 0-10 y2 |, (9.98) 
z2 23 0 00 0 00 0 O1 22 
X3 —x2 0 00-1 00 0 00 X3 
y3 —y2 0 00 0-10 0 00 y3 
23 22 0 00 0 0I 0 00 23 
for which x (Co) = —1. The operation of ô, can be represented according to the 


following relation: 


xı xı 1 000 000 00 xı 
yı —=yı 0-100 000 00 yı 
Z1 Z1 0 010 000 00 Z1 
x2 x3 0 000 001 00 x2 
ov} xz |=|-» |=/0 000 000-10 y2 |, (9.99) 
22 23 0 000 000 O1 z2 
x3 x2 0 001 000 00 x3 
y3 =y2 0 000-100 00 y3 
23 z2 0 000 010 00 z3 
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for which x (oy) = 1. Finally, the operation of ôf can be represented according to 
the following relation: 


x =x} -100 000 000\ /x 
yı yı 010 000 000ļ|fy 
ral zı 001 000 ooo] z 
x x2 000-100 000] ] x 
61 y.}=] x |=] 000 010 O000]] yl, (9.100) 
z2 z2 000 001 000] ] z 
x3 —x3 000 000-100] | x3 
y3 y3 000 000 010 y3 
z3 z3 000 000 001) \z3 


for which x (G;,) = 3. Summing up all these results, we obtain all the characters for 
the reducible representation as listed in the table below. 


Cry E C Gy (xz) ô! (yz) 
Tr 9 —1 1 3 


Application of the orthogonality theorem then leads to 
1 
Ar: 7 O-1414+3)=3 
A2: f (9—1-—1-3)=1 
2:7 = 
1 
Pit ghee ae 


1 
By: 7 OF1-14+3)=3 


Therefore, we find that 
T = 3A; + A2+2B, + 3B2. (9.101) 


Out of the above linear combinations, the translational motion of the molecule 
corresponds to Ty}, = A; + Bı + B2 and the rotational motion corresponds to 
Tor = A2 + Bı + B2 according to the character table of Cx. Thus, subtracting 
these from T given above, we obtain the following decomposition of the vibrational 
reducible representation: 


Voip = 2A, + Bo. (9.102) 
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Fig. 9.8 Three vibrational modes of a water molecule 


Thus, there are two vibrational modes with A; symmetry, which correspond to 
symmetric stretching and bending, and one vibrational mode with B2 symmetry, 
which is asymmetric stretching (see Fig. 9.8). Both of these symmetries contain 
those that are linear and quadratic in the cartesian coordinates. Therefore, they are 
both IR and Raman active. 


9.5.2 Electronic Spectroscopy 


In general, the electronic spectroscopy involves transition between electronic states 
due to the interaction between the electric field part of the radiation and the 
following full dipole operator involving electrons, 


Nu Ne 
Dre, R) =e ps ZR. — ys] ; (9.103) 
c=1 v=1 


where the Ze and R. are nuclear charges and position operators and the r, are 
the position operators of the electron v. Thus, in general, the electronic transition 
involving one photon is allowed as long as the following transition dipole vector is 
nonzero. 

Di; = (¥ |Dr(F, RY), (9.104) 
where |W;) and |Wy) refer to initial and final molecular states including both 
electronic and nuclear degrees of freedom. Let us assume that the initial and final 
states can be approximated as the product of electronic states and nuclear wave 
function in respective BO surfaces as follows: 


|W) = far f a Ir, R) (r, R| Y;) 


= f dr f aR ie Riny Bove R, (9.105) 
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|W) = far far Ir, R)(r, |W) 
= / dr | AR |r, R)Ynu p (R) We; (r; R). (9.106) 
Then, 
Di; = fa Wau p R) Vnu; œ far ve, (t; R) Ôr (r, R) Ye; (r; R). (9.107) 


In many electronic transitions, it turns out that the integration of the dipole 
operator with respect to the electronic degrees of freedom can be approximated in 
terms of the following electronic transition dipole vector calculated for a reference 
nuclear coordinate: 


Dis (Ro) fu We, (r: Ro) Dr (r, Ro) We; (r; Ro) 


=-e | dr W3,(r; Ro) (£ 3 We; (r; Ro), (9.108) 


where Ro is the reference nuclear coordinates that are typically assumed to be 
the coordinates for the minimum of the initial electronic state and the second 
equality results from the fact that the two electronic states determined for the 
nuclear coordinate Ro are orthogonal to each other. This is so called Franck-Condon 
approximation, and the resulting approximation for the total transition dipole vector 
is as follows: 


Di; Š Dir f dR Viu p R)Ynu; (R), (9.109) 


where the overlap integration of the nuclear wavefunction is nonzero in general 
because they are defined with respect different structures and is known as the 
Franck-Condon factor. 

For electronic absorption spectroscopy, the initial state is the ground electronic 
state (labeled as X) and the transition occurs to an electronic state with the same spin 
multiplicity as the ground state (labeled as A, B, C, etc) and with nonzero value of 
the electronic transition dipole vector given by Eq. (9.108). For small molecules 
where all the vibrational frequencies are much larger than thermal energy, Wn; (R) 
can be approximated well by the product of ground state vibrational wave functions 
of all the vibrational normal modes. 

For the case of radiative electronic emission spectroscopy, normally called 
fluorescence, the initial state is one of the excited electronic states (A, B, C, etc), 
which has the same spin multiplicity as the ground electronic state (X). In this case 
as well, if the vibrational frequencies in the excited electronic state are much larger 
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than the thermal energy, the initial nuclear wave function can be approximated well 
by the product of ground vibrational state wave functions of all normal modes in the 
excited electronic state potential energy surface. 

Although fluorescence is the dominant mechanism of transitions of excited 
electronic state, there are other non-radiative transitions that can occur as well. If 
the non-radiative transition is between excited states of the same spin multiplicity, 
it is called internal conversion. If the transition occurs to states with different 
spin multiplicity (labeled as a, b, c, etc), it is called intersystem crossing. The 
mechanism of this intersystem crossing is spin-orbit coupling. Radiative transition 
from excited states with different spin multiplicity to the ground electronic state can 
occur although it is dipole forbidden. This process is called phosphorescence and 
typically takes microseconds and beyond. 


9.6 Summary and Questions 


Within the BO approximation, quantum states of polyatomic molecules can be 
treated in two stages. First, ignoring the kinetic energy of nuclei, the Schrédinger 
equation for electrons for fixed nuclei can be solved. Then, energies obtained 
from these calculations for all possible nuclear coordinates (in principle) can be 
incorporated into the potential energy for nuclei so as to describe the vibrational 
states of molecules. Although conceptually straightforward, even solving the equa- 
tions for electrons alone involves challenging numerical issues, for which various 
approximation methods have been developed. 

One of the simplest approximations that can be used for obtaining electronic 
states in polyatomic molecules is to use LCAO-MOs and assume that electrons 
can be filled in independent of each other while satisfying the Pauli principle. 
This simple treatment leads to qualitatively correct description of small or sim- 
ple molecules, helping to understand important molecular quantum mechanical 
details without going through numerical calculations. Representative examples are 
diatomic molecules of the second row, for which Table 9.1 sums up major results. 
Verification or further correction of the simple MO description can be made through 
photoelectron spectroscopy in combination with Koopmans’ theorem given by 
Eq. (9.53). 

Another important application of the LCAO-MO approximation is approximat- 
ing z-orbital energies of conjugated hydrocarbons, for which additional Hiickel 
approximation can also be made. This simple model has helped to understand 
the types of conjugated hydrocarbons that can be stabilized and also contributed 
to developing semi-empirical methods during early stages of electronic structure 
calculation method development. 

For the understanding and description of both electronic and vibrational states 
of polyatomic molecules, group theory has also provided important conceptual 
framework for understanding the symmetry of states and relevant selection rules. 
The success of the group theory relies on the fact that a set of symmetry 
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operations that leave a certain molecule invariant can form a mathematical group. 
The properties of the group then can be employed to classify electronic and 
vibrational states of molecules. The most important theorem in such application 
is the orthogonality theorem, based on which efficient ways to construct MOs and 
to identify types of vibrational modes have been developed. In particular, for the 
vibrational spectroscopy, identification of irreducible representations and referral of 
the character table make it possible to determine IR and Raman active vibrational 


normal modes of a molecule. 


Questions 


What are neglected in the BO approximation and when do they become 
significant? 

Is it possible to use the LCAO-MO approximation to describe formation 
and breaking of chemical bonds? 

The component of the total orbital angular momentum along the internu- 
clear axis in a diatomic molecule is conserved. What is the reason for this? 
The relative order of bonding o and z orbitals for O2 and F> are different 
from other diatomic molecules with smaller atomic numbers in the second 
row. What is the reason for this? 

What are additional assumptions involved in the Hiickel approximation in 
addition to the LCAO-MO approximation? 

Koopmans’ theorem is known to be fairly accurate despite its simple 
expression and even though it does not account for electron correlation 
effects. What is the implication of this success? 

When does a molecule have vibrational modes that are both IR and Raman 
active? 

If a molecule belongs to a certain point group, all the symmetry opera- 
tions constituting the point group commute with the Hamiltonian of the 
molecule. What is the reason for this? 

What is the difference between reducible and irreducible representations 
in the group theory? 


Appendix: Important Theorems and Proofs in the Group 
Theory 


This appendix provides a complete set of theorems and proofs for obtaining the 
orthogonality theorem, Eq. (9.88). The theorems and proofs presented here are 
based on those presented by Tinkham [10], with some alternation in notations and 


additional clarifications. 
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Theorem 9.1 Rearrangement theorem: For any group G, the multiplication of any 
element of the group with all the elements of the group produce a complete set 
containing all the elements, where each element of the group appears only once. 


Proof Consider a set S consisting of all the group elements multiplied with X, 
which is also an element of the group. For convenience, assume that each element 
is multiplied with X on the right. 

Let us choose an arbitrary element of the group, say A. Then, the group G should 
contain B = A o X~! as its element because there should be an inverse of X in the 
group and the group is closed with respect to multiplication. Since Bo X = A, A 
should appear at least once in the set S. Thus, (i) any group element of G should 
exist in the set S. 

Since S and the original set of G have the same number of elements, each 
element should appear only once in the set of products. Otherwise, there should 
be an element that cannot appear, which is contradictory with the statement (i). This 
completes the proof for the case where the elements are multiplied with X on the 
right. Similar proof is possible for the case where X is multiplied on the left by 
considering X~! o A. o 


As a result of the above theorem, the following identity holds for any sum over 
all the elements of the group: 


XO FAY = XO F(Aro X) = XO F(X 0A), (9.110) 
k k k 


where F is an arbitrary function, Ax’s for all k constitute the complete set of element 
of the group, and X is an arbitrary element of the group. 


Theorem 9.2 Any matrix representation of a group is equivalent to a representation 
by a unitary matrix as long as determinants of all the matrices are nonzero. 


Proof Let us denote the matrix representing the ith element of the group as Aj, 


where i = 1,--- , Q. Then, one can always construct the following Hermitian 
matrix: 
Q 
H=) AA}, (9.111) 
i=l 


where Al is the Hermitian conjugate of A;. Therefore, H can be diagonalized to H’ 
by a unitary matrix U as follows: 


Q Q 
H = UHU = )UtA;ATU= Y ANAS, (9.112) 


i=l i=1 
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where A; = U'A,U. Note that 


o o 
Wy = X DOTA lA y = Y Y Aal. (9.113) 
k k 


Therefore, all the diagonal elements of H’ are real and positive, and we can define 
H'!/? and H’—'/”. Therefore, Eq. (9.112) can also be expressed as 


Q 
1= HP | Yaa | a”, (9.114) 


i=l 


where I is the identity matrix. Now, let us consider a new transformed matrices 
A‘ = HO? aH? for all j = 1,--- , Q. Then, these can be shown to be unitary 
as follows: ` 


ata E n: Gaa a aes i: le A : GRL 


Q 
— gy —!/2 ar gy) /2qyr-1/2 rart 1—1/2qyl/2 qr tiy- 1/2 
=H? ann SAAT | aP Pa 


i=l 


Q 
=H? | Yaaa al! | al? 
i=l 


Q 
-p72 M HW? =1, (9.115) 
k=1 


where in the second and last equality, Eq. (9.114) has been used and Eq. (9.110) in 
matrix representation has been used for Aj, = A’,A;. Now, each A’ is related to Aj 
as follows: , l 


A! =H? uta Un"? = HUA UH!” 
=i 
= (un?) A UH’, (9.116) 


Thus, AY is related to A; by a similarity transformation. This completes the proof. 
oO 


Theorem 9.3 Any Hermitian matrix commuting with all matrices of an irreducible 
representation must be a constant matrix. 
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Proof Let us denote the Hermitian matrix that commutes with all matrices of a 
representation of a group as H. This implies that 


A;H = HA;, fori =1,---,Q (9.117) 


Since H is Hermitian, there should be a unitary matrix U such that H’ = U'HU is 
diagonal. Then, applying U’ and U on the left and right side of the above equation, 
we obtain 


AIH’ = HAs, (9.118) 


where A; = Ut AU = U` !AU. Taking the matrix element of the above relation and 
using the fact that the H’ has only diagonal elements, we obtain 


[At Jam [Anam = [Ann [Aj Iam, (9.119) 
which means that 
[Aj Jam (CA Inn = HJ) =0. (9.120) 


If all the diagonal elements of H are the same, the above identity is satisfied. On the 
other hand, if [H ]mm — [H"]nn 4 0 for some n Æ m, the above identity means that 
[Aj Jam = 0 for all i. This implies that the unitary transformation of Aj’s to A‘’s 
resulted in smaller blocks. However, this contradicts the assumption that A;’s are 
irreducible, Therefore, all the diagonal matrix elements of H’ should be the same. 
Thus, H’ = cI, where c is an arbitrary constant, and H = cUIUt = cl. oO 


Theorem 9.4 Schur’s Lemma: Any matrix commuting with all matrices of an 
irreducible representation must be a constant matrix. 


Proof Let us denote the matrix that commutes with all matrices of a representation 
of a group as M. This implies that 


A;M = MA,, fori =1,---,Q (9.121) 
Taking the Hermitian conjugate of the above relationship, we obtain 
M‘A! = AMİ. (9.122) 


Then, by multiply A; and A; on the left and right side of the above expression, we 
obtain 


A;M‘ATA; = A;AÎM'A;. (9.123) 


According to Theorem 9.2, we can always find out a representation where all A’s 
are unitary by similarity transformation. Thus, let us define such a transformation 
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matrix as S, which has inverse, and let A) = S—'A;S. Then, multiplying S~! and 
S on the left and right hand side of the above expression, and inserting 1 = S~'S 
between every operator, we obtain 


AyS~'mtsal' A’ = AAJ ST'MÏSA!. (9.124) 
Since A‘’s are unitary, the above relation implies that 
AM" = M'A., (9.125) 


where M’ = S~!M'S. On the other hand, applying the same similarity transforma- 
tion to Eq. (9.121), we obtain 


AM = MIA\, (9.126) 


Now, let us defined H; = M’ + M’ t and H; = i(M’ — M’ ty, Then, employing 
Eqs. (9.125) and (9.126), we find that 


AH; = Hı A/, (9.127) 
A/H? = H2A;, (9.128) 
for alli = 1,--- , Q. According to Theorem 9.3, H; and H) are constant matrices. 
Therefore, M’ is constant matrix and M = SM’S7! is also a constant matrix. oO 


Theorem 9.5 There are two irreducible matrix representations of the same group, 
(Aj) and T (Ai), each with dimensionality |, and l2. Let us assume that a 
rectangular matrix M exists such that 


MT” (A;) = T® (AM, (9.129) 


for alli = 1,- -- , Q. Then, the following is true. For li 4 h, M = 0. For lı = h, 
either M = 0 or the determinant of M is nonzero, for which the two irreducible 
representations are equivalent. 


Proof Assume that all the irreducible matrices are unitary as well. If not, they 
can be transformed to unitary matrices according to Theorem 9.2. Then, taking the 
Hermitian conjugate of Eq. (9.129) and using the fact that the matrix representations 
are unitary, 


Tr (A> DM? = TO (ADM = MTO (Apt = MTO (a7 '). (9.130) 
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Multiplying the above expression with M on the lefthand side and using the fact that 
Mr) (A>!) = Fr (A7!)M, which is a specific case of Eq. (9.129) for A7 ', we 
obtain the following expression: 


MI) (47'yMt = T° (47')MM?t = MMT (471). (9.131) 


Since the above relation holds for any A7! in the group, according to Theorem 9.4, 
the above relation implies that 


MM’ = cl, (9.132) 


where I is the identity matrix of dimension 14. 

Ifl = h, Eq. (9.134) implies that the absolute square of the determinant of M 
is equal to c"! . For the case where c Æ 0, this implies that the determinant of M is 
nonzero. For the case where c = 0, considering the diagonal elements of Eq. (9.134), 
we find that 


YOM nal Mom = 2 IM Imal? = (9.133) 


n 


The above identity holds true only when all the matrix elements are zero. 
Ifl < lh, we can create a square matrix of dimension l2 by adding (l2 — l1) 
columns of zeros to M. Then, NN’ = MM1. Therefore, 


NN! = cl. (9.134) 


Since the determinant of N is zero, the above identity implies that c = 0. Then, the 
proof for the case of lı = l2 above can again be applied to show that N = 0. 

If 2; > ly, similar proof is possible by constructing a square matrix of dimension 
lı by inserting lı — l2 rows of zeros in M. oO 


Theorem 9.6 The great orthogonality theorem: For all possible irreducible and 
unitary representations of a group, 


Q 
DELO On EO Gn’ = $3 j 8nd’ (9.135) 
G J 


where the summation index G represents all possible group elements and 1; is the 
dimensionality of T!. 


Proof First, consider the case where the two representations are inequivalent, for 
which one can construct the following matrix: 


M = $ r©(ayxr (G7), (9.136) 
G 
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where I (G) is aly x lų matrix, FY) (G~!) isa lj x1; matrix, and X is an arbitrary 
matrix with /; row and /; column. Then, for a certain element S of the group, it is 
straightforward to show the following identities: 


TOOM = ) TO (syr(@ xr) (G7!) 

G 

= > TO OCO (G@yxr (G-hr (s-Hr©(s) 
G 

= or (sayxr (G7! s~!) rs) 
G 

=) Fr (seyxr SGOT Fs) 
SG 


= » TO(OXTO ((G)- Fr (s) = MF (Ss). (9.137) 
G 


In the last equality of the above equation, Theorem 9.1 was used. According to the 
Theorem 9.5, Eq. (9.137) implies that M = 0 for lı Æ l2 or the two representations 
are not equivalent for lı = l2. Thus, 


[M] nm’ =0= X SF (Gy lnpX pg FY O. (9.138) 
G pq 


Now, consider the case where the elements of the matrix X are zero except for 
the n'm element as follows: X pq = 5pn'Sqm. Then, the above relation becomes the 
following identity: 


YIP Gh Gam = 0, (9.139) 
G 


which completes the proof for the cases where l; # J, or the two representations 
are not equivalent while /; = Ix. 

Now, let us consider the case where the two representations are equivalent. Thus, 
let us drop the superscript j and k. Then, 


M =X 1(G)X0(G"!) =d. (9.140) 
G 


Therefore, considering the mm’ element of the above identity, we obtain 


SY COME (G7 Nee = Onn: (9.141) 


p4 G 
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Let us consider the case where [X] pg = dpndgn'. Then, 


VOEO Im lE (G Dnm = ôm. (9.142) 
G 


Summing the above elements over m = m’, we thus obtain 


O D IEG) ma IEG vm = el. (9.143) 
m G 
On the other hand, the lefthand side of the above is equal to Qô,» as follows. 
DOYO YEO m TG Dwm = X YOG Gwn = QSnn- (9.144) 
Gm G G G 
Therefore, c = Spn'Q/1;. As a result, 


NOEC m TGD Iw = NOEC) mn ECO = aia (9.145) 
G G J 


where the fact that T is a unitary irreducible representation was used. o 


Exercise Problems with Solutions 


9.1 Write down the ground electronic configuration for B, , determine its bond 
order, and the term for the ground electronic state. Use KK for the core shell. 


Solution 9.1 For B, , which has 11 electrons, the configuration is as follows: 
KK (0428)? (028)? (Tu 2Px, y). 


The bond order for this is 3/2. The molecular terms for this is the same as 
(%y2Px, J5 for which the only and the ground state term is 2T. 


9.2 Answer the following questions for the electronic states of Nz : 


(a) Write down the ground electronic configuration for NY, determine its bond 
order, and the term for ground electronic state. 

(b) Assume that an electron in the m„2px,y orbital of the ground electronic 
configuration gets excited to a 27g2p,,y orbital. Write down all possible term 
symbols for the resulting excited state configuration. Among these, list all the 
states to which the transition from the ground state is allowed. For each allowed 
transition, state the appropriate selection rule clearly. 
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Solution 9.2 


(a) 


(b) 


The ground electronic configuration of N. ai is as follows: 
KK (028)? (0u 28)” (tu2px,y) (0g2p2)" 
For this configuration, BO = 5/2. Since all MOs are fully filled except for 


02 pz, Which is singly filled, there is only one term for this as follows: =f. 
The corresponding excited state configuration is as follows: 


KK(0¢28)° (0425)? Otu 2px y) (@g2 p2)" (Tg2Px,y) 
This is equivalent to the following: 
(Tu2Px,y)! (0g2pz)! tps): 
Since there are three electrons occupying three different orbitals, all possible 
combinations of A and S can be used. First, summing the states of two electrons 
occupying 7,2 px,y and og2p, respectively, we obtain 


A=1; S=0,1 


Summing these with the state of the electron occupying 72px,y, we obtain 


All states have u symmetry. Therefore, the resulting molecular term symbols 
are as follows: 


4 
’ Li 


25i 


u 


Aus Au 


Among the above terms, transition from the ground state DI to the following 
state are allowed: 


25E 


u 


9.3 The z-type molecular orbital of a (noncyclic) propyl anion, CH2CHCH77, is 
given by the linear combination of the three carbon 2p-orbitals as follows: 


Iv) = C1|2pz1) + C2|2pz2) + C3|2pz3), 
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where 1, 2, and 3 denote carbon atoms from the left to the right. For the molecular 
Hamiltonian H, 


(2pz|H|2p21) = (2p:2|H|2p22) = (2p-3|H[2pz3) = o, 
(2pz1|H|2pz2) = (2p22|H|2pz3) = $. 
Assume that (2p-1 Â |2p-3) = 0 and that all overlap integrals between different 


orbitals are zero. Use the variational principle and determine three MOs and their 
energies, and determine the total 7 -electron energy of propyl anion. 


Solution 9.3 Applying the variational principle, we obtain the following matrix 
equation: 


«a-E g 0 Ci 0 
0 8 a-E]\G 0 


This is possible for non-zero the Cx only if the determinant is zero as follows: 


a-—-E B$ 0 
B a-E ß |= (@-— EP -28° (a -— E) 
0 B a-E 


= (a — Ea — E—V2B)(a— E + V2B) =0. 


Thus, there are the following three solutions for the energy: E = a, a — 28, and 
a + /2£. The coefficients for MO can be determined by plugging each value of E 
into the above matrix equation and also using the normalization condition. 

For E = a, BC2 = 0, (C1 + C3) = 0. This means that Cz = 0 and C; = —C3. 
Using the normalization condition, we find that 


1 
a) = — ([2pa) — |2p,3)). 
(Wn) a VPD |2pz3)) 


For E =a — V26 , two independent equations are V20 1 + C2 = 0 and C2 + 
J/2C3 = 0, which result in C1 = —C2//2 and C3 = —Cz/V/2. C2 can then be 
determined by normalization condition. Thus, 


a 


1 
I2p21) — — 
/2 Pz 


1 
gl? P22) F z |2P23)- 


ly) ) 
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For E = a + 2, two independent equations are —/2C, + C2 = 0 and 
C2 — V203 = 0, which result in Cy = C2//2 and C3 = C2//2. C2 can then be 
determined by normalization condition. Thus, 


1 
Wa) = ) + 512p23)- 


1 1 
—el2 Pa) + el2 P22 
J2 Pz J/2 Pz 


The four z electrons occupy |) and | Yn. Thus the x -electron energy is as follows: 


Eq = 2(a + V26) + 2a = 4a + 2/28. 


9.4 For 1,3-butadienyl anion, [CH2 = CH — CH = CH)]7!, the four LCAO-MO 
x orbitals formed by p; orbitals of carbon atoms, within the Hiickel approximation, 
have the following energies: œ + B(/5 + 1)/2, where a is the energy of each p; 
orbital and £ is the resonance integral between neighboring p; orbitals. Find out the 
expressions for the total x orbital energy and for the total -bonding delocalization 
energy. 


Solution 9.4 There are five electrons occupying 7 MOs. Below are the three MO 
energies from the lowest and the number of electrons in parenthesis. 


ue 5+1 sie J5-1 
(2); a+ B l Da eT) 
Summing the above for all five electrons, 
ae has 
Er = 5a + B—— 
The x orbital delocalization energy is given by 
3/5 —9 
Ex—deloc = Eq — 5(a + B) = a a 


The above quantity is positive, which means that there is no stabilization within the 
Hiickel approximation. 


9.5 The molecule PCl} shown below, where all the P — Cl distances are the same 
and all the Cl — P — Cl angles are the same, belongs to C3, point group. 
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Use the character table below to answer questions below. 


C3v E 2C3 30y 

Al 1 1 1 | z, x24 y?, 22 

A2 1 1 -1/R, 

E 2 -1 __O | @, y), (Re, Ry), (x? — y7, xy), (Œz, yz) 


(a) The reducible representation of the 12-dimensional coordinates of all atomic 
displacements of PCl3 is found to be T = 3A; + A2 +4£. Complete the values 
of characters for this reducible representation in the table below. 


Cy E 2C3 30y 
r 


(b) Identify all the irreducible representations constituting the vibrational modes. 

(c) How many IR active modes are and what are their irreducible representations? 

(d) How many Raman active modes are and what are their irreducible representa- 
tions? 


Solution 9.5 


(a) Making the linear combination of characters for each symmetry operation, we 
obtain the following components for the table. 


on E 2C3 30, 
r 2 0 2 


The above elements can be confirmed to produce the given linear combina- 
tion as follows: 


1 
Ai: pee 
1 
A2: g(12-14+2-0-143-2-(-D)=1 
1 
E: Be A SE A 
(b) From the character table, it is clear that 


Rir TE Aj + E, 
Rro = AQ +E. 
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Therefore, 
Vyip =I — Iir — Prot = 3A1 + Ad +48 — (A1 + A2 + 2E) = 2A14-2E. 


(c) and (d): There are 6 vibrational modes, which are all IR and Raman active 
according to their symmetry properties. 


9.6 Express a reducible representation T, for which the values of characters 
are shown in the following character table for D3, in terms of all irreducible 
representations and identify all possible candidates for irreducible representations 
that are IR and Raman active vibrational modes. 


D3 E 2C3 3C2 

A l a 1 z, x +y 

A 1 1-1 z R, 
E 2-1 0(,y), &?-— y? xy), (xz, yz) (Rx, Ry) 
r 12 0 -2 


Solution 9.6 Each component of F is as follows: 
1 1 1 
Ai: Ze Gy l; A2: 5012+60) =3; Err CEIDA 


Therefore, T = Aj + 3A2 + 4E. Since ly, = A2 + E and TR = A2 + E, yin = 
l—T;, —Tr = Ay + A2 + 2E. Out of these five modes belonging to Az and E are 
IR active, and five modes belonging to A; and E are Raman active. 


Problems 


9.7 Write down the ground electronic configuration for C2*, corresponding bond 
order, and all possible electronic terms. If an electron in o,,2s of this configuration 
becomes excited to 722 p,,y, what are possible terms corresponding to the excited 
electronic configuration? 


9.8 For 1,3-butadiene cation, [C4H¢]*, what is the x -orbital delocalization energy 
within the Htickel approximation? Express your answer in terms of a = Hj; and 
B = Hi işı. 


9.9 The molecule allene (H2C = C = CH2) belongs to a point group D4. Draw 
the molecule and indicate all the symmetry elements. Assume that hydrogen atoms 
are rigidly fixed to carbon atoms. Then, find out reducible representation of the 
molecule in the basis of 9 dimensional coordinates of carbon atoms only. Express 
this as the sum of irreducible representations and identify all IR and Raman active 
modes. 


Chapter 10 
Quantum Dynamics of Pure and Mixed P 
States 


Whatever Nature has in store for mankind, unpleasant as it may 
be, men must accept, for ignorance is never better than 
knowledge. 


— Enrico Fermi 


Abstract This chapter provides an overview of quantum dynamics and its approxi- 
mations. For pure states that can be represented by a linear combination of kets/bras 
(or wavefunctions), this entails solving the time dependent Schrödinger equation. 
Three major pictures of the dynamics, Schrödinger picture, Heisenberg picture, and 
interaction picture are explained first. Then, the interaction picture is used for the 
description of time dependent perturbation theory, and Fermi’s golden rule is derived 
from the first order approximation. For the description of more general mixed states, 
introduction of density operator and extension of the time dependent Schrédinger 
equation to the quantum Liouville equation become necessary. Application of the 
perturbation theory to this quantum Liouville equation is presented as well. 


So far, the focus has been on stationary (time independent) properties of a closed 
quantum system and a pure quantum state that can be expressed by a single ket (bra) 
or wavefunction. While this has been enough for explaining the foundational aspects 
of quantum mechanics and applications to well-isolated molecular properties, it is 
limited for quantitative understanding of time dependent quantities and properties of 
a large collection of molecules that are interacting with each other. Most chemical 
phenomena involve understanding these dynamical processes in complex environ- 
ments. For this, explicit consideration of quantum dynamics and general approaches 
to represent mixed states are necessary. This chapter describes basic principles 
governing the dynamics of pure and mixed states, and simple approximations. 
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10.1 Quantum Dynamics of Pure States 


A pure quantum state refers to any single quantum mechanical state that can be 
represented by a ket (bra) or a linear superposition of kets (bras). As described 
briefly in Chap. 2, for a closed quantum system with a Hamiltonian operator H, the 
pure state at time ¢ can be determined completely by solving the time dependent 
Schrödinger equation, Eq. (2.43). Given that the initial state is |y}, the solution of 
the time dependent Schrödinger equation can be expressed in terms of the time 
evolution operator On (t) defined by Eq. (2.82). The resulting expression, Eq. (2.85), 
can again be expressed in a number of different ways as follows: 


Hit) = Ôn OI) = exp f-t} iw 


oy aN, 
= Si) ar) Iy). (10.1) 


In the limit of t = 0, the above expression approaches the limit of |Y; t = 0) = |y) 
as it should. 

Given the time dependent state as expressed above, the corresponding time 
dependent expectation value at time ¢ of any physical observable A, which is 
assumed to be time independent for now, is equal to 


(A), = (Y; tlAlys t). (10.2) 


While this view of the quantum dynamics is sufficient for describing all the time 
dependent processes in quantum mechanics and is most widely used, it turns out to 
be just one of many possible “pictures” of the dynamics known as the Schrödinger 
picture. In this picture, the time evolution of the system is viewed as being entirely 
due to the change of the state from |w) to |y; t) although there can still be an 
additional time dependence of an operator Â due to extrinsic factors. To make this 
clear, let us denote the operator in the Schrdinger picture with subscript “S” and also 
assume the possibility of additional time dependence that cannot be explained in 
terms of time evolving quantum states in the Schrödinger picture. Thus, the general 
time dependent expectation value of any time dependent physical observable can be 
expressed as 


(AQ): = (Ws tlAs@I¥; t). (10.3) 
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Taking the time derivative, we find that the above time dependent expectation value 
satisfies the following differential equation: 


d ð n N 0 
Aon = (Fs ri) As HIY; t) + (Ws tlAs(t) (Fv: n) 


a. 
+(w; t| (240) ly; t) 


(w; tlAs( Aly; t) 


= = (Wi tlHAslyit) = 


a. 
+(y; t| (240) ly; t) 


oe a 
= (Wt (14. As(t)] + = As) ly; t). (10.4) 


10.1.1 Heisenberg Picture 


Heisenberg viewed that the dynamics is entirely due to time evolving physical 
observables whereas the state remains the same. This is known as the Heisenberg 
picture and can easily be shown to be equivalent to the Schrödinger picture. For 
any time dependent operator in the Schrédinger picture A s(t), we can define the 
following time dependent operator in the Heisenberg picture: 


Ân O = 0, OAsOn(0). (10.5) 


Then, the expectation value of A(t) at time ¢ can be viewed as the expectation of the 
above operator with respect to the time independent state |y) as follows: 


(A(t): = (WiAnOlW) = WOE MAsMUnOIW) = (Ws tlÂs Ol; t), 
(10.6) 


where the second equality shows the equivalence of the two pictures. 

In the Heisenberg picture, all the time dependent properties are directly encoded 
into time evolving operators as if physical observables evolve in time in classical 
mechanics. This is represented by the time evolution equation for the time dependent 
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operator as follows: 


d a | on A 
qu = -Â Oy (t)As()U u(t) — Oj AsOn A 


At o A A 
+U;,(t) (FAs) Un(t) 


A 


= 51H, An@|+0y of? ås) Unt). (10.7) 


For the case where A s(t) commutes with the Hamiltonian H, it also commutes with 
the time evolution operator U H(t). For this case, A H(t) = A s(t), and the time 
derivative of A H(t) is the same as the partial derivative of A s(t) with respect to 
time. 

In the Heisenberg picture, the relationship between time dependent position and 
momentum operators are similar to those for classical mechanics. For this, let us 
consider the case of the following one dimensional Hamiltonian: 


~2 
H = 2 ye. 

2m 
Then, the time derivatives of the position and momentum operators in the Heisen- 
berg picture are as follows: 


d a ROG E 
TO= a = Oy OÂ, ŝlÛn (t) 


p? 
TOR e £0 n (t) 


Pu(t) 


= ——_, (10.8) 
m 
T putt) = 41, bal = OF 214, pd 
ZnO = IÂ, PaO = OR OÂ, pon) 
= Oy OVO), Ono) 
= 0}, 0 (-V'®) On = Palo. (10.9) 


In the above expression, V (£) implies the derivative of the potential energy with its 
argument as the position operator and the fact that [p, f(x)] = —if f’(x) for any 
function of position f(x) has been used. Thus, F H(t) is the time dependent force 
operator in the Heisenberg picture. 
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For the case of a harmonic oscillator with V(x) = mw?x?/2, the force operator 


is proportional to position as follows: F H(t) = —mw*k y(t). Therefore, Eq. (10.9) 
reduces to 

d. dA 

g?r O = -mœ Xy (t). (10.10) 


This is exactly the same as the classical equation of motion for the momentum. 
Therefore, one can find out the solution for the time dependent position operators in 
terms of that for the classical mechanics as follows: 


A 


în (t) = &cos(wt) + & sin(w0), (10.11) 
mæ 


Pu(t) = pcos(wt) — mos sin(wt). (10.12) 


10.1.2 Interaction Picture and Time Dependent Perturbation 
Theory 


Let us consider the case where the system is subject to additional perturbation 
Hamiltonian, Ay (t), which can be time dependent in general, in addition to the 
original zeroth order Hamiltonian, Êo. Thus, the total Hamiltonian describing the 
system is given by 


A(t) = Ho + ÂO). (10.13) 


The time dependence of Ay (t) may originate from any source, but the most typical 
one is the application of time dependent field. 

In the Schrödinger picture, the state evolves according to the following time 
dependent Schrédinger equation: 


a R A = 
ih— Wit) = HOW) = (Êo + MO) 1) (10.14) 


Given that the eigenstates and eigenvalues of Ĥo are known and that we want to 
develop perturbation theory with respect to A(t), it is convenient to consider a 
Heisenberg picture with respect to Ho. This is known as the interaction picture. 
Thus, let us introduce the time evolution operator for Ao, 


Ûo(t) = exp {—7Aor| (10.15) 
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which represents the dynamics of a system subject to only the zeroth order 
Hamiltonian Ho. Note that Uo (t) is a unitary operator as follows: 


Tot) 04 () = Of (Uo(t) = 1. (10.16) 


We can now define the state in the interaction picture by applying U. (t) to |Y; t) 
as 


[ws t) = Of Ws t). (10.17) 
Then, the equation governing the time evolution of |y; t)z is 
in ws thy = in (Foi) [ws t) + Ohoin yy: t) 
ot ot ot 
= — 0) ()Holw: 1) + ÔO (Ao + HO) 1V5 0) 
= Uj OM (IY: t) 
= Ay r(t)\Ws t)r, (10.18) 


where Eqs.(10.16) and (10.17) have been used and the following first order 
Hamiltonian in the interaction picture has been introduced. 


Â (t) = 05 (OM (Oo). (10.19) 


Integrating Eq. (10.18) with respect to time, we find that 


IY; t)r = |W; 0) — T dt’ Ñi 10y; t)r. (10.20) 


The above expression is nothing but the integral equation form equivalent to 
Eq. (10.18) but is amenable for approximate solution more easily as detailed below. 

Both sides of Eq. (10.20) involve as yet unknown |y; t)z at two different times. 
However, for the state in the integrand, we can substitute the definition given by the 
lefthand side as follows: 


rail: o- 5p dt’ Fh s(t')\Ws 0)1 


> t t! 
+(-4) f ar f dt" Hi r) Hi Oy; t)r. (10.21) 
0 0 


The above expression does not look simple either and appears to make getting 
the solution even more complicated because the unknown |W; ¢’”); still exists on 
the righthand side, which now involves double integration with respect to time. 
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However, given that the magnitude of Ay (t) is small enough so that its effect 
becomes smaller and smaller as the order of integration increases, one can continue 
applying the iteration procedure and obtain the following formal solution: 


eS We ah dt' Fh 10y; 0)1 


i ‘ 1 j Ny nN n : 
+ =) dt dt’ Hi (tt) A(t) |W; 0) 7 
0 0 
i 3 t 1! o i - . 
+(-;) Í dt! Í dt" f dt” Fy) E10") A rey: 0)1 
0 0 0 


ae (10.22) 


Equation (10.22) is a general formal solution for the state in the interaction 
picture and is well defined as long as the infinite order limit of the sum of 
multiple time integrations converges. Finding out the exact condition for such 
convergence to be ensured is not a simple task in general. However, in many cases, 
the convergence can be determined at least numerically given a specific form of 
the Hamiltonian. Here, we consider only physically well-defined perturbations for 
which the convergence of perturbation terms is guaranteed. 

If the effect of i dt'H 1,1(t')/f is very small compared to the zeroth order term, 
an approximation that keeps only the first order term in Eq. (10.22) is reasonable. 
Thus, we obtain the following first order approximation: 


ws 1) = |p; o-i f dt! Bhp (t"yly; Or. (10.23) 


Employing the definitions of Eqs. (10.17) and (10.19), and returning to the original 
Schrédinger picture, we find that the above expression is equivalent to 


$ t a 
[ws t = Jy; t) — = [ dt'e nO) Fhe) | yr; 7), (10.24) 
where 
Iy; 1) = Oolt, Oly; 0) = e77 A |p: 0). (10.25) 


10.1.3 Fermi’s Golden Rule 


Suppose we are interested in the rate of transition of the system from an eigenstate 
of Ho to another one due to the perturbation Ay (t). Thus, let us consider the case 
where the state of the system at f = 0 is an eigenstate of Ao with eigenvalue Ej, 
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which we denote as |E;). Then, the first order approximation for the state at time fr, 
Eq. (10.24), can be expressed as 


i j t ig N\A i 1 
Iy; t)® = eTa" ]E;) — Fi dt'e iU) Fh (te iI JE). (10.26) 
0 


Let us denote the probability for the system at time t to have made transition to 
another eigenstate | Eg} of Ao as P;_,x(¢). Without losing generality, we can assume 
that (E ;|Ex) = 0. Up to the lowest order of Ay (t), this probability can be calculated 
by projecting the above first order time dependent perturbation approximation onto 
|E,) and taking its absolute square as follows: 


2 i ff iE t-t ^ Li al’ 
Pjs = Ery: 1) | -|-;/ dr'e BKC Ep E(t) Efe 
0 


1 t f i Arata A A 
7 Í dt! f dt" er FEDE) E i (E; E; |Ê CE). 
0 0 
(10.27) 


The time derivative of the above probability can be defined as the rate of transition, 
which is in general time dependent and is given by 


d 
Trj) = a Pik) 
1 i =F. y" A A 
= =| I dt” ef EEDU By | OEE; Ê (t")| Ex) 
0 
t ý 
+ [ dt’ eh FEDO Ena dE ME AOE}. (10.28) 


In the integrals of the above expression, let us replace t” with t — t in the first term 
and t’ with t — t in the second term. Then, 


1 £ e E A R 
Tilt) = >If dreñ POED E | Ay (t)|Ej)(Ej| Mit — t)|Ex) 
t i 
$ Í dre HECE Ey Fe -DEMERE | 


1 t i ; R x 
= 2Re Fal dreñ PED E A OIE; ME; Ait = DIE | 
0 
(10.29) 


In the above expression, the fact that the first and second integrals in the first equality 
are complex conjugates of each other have been used and “Re” implies the real part. 
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Let us now consider the case where the matrix element of the perturbation 
Hamiltonian is given by 


(Ex| Ay ()|Ej) = Sine!" (10.30) 


where w is a real number. Then, Eq. (10.29) can be expressed as 


2 t j ; 7 ; 
hex Re p drek EEDE Jue cet? 


2|J;kl? ai r i 
= l Re p drek EicEpre-ier| , (10.31) 
0 


where the fact that (E j |Ay (t — T)| Ex) is the complex conjugate of Eq. (10.30) with 
t — t as time argument has been used. In the limit of t — oo, the above rate 
approaches the following steady state limit: 


| Fjxl? ee (Ee - Ej 
Tj (00) = z2 Re i drt exp yi a e T 
Jil? [9 Ex — Ej 
= | itl J drop |i (===! ~0) «| 
h ~o0 h 


= ô(Ek — Ej — hw), (10.32) 


where the Fourier integral definition of the delta function, Eq. (1.85), has been used. 

Equation (10.32) is the simplest form of the Fermi’s golden rule (FGR), and 
serves as the basis for calculating transition rates for many dynamical processes 
and for calculating intensities of spectroscopic transitions. Although this expression 
involves a delta function, which is singular, a physically meaningful answers can be 
obtained from this if the implication of taking the mathematical limit of t —> oo 
is taken into consideration within the proper physical context. In addition, the final 
states to which the transition occurs are hardly a single discrete state in many real 
situations. This can also be used to remove the singularity. 

Let us consider the case where H 1(t) represents the interaction of an electric 
field and a molecule with transition dipole D jx. In this case, within the dipole 
approximation! and the rotating wave approximation,~ the perturbation Hamiltonian 


l This is to assume that there is no spatial variance of the filed at molecular length scale. See 
Appendix of this chapter for more details. 

? This is to ignore highly oscillating non-resonant term between field and transition. See Appendix 
of this chapter for more details. 
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can be expressed as 
y(t) = ACD jx - We)| Ex) (E jle” + A*(D jx + We)*|Ej)(Exle", (10.33) 


where w is the frequency of the radiation, and A and uy are the amplitude and unit 
polarization vector of its electric field component. For this case, Eq. (10.32) reduces 
to 


27 |Al?|D jk - Wel? 
h 


Ti) = ô(Ek — Ej — hw), (10.34) 
which gives the intensity of the transition at frequency œ. In this expression, ô (Ekg — 
Ej; — fiw) can be viewed as an idealization of a narrow peak centered at w = (Ex — 
Ej)/h. 

Let us consider another common case where the FGR rate expression, 
Eq. (10.32), leads to a more well-defined rate. Assume that the final states are 
not in fact a single state but a set of states and assume also that w = 0 in Eq. (10.30) 
for simplicity. The FGR rate in this case becomes the sum of all rates given by 
Eq. (10.32) over all possible final states as follows: 


iS Qn | Fix? 
Tice = 5y | SE = Ej). (10.35) 
kesr 


Let us also assume that the final states form a continuum with distribution 
wy(E ¢, €¢) such that 


y= fate f depor Ep), (10.36) 


keS 


where &; collectively represents the set of additional quantum numbers needed 
to completely specify each of the final states in the set Sp. Employing the above 
relationship in Eq. (10.35) and then conducting the integration over Eg, we then 
obtain the following rate expression: 


> 2m |J kE) 
Woe = f aby f agpw (Es, es ED 5(Ex — Ej) 
2n|J; 2 
= fag; wy) gp. (10.37) 


where we have included the general case where J;x depends on £p. In a simple case 
where Jj, is independent of £f, which is now denoted as J; 7, the above expression 
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can be simplified further to 


S Qn | Jj ¢|" 
IRP _ if p. 


FGR = 


;(Ej), (10.38) 


where pf (Ej) = f dşwp(Ej, &f) is the final density of states at Ej. 


10.2 Quantum Dynamics of Mixed Quantum States 


So far, we have assumed that a complete information on the quantum state of the 
system is available. This is hardly the case in reality. In addition to the intrinsic 
quantum uncertainty, there always exist additional uncertainties at practical level 
due to imprecision, disorder, and lack of full information on conditions determining 
the states. Systems of these characteristics are in mixed quantum states and need to 
be treated at the level of a density operator. 


10.2.1 Density Operator and Quantum Liouville Equation 


The concept of the density operator is more general than quantum states we 
considered so far and requires both ket and bra for its definition. Any pure quantum 
state can be represented by a density operator. Consider a quantum state |y). Then, 
the density operator corresponding to this state is as follows: 


by = |W wl. (10.39) 


If the system is governed by a Hamiltonian H, then the state prepared in |y} at time 
t = 0 evolves to become |y; t) = On (t)|y) at time t. For the definition of the 
density operator to be consistent at all time, given that it is defined as above at time 
t = 0, it should at time t become 


by (t) = Iwi t) (Ws tl = On Ol) (WOE. (10.40) 


Taking the time derivative of the above density operator, then we find that 


i a _ o ae 
= bul) -Â ÔK OW) WIOnO + On OW WIG, OF 


-I 1, py ©. (10.41) 
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The above equation is an example of the quantum Liouville equation, which can be 
shown to be valid for any density operator. 

Now, let us consider an example of a mixed quantum state. Assume that we know 
the system is either in state |y1) or |wW2), but do not know exactly which state the 
system is in. The only information available is that their respective probabilities are 
pı and p2. This kind of situation is completely different from the case where the 
state is given by a linear combination of |) and |w2) that is still a pure state, and 
can be represented by the following density operator: 


ô = pilya) (Wil + pala) (wal, (10.42) 


where it is assumed that |y1) and |wW2) are normalized. In the above expression, 
Pi + p2 = 1, while pı, p2 => 0. Note that the two states |y1) and |w2) do not have 
to be orthogonal to each other. Since the possibilities for the system to be in either 
of these two states are completely uncorrelated, the above density operator should 
at time t become 


A(t) = pily; t) (wis tl + polya; t) (was tl 
= p Û Oly ÔO + pÔ Oly) WO LO 
= Un(t)pU}, A). (10.43) 


The above expression suggests that the manner of time evolution for the density 
operator is independent of whether it represents the pure or mixed state as long as 
the governing Hamiltonian is the same. 

Extending the concept of the mixed state illustrated above to more general cases 
that involve more than two states, we can now define a general density operator, 


ô=} vilvj (vil. (10.44) 
J 


where each | ;) is normalized and pj > 0 represents the probability for the system 
to be in state |y;). Thus, a pj; = 1. It is obvious that the density operator 
defined in this way is always Hermitian. In addition, for any state |g), (g|6|@) is 
always nonnegative. This means that the diagonal elements of any density operator 
in any basis, which are probabilities to find the system in those states, are always 
nonnegative. 

For the density operator given by Eq. (10.44) at time t = 0, the density operator 
at time t becomes 


A(t) = On (NÛ) (0, (10.45) 
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which satisfies the following quantum Liouville equation: 


i 


> |â, ô) = -i L(t). (10.46) 


0. 
ape =— 


The second equality in the above equation serves as the definition of È, a super- 
operator? called quantum Liouvillian. 

Given the mixture of states |;), each with probability pj, the expectation value 
of any physical observable A should be 


(A) = DO py (wylAlvy). (10.47) 
J 


It turns out that the above quantity can be calculated in terms of the density operator 
ô given by Eq. (10.44) as follows: 


(A) =Tr {Aa} (10.48) 


where Tr{---} implies sum of all the diagonal elements of --- calculated for any 
complete basis. More detailed description of the trace operation and its properties 
are provided below. 


Definition and Invariance of Trace 


Given an operator A anda complete basis, |¢,), with respect to which the 
operator can be represented, the trace of A is defined as the sum of all the 
diagonal elements as follows: 


Tr {A} = Y inâ). (10.49) 


There are two important properties of trace operation that can be proved easily 
using the completeness relation, `, (Øn) (n| = 1. 


e The trace of the product of two operators, A and B, is independent of the 
order as follows. 


Tr {AB} = Tp {BA} , (10.50) 


(continued) 


3 Super-operator refers to an operator that operates on quantum mechanical operators. In this case, 
note that £ operates on the density operator. 
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The proof of this is as follows: 


Tr {AB} = Y (pnl ABlon) 


= 5 X (bnlÂlpm) (Pml Blon) 


n m 


=J) (Pnl Ê lon) (On| Aldn) 


n m 


D = Tr {BAl, (10.51) 


where the fact that |n) form a complete basis has been used in the second 
and the fourth equalities. 

° Given an operator Â and its unitary transformation A’ = U* AU, the traces 
of A and A’ are always the same. This is a direct outcome of Eq. (10.50) as 
shown below. 


Tr{A’} = Tr{U' AU} = Tr{AUU"} = Tr{A}, (10.52) 


where the fact that UU+ = Î has been used. 


Having defined the trace operation and its two invariance properties, we can 
easily prove the equivalence of Eqs. (10.47) and (10.48) as follows: 


Tr {Apt = Y ipn Â len) 
{4a} => 
= YY pj lbnlAlyj)(Wildn) 
n j 
=X) pijon) Onl Aly) 
n j 


= Ð p;wlÂly) = Tr {AA}, (10.53) 
j 


where the last equality results from Eq. (10.50). Also note that Tr { A(t)} =Tr { ô} 
for A(t) given by Eq. (10.45). 

In addition to the fact that the diagonal elements of a density operator are 
always nonnegative, there are two important properties concerning traces of density 
operators as described below. 
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Traces of Density and Squared Density Operators 
For any density operator, ô, the following two properties hold true. 
Tr fo} = Il. (10.54) 


O<Tr [a] zi (10.55) 


The proof of Eq. (10.54) is straightforward and results from that the sum of 
all the probabilities is equal to one as follows. 


Tr {6} = )(onlblon) =X YX pionit (Wylbn) 


n n j 
=} pil (£ 6) = ie =, (10.56) 
jJ n j 


where the fact that | y;)’s are normalized and that |¢,)’s form a complete basis 
has been used. 

The proof of Eq. (10.55) is more involved but is straightforward as shown 
below. 


Tr {6} = Y(onlbbldn) 


=X Y Y dye (Gul bs) (Wil Vn) Walon) 
n j k 


=>} 9 pipiyi) ae 
j k n 
Za (lyel? SL at (10.57) 


where the fact that Ko i|VR) |? < 1 has been used. Note that the equality is 
satisfied only for pure states. The above expression is obviously nonnegative 
since each term in the summation is nonnegative. This also proves the fact 
that 0 < Tr {6°}. 
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The necessity to introduce a mixed state goes beyond any experimental imper- 
fection, but has also more fundamental quantum mechanical origin. Mixed states 
can emerge for any system that cannot be completely decoupled from the rest of 
the universe even though there is no direct coupling of the system Hamiltonian 
and that of the rest [56]. For this, let us consider the direct product space of the 
system, for which |¢,)’s form a complete basis, and the rest of the universe, for 
which we assume the existence of a complete orthonormal basis denoted as | X,)’s 
Since the entire universe is closed, any state defined in the direct product space can 
be expressed as the following linear combination: 


= 5 XO Cnylon) ® |Xy). (10.58) 
n y 


Let us assume that we are interested in calculating the expectation value of an 
operator A, which is defined in the system space only. Then, 


SELL DV Give n'y (nl Aldn!) XIX) 
= = LLL Civ Cry (nlAlgn’) 


= 2 » CGY (bnlAldn’), (10.59) 
n n! y 


where (X, |X) = ôy has been used in the second equality. The above average in 
general cannot be expressed in terms of a pure state defined as a linear combination 
of |¢n)’s only. On the other hand, one can employ the following density operator: 


p = bes XO Chy Cwy lbn') Pnl. (10.60) 
n n y 


The above operator satisfies all the properties of a density operator. It is obvious that 
this operator is Hermitian and has nonnegative diagonal elements in any basis. The 
trace of this is equal to one as follows: 


Tr{ôĝ} =>). Lleol" = 1, (10.61) 


n 
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which is satisfied because |) given by Eq. (10.58) is normalized. On the other hand, 


Tr [2] = Tr > 5 5 Ciy Cnty > Ciny Cny' ln’) (n'l 
y! 


n! A n" Y 


2 


= 5 ys ` Ciy Cry) s (10.62) 
no n Y 


which can be shown to be always less than or equal to one. 

Thus, ô given by Eq. (10.60) in general represents a mixed state created due to 
an entanglement of the system with other environmental degrees freedom, for which 
no explicit control or specification through measurement is possible. On the other 
hand, it is straightforward to show that the average value given by Eq. (10.59) is 
indeed equal to Tr {Aa}. In other words, the definition of average, Eq. (10.48), is 
general and can be used even when the average value cannot be expressed as an 
expectation value with respect to pure system states. 

An important class of density operators is called the canonical equilibrium 
density operator, which is defined as follows: 


, (10.63) 


where H is the Hamiltonian of the system, 6 = 1/(kgT), with kg being the 
Boltzmann constant, and Zg is the partition function of the canonical ensemble 
defined as 


Zp = Tr{e fÊ} = Y eE), (10.64) 
j 


In the above expression, E;’s are eigenvalues of the Hamiltonian H. By definition, 
Tr{6g} = 1. In addition, it is stationary with respect to time since it commutes with 


the time evolution operator. For any physical observable, A, the equilibrium average 
over the canonical ensemble is given by 


(A)g = Tr { Aap} (10.65) 
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10.2.2 Time Dependent Perturbation Theory for Mixed 
Quantum States 


Let us consider again the case where the total Hamiltonian H (t) is given by the sum 
of the zeroth order and time dependent first order terms such as Eq. (10.13), and 
denote the time evolution operator for this time dependent Hamiltonian as On (t). 
Given the density operator 6(0) at time t = 0, the density operator at time t becomes 


A(t) = Un ()/(0)U}, (0). (10.66) 


On the other hand, the time dependent state at time ¢ in the interaction picture with 
respect to Ho is 


Iy; tr = Of Olvs t) = OF OUn Oly; 0). (10.67) 


Let us combine this with Eq. (10.22) and note the fact that the initial state, |y; 0) = 
|W; 0)7, is general. Therefore, we obtain the following identity: 


i 


t 
Uy (t) = Uo(t) EXP) [-; f arfah) ; (10.68) 


where the second term in the above expression is a time-ordered exponential 
operator defined as 


i ff A i f! A 
eXP(+) I-7[ arna) = (1 — =f dt’ Hı g(t") 

i 2 pt t! n N 

a iss if ar f dt" Hy i(t’) Ay rt” 
hy Jo 0 i 
i 3 t t! 1" a n . 

+(-;) f ar f ar" f dt” H 16) H eA”) + - 
hj Jo 0 0 


(10.69) 


The subscript (+) in the above expression implies positive or chronological time 
ordering. 

Employing the definition of Ay 1(t) given by Eq. (10.19) in Eq. (10.68), we 
obtain the following expression for the time evolution operator: 


is (t) = ei Hot/h 


. t á A 
i | dt'e- Poth f (4! yet Ht /h 
h Jo 
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~\2 pt 4 a R n 
+(-5) f ar f dt e~iHot—0)/ Fy, (tye i PoE Fy (tye ot" Ih 
0 0 


(10.70) 


Employing the above expression and its Hermitian conjugate in Eq. (10.66) and 
keeping only up to the second order terms with respect to H(t), we thus obtain 
the following second order approximation for the time dependent density operator: 


A(t) _ ei Hot/h S (Ojei Hot/h 
i 
ħ 


t m n A 
/ dt'e~iHot—1)/n Fy, (he i Êo A (Ojei Hot /h 
0 
j t P a a 
+5 1 dt’ ei Hot/h 5 (Ojei o/h f (te Poh 
0 
1 t t ES j M nf 
+f ar f dt"e itHot—t )/h Hı (je /h 6) 
0 0 
x ei Hot” /h Ay (tei Poh 
t t ie x 
-6 f ar f dt e~iHo0—t)/h Ê, (thei Hot’ t") /A 
0 0 
x Ay (t'e iot" Ih (Ojei Hot/h 
1 ff r a a EA 
=a ar f dt! e Hot/h 6 (Q)e! Hot AÀ (C0) 
0 0 


x ei Holt’ —t")/h Ê, ei Poh, 


(10.71) 


For any physical observable Â, then its average value at time ¢ including the 


effects of the perturbation up to the second order can be expressed as 


Tr {Ap o} = Tr [ei forin Remia Sco) ) 


~. 


t ry “ry 1 A + ry l 
f dt'Tr {effi Aerio 11h y(t! emit Mao} 
0 


> pt R nA NE" 
+f dt Tr feor Ih A hei ot- Vn feito!" 5(0)| 
0 


1 


ee 


t t m a 
ar f dt"Tr oe Ê, (tei Roath Â 
0 0 


xen iHolt—t')/h Ê, TO 
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t A A A 
ol ay! dt"Tr ei Êot/h A p—iHo(t—1')/h Fy a’) 
h? Jo 0 


xei Pot —t")/h Ê, ayei Ao" Ao] 


1 í r ry A 17 P _ alt A 
-5f ar f dt"Tr feio Ih Ñ ayei PEN Aan) 
0 0 


e ANA AtB ao L, (10.72) 


where we have used the identity, Eq. (10.50), repeatedly to send the density operator 
at time tf = 0 to the rightmost place within the trace. 


10.2.3 FGR for Mixed States 


As an application of Eq. (10.72), let us consider a simple but widely used model. 
Assume that there is a two-state system spanned completely by |1) and |2), which 
form an orthonormal basis for the system. This system is coupled to all other degrees 
of freedom denoted as “bath.” At the zeroth order level, this bath is independently 
coupled to each system state and does not couple them. Thus, the zeroth order 
Hamiltonian for the system plus bath is assumed to be 


Ao = (E1 + By)|1)(1| + (E2 + Be) |2) (2| + Ap, (10.73) 


where Ê; and By are bath operators representing the coupling of each state, |1) or 
|2), to the bath and Hy is the Hamiltonian for the bath only. 

Examples of the two system states are spin states of any spin 1/2 particle or two 
electronic states of interest in any molecular system. The total quantum state space 
is a direct product of the two system state space and that of the bath. Thus, the trace 
operation of an operator O that depends on both system and bath can be expressed 
as 


Tr [ô] = Tri [aiô + (21ô12)} 
= (1|Tr [ô] 11) + IT rp [ô] 12). (10.74) 


Let us assume that a small time dependent perturbation coupling the two system 
states is turned on at time t = 0. Thus, for t > 0, 


ÂO = fO (2) + ROI, (10.75) 
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where J (t) is time dependent (in general) and can also depend on the bath degrees 
of freedom. Thus, J (t) is assumed to be an operator in the bath space. 

For t > 0, the total Hamiltonian becomes H (t) = Ao+ fan (t). Let us assume that 
the total system plus the bath, before the perturbation Hamiltonian A (t) is turned 
on, is represented by the following density operator. 


(0) = |1) (1164p, (10.76) 


where ô, is a bath density operator that can be a canonical equilibrium density 
operator or any other nonequilibrium density operator. Thus, the above density 
operator represents the system prepared in the pure state |1) and the bath in some 
kind of mixed states as prescribed by fp. 

Suppose that the major quantity of interest is the population of the state |2) of 
system at time t. This can be calculated, up to the second order of perturbation, 
by using Â = |2)(2| in Eq. (10.72). Although there are many terms in Eq. (10.72), 
for the model and process considered here, most of the terms disappear because 


(2JetiÊot/h 1) — (1 |e+iHot/)2) — 0. Thus, Eq. (10.72) simplifies to 


2 
PPO 


220} 


Tr |12 
1 t t ry 4M A ea, n 
Z zl ar f dt"Tr eo MA R (tet Hott 19) (2| 
h° Jo 0 
x et Holt—')/h Ê (reno) 
1 t t ry A i n 
al ar f dt"T rp feiler Jh Ñy (tei Holt—#9/ ay 
he Jo 0 
x (2e Poeh Fy (t'e i Poti] Ibo} 
(10.77) 


Since Ho given by Eq. (10.73) is diagonal with respect to the two state system 
states, it is easy to confirm that 


eti Êot/h = eti(Er+Bi+Ae)t/hyy) (4) 4 eti(Ert Bot He)t/M yy (9), (10.78) 


Thus, employing the above identity in all the expressions having Ap in the exponent 
in Eq. (10.77), we obtain 


t t re A a ` 
pO (t)= =f ar f dt"Tr, fo EE E (1!) |2) ef E2+ Bat Âp") /h 
0 0 


x e` i(E2+B2+Hp)(t—t")/ħ (2\ Ay (t’)| fee, 
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1 í . yy D ry ” A 
= all ar f dt” ei E27EDC AT p, jee IP Fa) 
0 0 


x ef (Bot Ap) —t")/A Fey Orne ng, | 
(10.79) 


The second equality of the above expression is obtained by further rearrangement 
of terms and using the definition of Ay (t) given by Eq. (10.75) explicitly. 

Now let us define the transition rate from state 1 to state 2 as the time derivative 
of PP (t). Then, 


d 
Pal) = PO) 


t 


py, a ei (E2-EDUIAT y fei Bit Melb Fy (t") 
0 


x ef Bat ÊD U—-/h Ft (pe i(Bit Âh jo} 


1 f . 1 R $ a 
4 a dt! ei E27EDC-D/AT r oe Joe 
0 


x ei Bot Apt —t)/h fee nG (10.80) 


Replacing the integrands t — t” and t — t’ to t respectively and noting the fact 


that the two integrations above are complex conjugates of each other, we obtain the 
following general expression: 


2 t ; PERE A 
T2() = -zRe p dt é EEDA Ty, eo Ji2(t — rt) 
0 
x ei (Bo+Hp)t/h fos ets} ; (10.81) 


The rate expression given above is valid for any time and any form of Î (t) as long 
as these are small enough to justify the application of the first order time dependent 
perturbation theory. Thus, this can be used as the starting point for calculating rates 
under various physical conditions. 

First, let us assume that 


OE Jire!, (10.82) 


where Ĵi2 is time independent but is still assumed to be an operator in the bath 
space. In addition, let us also assume that the bath density operator is the canonical 
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equilibrium density operator corresponding to the system state | as follows: 
e—B(Bi+ Ap) 


= —,, (10.83) 
Tr, [e-r +A] 


where 6 = 1/(kgT). Then, Eq. (10.81) simplifies further to 


2 t , 
T}-,2(t) = = Re p dt ei (E2-E1—0)t/ħ 
h 0 
x Trp (e BHAA Apeiron jt pea VT (10.84) 


Taking the limit of t — oo, the above rate becomes the following time independent 
rate expression: 


2 Oo. ee ee ee 
ri s25 aRe | [ dt ce a a FypeiBatHpt/n ioe, 


(10.85) 


where we have replaced the integration variable t with t. 

Equation (10.85) is in fact a kind of the FGR rate expression. For the case 
where the perturbation Hamiltonian corresponds to the interaction of two states of 
a molecule with an electric field component of light and the Condon approximation 
holds, Jia = ADı - ue, where Di2 is the corresponding transition dipole vector. 
Equation (10.85) in this case reduces to the following lineshape expression for the 
transition from state 1 to state 2: 


|A|?|Di2 - uel? 
h2 


oo «a dk 
z J dt ei E27E1z01/hT r ah Ma ce 
=O): 


T}_,2(@) = 


(10.86) 


where we have used the fact that Ps commutes with Hy + By and also made the 
dependence of the rate on w explicit. For the case of absorption ( E2 > E1), œ 
is positive. For the case of emission (E2 < E1), œ is negative, which represents 
emission of photon with frequency —qw. Equation (10.86) can be used for the 
modeling of absorption and emission lineshapes of various electronic transitions 
and is reliable as long as the two states involved in the transition are well separated 
from others and assumptions of the model Hamiltonian are well justified. 
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Similarly, for the case where w = 0 and Ji is not a vector but a time independent 
constant, i.e., J12, Eq. (10.85) reduces to the following familiar FGR rate expression: 


ri} a ie F dt ei E2-EDt/h Tr, a seal o |. (10.87) 

he J- i 
Various rate processes involving transitions of quantum states such as the transfer 
of electron, excitation energy, or proton can be described in terms of the above 
FGR rate expression. Indeed, well known Marcus rate [33, 34] expression for the 
electron transfer rate or the Förster rate [35] expression for excitation energy transfer 
can be derived [36, 37] from this FGR expression with further approximations and 
consideration of relevant physical conditions. 


10.3 Summary and Questions 


In the Schrödinger picture, the dynamics of a quantum system can be viewed as 
that due to the time evolution of states. On the other hand, physical observables are 
represented by time dependent operators unless explicit time dependence is needed 
due to external factors. In the Heisenberg picture, the view is opposite and the time 
dependence is carried through that of time dependent Heisenberg operators defined 
by Eq. (10.5). Interaction picture is in-between the two pictures and assumes that 
the operators evolve according to a zeroth or reference Hamiltonian while the states 
evolve according to the remaining part that represents the key interaction term of 
the Hamiltonian that is the major focus of the dynamics study. All of these pictures 
are equivalent because of the unitarity of a time evolution operator. 

Time dependent perturbation theory allows calculation of the effects of a 
perturbation Hamiltonian on the time evolution of states and physical observables 
and can be best expressed in the interaction picture where the state evolves in time 
only due to the perturbation Hamiltonian term. Considering only the first order 
term, one obtains a simple and general expression for the state in the interaction 
picture, Eq. (10.23), and that in the Schrödinger picture, Eq. (10.24). Use of this 
expression for the calculation of the transition probability between two states and 
calculation of the transition rate as its time derivative in the stead state limit leads to 
the FGR rate expression. This leads to the well-known expression for the intensity 
of spectroscopic transition, Eq. (10.34). For the case of transitions to a collection 
of final states with energy density ps (E), averaging of the FGR rate expression, 
Eq. (10.35), leads to the final rate expression, Eq. (10.38). 

A broad class of physical systems requires introduction of mixed states that 
cannot be represented by a single ket (bra). This is because the system under study 
is a collection or ensemble of states due to experimental limitations in creating 
pure quantum states. More fundamentally, this can be due to the entanglement of 
the system under study with other environmental degrees of freedom. This requires 
introduction of a density operator, which can be expressed in general as Eq. (10.44), 
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for which time evolution in both ket and bra space becomes necessary. The resulting 
time evolution equation, Eq. (10.46), is known as quantum Liouville equation. The 
average of any physical observable for the density operator is given by Eq. (10.48), 
and any density operator is Hermitian and satisfies Eqs. (10.54) and (10.55). 

Time dependent perturbation theory can be extended to the time evolution of 
the density operator by employing perturbation expansions for both time dependent 
kets and bras constituting the density operator. The resulting lowest order terms 
representing transitions between states now become second order with respect to 
the perturbation. Calculation of the time derivative of the probability for the system 
to be in a certain final state of interest and consideration of its steady state limit, 
results in a general expression for the FGR rate, Eq. (10.85). This expression is valid 
for a general mixed state given by Eq. (10.76) as the initial condition. The lineshape 
expression, Eq. (10.86), and a well-known FGR rate expression, Eq. (10.87), can 
then be obtained with additional assumptions and approximations. 


Questions 


e What are major differences between Schrödinger and Heisenberg pictures and 
why are the two pictures equivalent in describing quantum dynamics? 

e What makes consideration in the interaction picture useful? 

e Can one apply the time dependent perturbation theory even when the perturba- 
tion is time independent? 

e What is the consequence of applying the time dependent perturbation theory 
when the initial states are degenerate? 

e What are conditions and assumptions validating the use of the first order 
perturbation theory? 

e Is the Fermi’s golden rule rate always well defined and finite? 

e Does an ensemble of quantum states always require description at the level of 
a density operator? 

e What are physical origins of mixed states? 

e What is the Condon approximation in lineshape calculation? What is its utility 
and what happens if the approximation breaks down? 


Appendix: Interaction Hamiltonian in the Presence 
of Radiation 


This section provides a brief overview of the classical theory of electromagnetic 
fields [38] and then outlines how the interaction between molecules and the 
classical radiation field can be treated. Thus, the approach being described here 
is semiclassical because only molecules are considered quantum mechanically 
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while the electromagnetic field is simply viewed as time dependent classical 
external potential. This approach is valid and practical for the description of simple 
spectroscopic experiments. 

Classically, the Hamiltonian for a particle with mass m and charge q and its 
interaction with electric and magnetic fields, E(r, t) and B(r, t), in Gaussian units, 
can be expressed as [37, 38] 


1 q 2 

H= — (p- A.D) +480, +V, (10.88) 
2m c 

where V(r) is the potential applied to the particle in the absence of the electromag- 

netic radiation and A(r, t) and ®(r, t) are vector and scalar potentials that are related 

to the electric and magnetic fields, E(r, t) and B(r, t), as follows: 


LdA(r, ft) 


Er, t) + =—V (r,t). (10.89) 


c at 


Bcr, t) = V x A(r, t). (10.90) 


It is straightforward to show through vector calculus that Eq. (10.88) results in the 
following equation of motion [37, 38]: 


dr 
dt 
— VV (r). (10.91) 


x {V x A(r,t)} 


dr 1 3A(r, t) 
m— = 
dt? c ôt 


Vor, n coe 
Cc 


Inserting Eqs. (10.89) and (10.90) into the above equation, one can show that it is 
equivalent to the following equation of motion that is more well-known: 


dr ldr 
Mee =q (£c, t) + edi x Bir, n) = VV(r) x (10.92) 


The definitions of electric and magnetic fields, Eqs. (10.89) and (10.90), leave 
great degree of flexibility in choosing the vector and scalar potentials because, for an 
arbitrary function f(r, t), the following replacement does not cause any difference 
in the electric and magnetic fields. 


A'm, t) =A(r,t)+Vfr,t), (10.93) 


13f(r,t) 
c of ` 


(r,t) = P(r, t) (10.94) 
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In other words, 


Br, t) = V x A'(r, t), (10.95) 
E(r, £) + — AE egy, (10.96) 


Equations (10.93) and (10.94) are called gauge transformation, and provide ways to 
choose appropriate vector and scalar potentials that are easy to work with while not 
changing the electric and magnetic fields. One important gauge is called Coulomb 
gauge, which is characterized by the following condition: 


V -A(r, t) = 0. (10.97) 


The gauge transformation, Eqs. (10.93) and (10.94), makes it always possible to 
find a vector potential satisfying the above property. Let us assume that we happen 
to know a pair of A’ and ®’ corresponding to given electric and magnetic fields, 
but that V - A’ 4 0. Then, we can choose a function f in Eq. (10.93) such that 
V - A' = V? f . The resulting A satisfies the Coulomb gauge condition, Eq. (10.97). 

In a continuous medium satisfying linear constitutive relations with dielectric 
constant € and magnetic permeability u, Maxwell’s equations can be shown to be 
equivalent to the following partial differential equations for the vector and scalar 
potentials: 


whe neonate. (10.98) 
c ot € 
vaene y ieg e ( [a vee D) 
c ot c ot 
- aH yer, t), (10.99) 


where p(r, t) and J(r, t) are charge and current densities. In Coulomb gauge where 
Eq. (10.97) is satisfied, the above equations are simplified further to 


4 
sages eN (10.100) 
€ 
2A a 4 
Vi PO oe eee ey, COIN) 
c2 3t? c ot c 


Let us now consider the simplest case where there are no sources of charge and 
current. Then, p(r, t) = 0 and J (r, t) = 0, and Eq. (10.100) reduces to 


Vor, t) = 0. (10.102) 
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A solution of this, which satisfies the boundary condition of the infinite space, is 
that ® = 0. That is, in free space, the scalar potential can be assumed to be zero (in 
the Coulomb gauge). With this assumption, Eq. (10.101) now simplifies to 


V-A(r, t) 


a7A(r, 
= Ter D o, (10.103) 
E 


ðt? 


Many solutions are possible for this partial differential equation. One of the simplest 
solutions is the following plane wave solution: 


A(r, t) = Ague cos(k - r — ot), (10.104) 
where 
É = k? = Lo, (10.105) 
C 


Assuming that both e and u are real and positive (non-absorptive medium), the 
refractive index is defined as 


n= yen. (10.106) 
Thus, in a medium with refractive index n, the plane wave solution travels with a 
speed v = w/k = c/n. 
Inserting Eq. (10.104) into the condition Eq. (10.97), one can find that 
k -u = 0. (10.107) 


That is, ue is perpendicular to the direction of the propagation of the vector potential. 
Inserting Eq. (10.104) into Eq. (10.90), 


Bir, t) = Ao(k x ue) sin(wt — k - r) = Agkuy sin(wt — k - r), (10.108) 


where u, = k x u¢¿/k, the direction of the magnetic field. Inserting Eq. (10.104) into 
Eq. (10.96) with ® = 0, 


A Aok 
E = P w sin(ot — k- r) = uy, sin(ot — k- r). (10.109) 
E n 


For the case of a a quantum mechanical particle with mass m and charge q in the 
presence of an electromagnetic field, which is still treated as a classical wave, the 
Hamiltonian operator is obtained by simply replacing the physical observables in 
Eq. (10.88) with quantum operators as follows: 


a l-a Guon 2 Ț n 
ÎĤ=— (ŝ- TAG, 1) 4+ q0(*, t) + VÔ), (10.110) 
2m c 
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where p and f are momentum and position operators. Expanding the square in 
Eq. (10.110), 


2 2 
(P - ŽAG. 1) =f- Íp- Af, N- IAG N- P+LAG N. GOND 
c Cc È Cc 
Employing the following identity: 
Z A i n A x 
p-A(r,t) = Ar, t)-p+—-V-AQCr,f), (10.112) 
I 


the Hamiltonian of Eq. (10.110) can be expressed as 


” a2 h 2 
A=! +V +o- LAG, t) P- v AG, t) + AG, D. 
2m mc ic 2mc? 
(10.113) 


In Coulomb gauge, V - A(f,t) = 0. In addition, assuming weak enough field, 
the quadratic term A(#, £)? can be neglected. As a result, Eq.(10.110) can be 
approximated as 


A(t) = Ao + qo, — AG, t)-p, (10.114) 


where Ap is the Hamiltonian in the absence of the electromagnetic radiation and is 
given by 
A p? 
H = —+V®. (10.115) 
m 
Let us consider the case where the particle is subject to a monochromatic 
radiation of frequency w. Then, using the fact ®(f, t) = 0 and inserting Eq. (10.104) 
into Eq. (10.114), we find the following time dependent Hamiltonian: 


H(t) = Ho + M(t), (10.116) 
where 
Ay t= -1 Ao ee Abe ota) u- p. (10.1 17) 
2mc 
In a typical molecular spectroscopy, the wavelength of the radiation is much larger 
than the molecular length scale. Therefore, one can make an approximation that 


k - Ff ~ 0, which is referred to as dipole approximation for a reason to be clear below. 
Then, the matter radiation interaction can be approximated as 
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ÂO xL Ao ag +e") u- P, (10.118) 
2mc 


where the momentum operator p can be expressed in terms of the position operator 
employing the following relation: 


~ IMm[n , 
p= [ Ho. ] , (10.119) 
Then, Eq. (10.118) can be expressed as 


h(i) = — 5 Ag (er + ee") | Ho. we : D], (10.120) 


where D = qf, the dipole operator. That is, the radiation interacts with the dipole 
operator and this is the reason why the approximation of k - ê ~ 0 is called dipole 
approximation. 

Let us consider the matrix element of H 1(t) between two orthonormal eigenstates 
of Ho with eigenvalues E£; and Ex as follows: 


z i B z 
(Ej|F LER) = — 4o (e-% + e'r) (E; [ Ho, we - Ô| |EV 
i . j = 
= sad (ei + a (Ej; — Ex)(Ej|\ue - DIEx) 
i —iwt tot 
=- Av (e Fé ) (E; — Epue: Dir, (10.121) 


where D jx is the transition dipole vector between states |E ;) and | Eg}. The above 
expression has two time dependent terms, one of which becomes almost non- 
oscillatory when resonant with the energy difference between the final and initial 
states. On the other hand, the other becomes highly oscillatory. Ignoring this 
highly oscillatory term and keeping only the resonant term is called rotating wave 
approximation. 

All the expressions derived above can easily be extended to molecular or many 
particle systems, and the resulting expressions similar to Eq. (10.121), along with 
the rotating wave approximation, leads to the interaction Hamiltonian such as 
Eq. (10.33). 

The description of molecule-radiation interaction presented here is limited to lin- 
ear interactions and semiclassical in nature since the electromagnetic wave is treated 
classically. There are well-established theories of higher order molecule-radiation 
interactions [39, 40] or fully quantum mechanical treatment of radiation [20, 41], 
which can provide more modern perspective of molecule-radiation interactions. 
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Exercise Problems with Solutions 


10.1 A one dimensional harmonic oscillator with mass m and angular frequency w is 
subject to the following time dependent perturbation Hamiltonian: 


Ay (t) = Ae™ T (b +5"), fort > 0 


where t and A are positive real numbers, and É and bt are lowering and raising operators 
of the harmonic oscillator corresponding to the zeroth order Hamiltonian Ĥo. Given 
that the state at time ¢ = 0 is |j), the eigenstate of the zeroth order Hamiltonian 
with eigenvalue Ej; = ha(j + J), the first order time dependent perturbation theory 
approximation for the state at time t is 


ip. i f ig RIR Eai 
Iy; ty = eTii] jy) — =f dt'e i H (eti | jy, 
0 


Assume that j = 1. Then, calculate the probability for the state to be at |2) at time 
t=/o. 


Solution 10.1 


. t Š 5 
(21y; t) = -f dt'e KPED Ae It Ab + BY) Lye HEM 
0 


-(Ł—io)t 


$ i t x ; = 
= —pAvie te | ie Coil =F yah 
h 0 h + — iw 


2A? d+ een? 


Probability: |(2|W;t = — 
robavuity I lw m/w) | h2 (1/t)? + w 


10.2 Consider the following operator 


® 
II 
Q Of 


where C is a real number. Find out the largest possible value of C for ô to be a density 
operator. 


Solution 10.2 
1 1 1 2 3C 
D E 
COE} COS 0 G4+C? 


Since Tri} £i s + 2C? < 1. Therefore, C? < D: As a result, the largest possible 
value of C is 5/4. 
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Problems 
10.3 Prove the following identity. 

HA, V1 = V8), 


where V’(x) is the derivative of V (x). 


10.4 For a harmonic oscillator with mass m and angular frequency œ, its lowering 
and raising operators are defined by Eqs. (3.51) ad (3.52). Prove that their Heisenberg 
operators are expressed as by (t) = be™i® and bt Wt) = Bi eit, 


10.5 Calculate the average energy, square displacement, and kinetic energy for a canon- 
ical ensemble of harmonic oscillators and examine how they depend on temperature. 


10.6 A one dimensional harmonic oscillator with mass m and angular frequency w is 
subject to the following time dependent perturbation Hamiltonian: 


Ay (t) = Ae~/" (1 + e2), fort > 0, 


where t, A, and € are positive real numbers, and x is the displacement of the harmonic 
oscillator. Let us denote the eigenstate of the zeroth order Hamiltonian, i,e,, the harmonic 
oscillator Hamiltonian, with energy fiw(n+1/2) as |n). Given that the state at time t = 0 
is |y; 0) = |1) and assuming that A and € are small enough, use the first order time 
dependent perturbation theory to answer the following questions. 


(a) Find the expression for the first order time dependent perturbation approximation at 
time t, |y; t)") (Hint: Express £ in terms of raising and lowering operators b and 
b+. Do the integration explicitly.) 

(b) What is the probability for the oscillator to be in the state |2) at time t = 1/œ? 


10.7 Prove that Tr {07} given by Eq. (10.62) satisfies Eq. (10.55) using the Cauchy- 
Schwarz inequality. 


10.8 For a system where two orthonormal states |1) and |2), a state is represented by 
the following density operator: 


1 
= sil + 51221 + C11)(21 + C*|2)(1]. 


(a) Find the exact condition for C in order for the above operator is a genuine 
density operator. 

(b) Find the exact condition for C in order for the above density operator to 
represent a pure state. 


Chapter 11 A 
Theories for Electronic Structure one | 
Calculation of Polyatomic Molecules 


It is a profound and necessary truth that the deep things in 
science are not found because they are useful; they are found 
because it was possible to find them. 


— J. Robert Oppenheimer 


Abstract This chapter presents more detailed theoretical account of methods used 
for the calculation of electronic states of polyatomic molecules. The main focus 
is the Hartree-Fock (HF) approximation and its implementation employing finite 
basis as formulated by Roothaan. Brief accounts of more advanced methods that 
go beyond the HF approximation are provided. The basic principles underlying the 
Density Functional Theory (DFT) for the calculation of the ground electronic state 
of adiabatic electronic states are also explained. 


In this chapter, we will go through in more detail how to find approximate solutions 
for the electronic Schrödinger equation, Eq. (9.9), or its equivalent. For this, let us 
rewrite the electronic Hamiltonian H,; given by Eq. (9.8) as follows: 


Ne I Ne I 
Ha = Pet a (11.1) 
u=1 u=l vžų 
where 
“2. Nu 
. È 2 
hg = = ; (11.2) 
r 2 2 [fa T Rel 
1 1 
E (11.3) 
Fuv Ir. — f| 


In above expressions, the parametric dependences of h, and He; on the nuclear 
coordinates are not shown explicitly for notational convenience. 
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11.1 Hartree-Fock Approximation and Roothaan Equation 


A simple but limited derivation of the HF energy, for the case of atomic orbitals, 
was provided in Chap. 8. This chapter provides a more detailed derivation for more 
general cases [14, 42]. 


11.1.1 General Single Determinant State 


Let us assume that the electronic state for the Ne electrons can be expressed as a 
single Slater determinant as follows: 


WD) |w20)) --- yn) 
1 | a) WB) e ln. 2) 


m VNe! : ; ; 
IWi(Ne)) |W2(Ne)) <+- |W, (Ne)) 
aa DYP P (jw) W2(2)) +++ |W. (Ne))), 014 
where |x (jx) is the kth single electron spin-orbit state for electron u = 1,--- , Ne, 


and P represents all distinct permutations of the Ne electrons, with Np being the 
number of pairwise permutations equivalent to each permutation. It is assumed that 
all |W (2))’s are orthogonal. If not, it should be possible to find a transformation 
that makes them orthogonal since the starting spin-orbit states should be linearly 
independent [42]. Such a transformation only results in the difference in the 
prefactor of the Slater determinant. On the other hand, since the starting basis 
states for molecular electronic states are nonorthogonal in general, it is important 
to specify the condition for orthogonality in more detail as will become clear later. 

First, let us calculate the expectation value of Hei with respect to |Wy,) as 
follows: 


(Wy, |Her|Ywv,) ig DAPEN? Ê (f DYDI- (Wy, (Ne)I) 


x 1 1 ž 
xd int D D FP ADD) nN) 11.5) 


11.1 Hartree-Fock Approximation and Roothaan Equation 365 


First, the term involving sum over single electron terms can be simplified to 


LL LyNP NPB (Cd DYDI- (ev. (Ne)I) Si 


x Ê’ (Iya (1) [W2(2)) -+ lw, (Ne))) 


Ne 1 Ne . 
= == —1)! . ; 
=} n ease 
Ne 
(Wj (|i ly). (11.6) 


Major steps leading to the final expression above are summarized below. 


e The first equality results from the fact that there are Ne different ways to assign 
single electron state for the electron with index jz by the permutation Ê. 

e The single electron interaction term survives only when each realization of the 
permutation P' is exactly the same as that of ÊP. Otherwise, there are at least one 
spin-orbital states that are orthogonal for those electrons with indices different 
from pL. 

e The (Ne — 1)! factor results from counting all possible ways of permuting the 
(Ne — 1) electrons except for the u electron. 

e The second equality above results from the fact that the single electron term is 
independent of u and can be replaced with 1. 

e After this replacement, the summation over u results in a factor of Ne, which is 
divided by the same factor in the remaining denominator. 


Therefore, 


Ne Ne Ne 
(Yel D> AulYn.) = SoD) = Do lly), (11.7) 


u=1 j=l j=l 


where we have dropped electron index 1 for simplicity in the last expression. 
On the other hand, the two electron terms in Eq. (11.5) simplifies to 


DE INP +N" Ê (OA DODI (en, No) 


P’ (Iy ODIY) -lyn (Ne))) 
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1 
=> S D NaN. D > E WII =— DIO) 
u=l1vžųu © jal kdj 
(YN me 
1A 1 
=; (WORDEN 
r12 


1 
-ORDI IODO) . (11.8) 


The final expression above is obtained through a procedure described below. 


In the first equality of the above identities, the summation over j and k represent 
all distinct single electron spin-orbital states assigned to u and v electrons out of 
the permutation P. There are (Ne — 2)! ways of permuting electrons other than 
these two. These, when divided with the denominator, result in (Ne — 2)!/ Ne! = 
1/Ne(Ne — 1). . 

Out of all realizations of the permutation P’, only those that are exactly the same 
as those from P and those for which the spin-orbital states for jz and v electrons 
are interchanged survive because, for other permutations, there are at least one 
electron (other than u and v) that involves overlap of two orthogonal spin-orbit 
states. 

The permutation of P', which differs from Ê only by the exchange of two 
spin-orbit states involves one additional exchange compared to P. Therefore, 
(—1)Ne+Ne = —1 for this case, which explains the negative sign of the second 
term. 

The second equality results from the fact that the indices u and v, being dummy 
indices, can be replaced with 1 and 2 without affecting the final outcome. The 
summation over u and v thus results in Ne(Ne — 1) factor, which is divided by 
exactly the same factor in the remaining denominator. 

In the second equality, the case with j = k was added since the two-electron 
terms in this case cancel out and do not contribute to the summation. 


For more compact expression of the two-electron interaction terms, let us use 


simpler notations that are consistent with conventional definitions used in electronic 
structure theory as described below. 


Notations for Two Electron Terms 


Since the two electron interaction terms commonly involve the same Coulomb 
operator and electron indices 1 and 2 are dummy variables, we can express all 
the two-electron interaction terms as follows: 


(continued) 
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(Welty Ver) = OLORES -lyy D) We (2)) 
= eT (11.9) 


Note that (Wj prl Yy We) = (Wey |W yj) since the exchange of 1 and 2 for 
both ket and bra does not cause any difference. The second equality above 
introduces so called chemist’s notation, and is intuitively useful because bra 
and kets for the same electron are placed together. Note that (Wj Y; Weve) = 
(Weve |W; vj”) for this case. 


Let us also define the following difference term: 


(WV Wi pe) = WWE vy We) — Wi Wel ve ey 


( ( r) 
= (Vi pily ve) — Webi lby ve) 
= (eve vi) — Webi tye) 
= (Veblen) = Wpelve vj). (11.10) 


Combining Eqs.(11.7) and (11.8) and employing the two-electron integrals 
introduced above, we find that Eq. (11.5) can be expressed as 


Ne Ne Ne 
EGP =X (yjlályj)+ Dx (Wj Wel Wj Wa) — (Wi vel wev;)) 
j=l 


2 ial 


“> Yjllyj)+ LSS Wj Well vive). (11.11) 


== 


The above expression has been derived under the assumption that all the single 
electron states are orthogonal. Therefore, the following conditions have to be 
ensured. 


(Wj lWe) = jk- (11.12) 


Thus, employing the Lagrange multiplier method [19, 43] to incorporate the above 
constraint, we can find out the best approximation for the energy with this constraint 
employing a Lagrangian £ defined as follows: 


Ne . 1 Ne Ne Ne Ne 
L=} (vily) +5 (Wj VellvjWe) — XO Y AjeWylWe) — jr). 
j=l j=l kel j=l k=1 


(11.13) 
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where Aj,’s are as yet unknown Lagrange multipliers to be determined. Now, 
consider the variation of £ as a functional of all |~;)’s and (w;|’s as follows: 


L= Yo {(svjlhlves) + (vlhioy;) 
J 


Ne Ne 


+ {Sj Well ive) + (WpdWell vive) 


— 


j=1 k= 


+ (Wj Vellore) + Wj Vell wddx) } 
Ne Ne 


Ajk (Stijl We) + (Wildvx)) = 0. (11.14) 


j=lk=1 


In the second double summation of the above expression, (WjdWx||Wjwe) = 


(SWKWjllwewj) and (Wiel Won) = (Wes ll>¥ewj). The exchange of the 
dummy summation indices j and k in these terms thus make these identical to other 
two electron terms. Thus, the above expression is equivalent to 


N 


L=} i Gylle +Y (Swi Well ide) — Aj (OVilWe)) 
j 


k=1 


a 


Ne 
+(Wj|hlov;) + 5 (Wj WEllSWj We) — aunt] =0 


k=1 
(11.15) 
where the indices j and k in the last term of Eq. (11.14) were interchanged, resulting 
in Arj (Weld Wj). 
Let us consider two electron terms in Eq. (11.15) in more detail, which is given 
by 


(vj Vell vive) = CWDD DND) 


= (Bj DIDI za N65). (11.16) 


These can also be expressed in terms of effective single electron operators as 
follows: 


A 1 
Silvellyj)) = (noz m) Iva), (11.17) 
12 
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A 1 
Kilylly;a)) = (no; wo) IY (1)), (11.18) 
12 


where Kg 1iyk]liy;(1)) and K 1[yk]iy;(1)) are Coulomb and exchange interaction 
operators. These are functionals of as yet undetermined state | yz (2)) for electron 
2 while being operators on the state |y;(1)) of the electron 1. Employing these, 
Eq. (11.16) can be expressed as 


(Sv jWellv ive) = OOT — KilveD iv; ()). (11.19) 
Similarly, 
(Wj Wellovi ve) = Wj DIT) — Killy). (11.20) 


Therefore, Eq. (11.15) can be expressed as 


Ne Ne 
ôL =} (ôy ()I | (i + Silva - kivan) |wj(1)) — Yorni] 
j k=1 


k=1 


Ne Ne 
+) {0 (i +$ Giyd- kim) - Suo] Sy; (1)) 


j k=1 k=1 
=0. 
(11.21) 


If the states |y;) are those minimizing the energy under the constraint, 
Eq. (11.21) has to be satisfied regardless of any variations of them, |éy;) and 
(6y;|, which can be viewed as being independent of each other. This means that the 
following two effective single electron equations have to be satisfied. 


Ne Ne 
(i +$ iid- ki) Wd) = J Ajly), (11.22) 


k=1 k=1 


Ne Ne 
Wl (i +> Silva - kir) =o. (11.23) 
k=1 


k=1 


Note that Â l Ki 1[Yk], and Kilp] are Hermitian operators. Therefore, taking 
Hermitian adjoint of Eq. (11.22), we find that 


A 


Ne Ne 
WD] (i +Y Filvel - ki) DR (11.24) 


k=1 k=1 
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Comparing this with Eq. (11.23), we find that Mix = A,;. Thus, À ;,’s are components 
of a Hermitian matrix, which has real eigenvalues. Thus, solving Eq. (11.22) is 
sufficient for finding the solution of the HF approximation. 

Equation (11.22) is similar to an eigenvalue problem, but is not yet in a 
conventional form because A ;,’s form a non-diagonal matrix. However, since this 
matrix is Hermitian, it is possible to find a unitary transformation such that it 
becomes diagonal. For this, let us introduce the following Fock operator : 


N, 


Filwl = hi +J (Tilvel — Kity). (11.25) 


k=1 


Thus, Eq. (11.22) can be expressed as 


Ne 
Fyll) = D> Ajly), for j= 1,- , Ne (11.26) 


k=1 


Since the matrix consisting of the À jg as its elements, which we denote here as A, is 
Hermitian, there always exist normalized eigenvectors uj, --- , uy, with eigenvalues 
&1,---,6y, such that 


Aug = kuk, fork = l,- , Ne (11.27) 

Let us define a transformation matrix U = (u1, :-- ,Uy,), for which Uj = (ug);. 

Then, UU = 7, where Z is the identity matrix with dimension Ne, and transforms 
A to diagonal form as follows: 

U AU = UUE = 8, (11.28) 

where & is the diagonal matrix with the &; as its diagonal elements. It is also possible 


to prove that UUt = 7. Thus, U is a unitary matrix. 
Now, let us consider the following vector notation for Eq.(11.26). 


y0) In) 

| byt) Iva) 

a| P” joa” (11.29) 
Iy (D) Iw (D) 


In the above expression, note that Fi [w] isa linear quantum mechanical operator that 
applies to each component state. Therefore, applying UÝ on both sides, we obtain 
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Iwi (1) I0) I0) 
puw P [uav O | eur] PET 
1 % = . = è * 

ly. (D) ly, (D) [Wye D) 


Note that we have used the fact that F [y] and Ut commute with each other, since 
the former is a quantum mechanical operator whereas the latter is a matrix being 
applied to the vector of states. The identity of Eq. (11.28) has also been used. 

Let us now define, 


Ne 
Wj) = DO (0) Ive). (11.31) 
k=1 
Then, Eq. (11.30) implies that 
FIOD) = Elvi ()), forj = 1,---, Ne (11.32) 


In the above expression, note that F 1 is defined in terms of untransformed states. 
However, it turns out that it is equivalent to one expressed in terms of transformed 
states. This can be shown using the definition of F directly. Since Á; is independent 
of states, we only need to consider the two electron terms. Thus, for an arbitrary state 
|Y” (1)), the following identity can be established. 


Ne 
So Filval — Kiva |W") 


k=1 


OIIO) = l Iw" avec) | 


II 
D 


k=1 
Ne Ne Ne 

- ugy f ; TA 
j=l j'=1 k=1 


1 
=W w0} 


(wi Ore Mi DIY”) = (v5 ON -i'o coy 


a 


z 


=F Gi — Kity DIY"), (11.33) 
k=1 
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where the fact that |Y (1)) = Ky Uki KASS) and the unitarity of U have been used. 


Therefore, F [y] in Eq. (11.26) can be replaced with Filw’]. 

Note that the transformation from |yj;(1)) to IWO) by the unitary transforma- 
tion changes the Slater determinant state, Eq. (11.4), only by a complex factor of unit 
magnitude since the determinant of U is a complex number with unit magnitude. 
Therefore, the transformation does not affect the actual many electron states either 
[14, 42]. Therefore, without losing generality, we can replace Iv; (1)) in Eq. (11.26) 
with |y;(1)). The resulting equation is known as the canonical form of the HF 
equation and is summarized below. 


Canonical Form of the HF Equation 


The slater determinant state for many electrons, Eq. (11.4), which minimizes the 
total electronic energy, consists of the |;) that satisfy the following canonical 
HF equation: 


Ne 
Ally) = Ga + X Bilyd = Kila vj) = Ejly), 
k=1 
(11.34) 


where j = 1,--- , Ne. Note that all the states are orthogonal and satisfy the 
condition of Eq. (11.12). 


Taking inner product of Eq. (11.34) with (y;(1)|, we obtain the following 
expression for the energy of the state &;: 


E = (Wj DIF lly) 


Ne 
= (y; Dlái ly; (1) + Z DIY D) — (y OK ly) 


z 


= (yD lhily d) + +P wnim- (Wield) 


z 


= (láy) + D (Wj Well vive). (11.35) 


Thus, we find that the HF energy given by Eq. (11.11) is related to the sum of the 
&; as follows: 


Ne Ne 


Ne 1 
Eur =} 8; — 5 9. Wihl). (11.36) 
J= 


j=1 k=1 
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In general, Eqs. (11.34) and (11.36) can be solved together in the following self- 
consistent manner. 


1. Assume a set of trial |y;). 

2. Calculate Fiy] for the trial |y;). 

3. Determine the new |y;) and &; satisfying Eq. (11.34). 

4. Repeat steps 2 and 3 until the HF energy, Eq. (11.36), has converged sufficiently. 


11.1.2 Restricted HF Equation for Doubly Filled Orbital States 


Let us now consider the simplest case where there are Ne = 2N, electrons doubly 


occupying N, orbitals. Thus, for p = 1,--- , N,, the spin-orbit states are expressed 
as 
IW2p-1C1)) = lp) le), (11.37) 
IW2p(1)) = lp (1))180)), (11.38) 


where |#,(1)) represents the spatial-orbital state |w(1)) for electron labeled 1. On 
the other hand, |a(1)) and |6(1)) represent spin up and down states, respectively, 
also for electron 1. Then, the two electron interaction operators can be expressed 
in terms of orbital states. First, the Coulomb interaction terms can be expressed as 
follows: 


Tilya- ltp D)e) = (DIENDE) 
= (Alda ll6p))) e0), (11.39) 

Tilvalið (D)la(1)) = (Dz IA O) D) 
= (SilGall6p())) la), (11.40) 

Tilroq—11lbp (1B) = (Ou DN DID) 
= (Alge 0)) 180), (11.41) 

Tilyrqllop (1180) = (42) z= Ig O) IO) 
= (Algal), (11.42) 


where J, represents Coulomb interaction operator applied to spatial orbital only. On 
the other hand, only two of the following exchange terms are nonzero in general. 
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R 1 
Kity- 1l eD) = (DIP) Dla) 
= (Kilda llbp(1))) le), (11.43) 
7 1 
Faika DIO) = (yD zl) bq DIAD) 


= (Kiley lle ())) IBD), (11.44) 


where K represents exchange interaction operator applied to spatial orbital only. 
It is easy to show that the following two cases of exchange interaction operation 
vanish due to the orthogonality of spin states. 


Ki[vrqllhp(D))la(1)) = 0, (11.45) 
Ki [W2q-1] bp (1)) |B) = 0. (11.46) 


Employing Eqs. (11.39)-(11.46) provided above, one can express all the two 
electron interaction terms for spin-orbit states in terms of those for spatial orbital 


states as follows: 


Ne 
SOil — KilvaD bp) ee) 
k=1 
Nr A A A A 
= (Filvoq—) — Ky Wq—-1] + Si lW2q] -— Kill) lp (1) la (1)) 
q=1 
N, 
=le)” (24041 = Kildy1) lġp(1)), (11.47) 
q=1 


Ne 
NOB — KilVeD bp DBD) 


k=1 
Nr A A A A 
= J (Bilya = Kilyq-1] + Fily] - Kilya1) |p DBD) 
q=l 
Ny A A 
= |B()) X (24ilbg] — Kildg]) lbp). (11.48) 
q=1 


Taking inner products of the above expressions with either (a@(1)| or (6(1)| results 
in the same expression for two electron operations involving spatial orbitals. Thus, 
combining this with the remaining one electron term, one can obtain the canonical 
HF equation for spatial orbitals as summarized below. 
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Canonical Form of the HF Equation for Doubly Occupied Spatial Orbital 
States 


Employing Eq. (11.47) (or Eq. (11.48)) in Eq. (11.34) and taking inner-product 
with (@(1)| (or (6(1)|), we obtain 


N, 
Fillldp()) = ai +X 2Silbq] — KildgD1bp()) = Eplop()), 
g=l 
(11.49) 


where p = 1,- -- , N,. Note that all the orbital states are orthogonal to each other. 


Taking inner product of Eq.(11.49) with (¢,(1)|, we obtain the following 
expression for the orbital energy: 


Ep = (dp (DIFildllop()) 


N, 
= (Dlh D) + X Clo DIAL) — (Hp DIRDI) 


q=1 


N, 
= (pp DllD) + Y\2(bpGqlopbq) — (bp ¥qlhq%p))- (11.50) 
q=1 


On the other hand, following a procedure similar to that used for deriving the above 
HF equation, the HF energy, Eq. (11.11), for the present case can be expressed as 


EHF = 25 bp(hrlbp (0) ae > 5216 ply) = (PpdqlbgPp))- 
= mi (11.51) 
Therefore, 
N, N, N, 
Eur =29_Ep— D> YD 2(bp$q|pbq) — (bpbqlbqp))- (11.52) 
p=1 p=l|q=1 


In general, Eqs. (11.49) and (11.52) can be solved together in the following self- 
consistent manner. 


1. Assume a set of trial |ġp). 
2. Calculate F [ġ] for the trial |¢,). 
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3. Determine new the |¢,) and &, satisfying the restricted HF equation, Eq. (11.49). 
4. Repeat steps 2 and 3 until the HF energy, Eq. (11.52), has converged sufficiently. 


11.1.3 Linear Combination of Basis States 


The self-consistent procedure described in previous subsections for determining 
spin orbital or orbital states is simple in principle, but actual implementation in its 
most general form is a numerically challenging task. In order to address this issue, 
Roothaan [42] employed an approximation for the states as linear combinations of 
pre-defined basis states. The resulting equation, often called HF-Roothaan equation, 
amounts to solving matrix equation, and is more amenable for computation. Here, 
this approach is described for the case of doubly filled orbital states. 

Let us assume that each orbital state can be approximated as a linear combination 
of N; basis states |y;(1)), which are not necessarily orthogonal but are independent 
of each other. Then, we can in general create N, orbital states out of them as follows: 


Ns 


6p) = Ý Cola), p= 1, , Ns. (11.53) 
k=1 


However, note that only N, lowest energy orbital states will be used for calculating 
the Fock operator. Employing the above expression in Eq. (11.49), we obtain 


Ns Ns 
FilgllbpQ)) = > Crp Fildllge()) = Ep X Ceplok), (11.54) 
k=1 k=1 


where &, is now one of N, possible orbital energies. This is due to the use of a finite 
basis and is in contrast to the fact that the number of orbital energies for the original 
HF equation can be infinite. 

Taking inner product of Eq. (11.54) with (g;(1)|, we obtain 


Ns 
(gj DIRA) = > Cp (gj DIRA) 


k=1 
Ns 
= Ep X Crp (p; Dl). (11.55) 
k=1 
Let us define 
Fix = (p; IÊ plp), (11.56) 


Sik = (p; (ex). (11.57) 
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Then, Eq. (11.55) can be expressed as follows: 


Ns 
(FikCkp — SjkCkpêp) = 0, (11.58) 
k=1 
where j, p = 1,--- , Ns. The above equation is called HF-Roothaan equation and 


has to be solved self consistently because the F;g’s depend on the C;,’s. The above 
equation can be written compactly in terms of a matrix equation as follows: 


FC — SCE = 0, (11.59) 


where & is a Ns x Ny diagonal matrix with its elements &,’s. 
The matrix elements of the Fock operator, defined by Eq. (11.56), can be 
calculated as follows: 


(gj (DIF Lbllge()) = (gj; DIAC) ge) 


N, 
+D (vj Silglloe(D) = ORD) 1.60) 
q=1 


where 


(9) DIA pll) = ()bql¢xeq) 
Ns Ns 


= 2 2 Chg Cra (Pj Pj lOp), (11.61) 
j'=1 k'=1 


lpi DIR ilbg lee) = (97 bq1bq 9x) 


Ns Ns 
B D 3 Chg Cral Pj Pj" lor pk). (11.62) 
j'=1k'=1 


Therefore, 
lgi DIÉ) = (pj DIAC) |g) 


Ns Ns Ny 


+ 0 DYE Cva (20959; leo) — (GV ;"\PRGR)). (11.63) 
j'=1 k'=1 q=1 


Let us introduce 


Nr 
Piw = 2X Ch Cra: (11.64) 
q=l 
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which are related to the density! of occupied electron states in the basis of |g), 
and employ the chemist’s notation for two electron integrals. Namely, let us use 


the fact that (pjp; lorpe) = (Pj KIO; PK) and (pjpjlprpk) = (Pj PK lojok). Then, 
Eq. (11.63) can also be expressed as 


(9 DIÉ Aled) = (gj) DIAM Ige()) 
Ns Ns 


1 
+5} Pw [eoero - 5 Owke]. (11.65) 
jialk=l 


Thus, Eq. (11.59), along with Eq. (11.65), and Eq. (11.52), expressed in terms of 
the same basis orbital states, can be solved together in the following self-consistent 
manner: 


1. Assume a set of trial Cxp. 

2. Calculate F 1 for the trial Cxp. 

3. Determine the new C;, and &ņ satisfying the restricted HF equation, Eq. (11.59). 
4. Repeat steps 2 and 3 until the HF energy, Eq. (11.52), has converged sufficiently. 


Note that, among the N, orbitals obtained, only the N, lowest orbitals need to 
be occupied for the calculation of the ground electronic state within the HF 
approximation. Other Ns — N, orbitals are called virtual orbitals. The secular 
equations are then solved and iteration continues until satisfactory convergence is 
achieved. 


11.1.4 Choice of Basis Functions 


The choice of the best possible basis set is a key issue in actual numerical 
implementation of the HF method. This is because the computational cost of the HF 
method calculation increases as the fourth power of the number of basis functions 
in general. Thus, unless judicious choice of basis functions is made, numerical 
implementation of the HF method can become unwieldy quite easily. Decades of 
theoretical and computational research have been made for identifying efficient and 
accurate enough basis functions and for numerical verification of their accuracies 
[2, 14, 15, 44-46]. A comprehensive presentation of this topic goes beyond the scope 
of this book. Thus, only a few key points concerning the choice of basis functions 
are summarized below. 


e Although using a set of orthogonal basis functions is mathematically convenient 
and is possible to some extent, using atom-centered orbital functions that are 
non-orthogonal in general turned out to be much more convenient and reliable 


'The matrix of Pjx’s is known as the charge density matrix and plays an essential role in 
determining various chemical properties such as bond order, partial charges, and dipole moments, 
etc. 
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choice. For this, the approach of using the LCAO-MO approximation serves as 
an important starting point except that the primitive basis functions used for the 
linear combination are not necessarily the actual atomic orbital functions but 
rather are viewed as closely related to them. 

e For qualitatively correct description of short and long range Coulomb inter- 
actions, using Slater-type basis functions , r’—ly,,,(6, d)e—&", which decay 
exponentially with r, is the best choice in reproducing qualitatively correct 
behavior for large r. However, numerical evaluation of Coulomb interactions 
using Slater-type orbitals is costly due to slow convergence. 

e Using Gaussian type basis functions , x? y4 ener is much more efficient for the 
evaluation of Coulomb interactions in particular because the actual integrations 
can be done by utilizing analytic expressions in most cases. However, using a 
single Gaussian type function as a basis is not a good choice because it does 
not reproduce appropriate limiting behavior. As a solution for this, the idea of 
contraction was developed. 

e A contracted Gaussian basis function is a linear combination of Gaussian-type 
functions with different exponents so as to best mimic a Slater type orbital. It 
turned out that combination of a few primitive Gaussian functions serves as a 
reasonable representation for a Slater-type orbital as far as the calculation of 
important physical quantities including the energy is concerned. The coefficients 
for forming a contracted Gaussian function are predetermined so as to best 
approximate a Slater-type orbital and remain fixed during a HF calculation. 

e A typical and most widely used HF method is to approximate the MO as a linear 
combination of primitive and contracted Gaussian functions and to determine the 
coefficients of the linear combination for the determination of minimum energy. 

¢ Application of the HF method is not limited to only calculation of the electronic 
state and its energy but is in fact used for identifying the structure of the 
molecules in the ground electronic state. This is because it is possible to include 
the variation of the molecular structure in the HF calculation so that the lowest 
possible energy can be obtained varying the structure of a molecule. This is 
typically known as geometry optimization. 

« Although not necessary for the geometry optimization calculation of the ground 
state, second derivatives of the potential energy surface, which form the Hessian 
matrix (see Eq. (4.89)), around the determined structure serve as important 
verification of the validity of the calculation result. This is because existence 
of negative eigenvalues for the Hessian matrix indicates that the determined 
structure does not even correspond to a local minimum energy, let alone the 
global energy minimum’. Eigenvalues of the Hessian matrix for the optimized 
structure also provide key information on vibrational states of the molecule. 


? We describe here only the ground state, but geometry optimization is also used for determining 
transition states, for which the Hessian matrix has negative eigenvalues, and for excited states as 
well. 
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Configuration interaction (CI) [2, 14, 15, 47] goes beyond the HF approximation 
by adding new excited state Slater determinants (configurations) where some of the 
virtual orbitals in the HF determinant have replaced lower occupied orbitals. The 
simplest of this is called CI singles (CIS), where only single occupation of only 
one virtual orbitals is considered. CI singles and doubles (CISD) on the other hand 
include all the slater determinants where one or two virtual orbitals are occupied. 

It is known that the CI method can account for electronic correlation effects that 
are missing in HF reasonably well when their contributions are relatively small. 
However, for strongly correlated systems, convergence becomes slower and the 
calculation becomes unmanageable. Another fundamental issue of the CI methods 
is that it is not size consistent unless full contributions of CI are included. There are 
alternative approaches that are generally called many-body perturbation theories, 
the description of which requires more advanced formulations [2, 14, 15, 48]. 

It is also possible to use more than one determinants as the starting point for HF- 
like calculations, which is in general called multi-configuration (MC) SCF method. 
Any method that uses MC-SCF solution as the starting reference state, instead of a 
single determinant HF state, is called multi-reference method [15]. 

The CI methods and multi-reference methods based on MC-SCF can also be 
used for the calculation of excited electronic states. In addition, it is also possible 
to conduct further SCF procedure for the excited states as well. A well-known 
method is called complete active space SCF (CAS-SCF) [15], which focuses on 
active regions of orbitals. CAS perturbation theory (CAS-PT) conducts additional 
perturbation correction for CAS-SCF and can improve the accuracy significantly as 
well. 

Among various electronic structure calculation methods that build on the HF 
approximation, the best but the most demanding method is called coupled cluster 
(CC) method [15, 48], which accounts for important many-electron interactions up 
to the infinite order based on theorems of diagrammatic expansion. The CC method 
can be based on either single or multi-reference. The CC method is often referred 
to as the gold standard and its full implementation employing multi-references is 
typically used for benchmarking other lower level approximations. 


11.2 Density Functional Theory 


Let us define |r; jz) as the state where the position of electron u is at r. Then, 


[ ane: u(r; wl = Ip, (11.66) 
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where 1 u is the identity operator in the Hilbert space of the spatial orbital states 
for electron u. Here, we assume a little more general case where there can be 
external potential applied to each electron u, Vext(r), in addition to the electron 
nuclei potential. Thus, we introduce 


V) = -D fn 4 TRI + Vext (X). (11.67) 


It is straightforward to find position representations of the terms constituting the 
electronic Hamiltonian, Eq. (11.1), with the electron-nuclei potential replaced with 
the above single electron potential. First, the single electron term can be expressed 
as 


A2 
A p z 
hy = [arf aie o V (Èp )lr; u) (r; ul 


-fafa Is 1) 5V2 — Ves yl + far Vin)ir; 1) (r; wl. 


(11.68) 
Second, the two electron term can be expressed as 
1 
= 5 faf gern v) (r, r’; m, v| 
Fu 
= f ar f de ints m vite, r; v, (11.69) 


where |r, r’; u, v) = |r; u) @ |r’; v). 
Then, for arbitrary many-electron state |W), 


Ea (We) = (Yel el We) 


-X fae fai Pelr; u BAI ; |W) 


Ne 
+4 > far V(r) (Welrs 4) (r; u|Ye) 
=l 


os EE fafa (Weber p, v)(r, r’; p, VIW). 


=l vžų 
(11.70) 
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Let us define 


Ne 
p(t) = >) (elr; u) (r; ule), (11.71) 
=l 
1 Ne 
m,r) = 5}, 2 (Welr r’; u, vyr, r’; p, vie). (11.72) 


u=1 vp 


In above expressions, pı (r) is the density to find an electron (one-electron density) 
at position r and p2(r, r’) is the density to find an electron at position r and the other 
electron at r’, which is called two-electron density. As expected, these satisfy the 
following normalization conditions: 


fa pır) = Ne, (11.73) 
fafa mr, r) = aaa (11.74) 


The above one and two electron densities can be viewed as diagonal elements of 
corresponding one and two electron density operators with their matrix elements 
defined as 


Ne 
yi; r) = $ (Wels u) (5 ele), (11.75) 


u=1 


Ne 
1 e 
nerie”, r")=>>) ` (Pelr, r’; u, v)”, r”; u, v|Ye). (11.76) 
u=l vžų 


It is clear that pı (r) = yı (r; r) and p2(r, r’) = y2 (r, r’; r, r’). It is not difficult to find 
that yı (r; r’) is a sum of matrix elements of the density operator, |Ye)(Ye], reduced 
to a single electron position space and that y2(r, r’; r”, r”) is that reduced to two 
electron position space. 

The average energy of the many-electron state, Eq. (11.70), can be expressed in 
terms of electron densities and density matrix elements, as follows: 


1 
Ea(Ve) = — / dr J dr'yı (r; r) V5 =r’) 


+ fa vernon + f ar fav 2E ri (11.77) 


r= r'| 


which appears to be much simpler than the original expression. The above expres- 
sion shows that the information on yı (r; r’), p1), p2(r, r’) and V(r) completely 
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determines the energy. Since all the three densities are completely determined from 
|W-)’s, which are in turn fully determined once V(r) is known because all other 
terms are intrinsic properties of the many electron system, all possible values of Ee; 
and corresponding states can be considered as different functionals of V(r). 

For the ground electronic state |W,,) or its energy Eez, g, which can be viewed as 
a unique functional of V(r), stronger statement is in fact possible. It turns out that 
the ground electronic state or energy can be viewed as a unique functional of pı (r). 
An elegant proof for this was first demonstrated by Hohenberg and Kohn [49]. 


Theorem 11.1 For any system with fixed number of electrons, the potential energy 
V (r) is a unique functional of the one-particle electron density, p\,g(r), for the ground 
electronic state |We,g). 


Proof If V(r) is not a unique functional of p1,,(r), the former cannot be determined 
even if the latter is known. This means that there can be multiple V(r)’s for the same 
P1,¢(r). Thus, let us take two potentials V(r) and V’(r), which differ by more than a 
constant but correspond to the same p,,(r). Let us denote the electronic Hamiltonian 
for the two potentials as A; and Bo. ’ . Note that the following relationship between these 
two Hamiltonians holds: 


He — Hi, = Vi) — V'(®). (11.78) 


Let us also denote the ground electronic states for the two Hamiltonians respectively 
as |We g) and |Y} me which however corresponds to the same /1,¢(r). Since the two 
potentials differ by more than a constant, |W. g) and |W g) should be different. 

Let us first consider the fact that £}; i is the eigenvalue of the ground electronic state 


kA g) for H ?;- As shown in Chap. 7, this means the following inequality: 


E, gl A'E g) 


el,g — = (v, 


< reais = (We gl(H + V’ — V) Yeg) 


= Eet.g + J dr pi.g(r)(V'(r) — V(r), (11.79) 


where the fact that the effect of the potential can be fully accounted for by the single 
electron density has been used. Similarly, switching between the two states above, we 
also find that 


Eel,g = (We gl AWe g) 
< (Y, AIV, p) = (Y, I'O + VIY, p) 


k = Ey 8 - far P1e(r)(V'(r) i V(r)). (11.80) 
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Adding the above two quantities, we find that 
Fog + Eeg < Eetg + Bey ys (11.81) 


which is contradictory. This means that V(r) is uniquely determined up to an additive 


constant factor once p1,g(r) is known. Thus, V(r) is a unique functional of p1, (r). 


Since |Ye ṣ) or Eej,g is a unique functional of V(r), the above theorem implies 
that it is also a unique functional of the ground state single electron density. This 
theorem leads to the density functional theory (DFT) [50] as summarized below. 


Density Functional Theory (DFT) 


e According to Hohenberg and Kohn [49], for a given system of fixed number of 
electrons, the ground state energy (up to an additive constant factor) is a unique 
functional of the single electron density. This implies that, if the exact form of 
the functional is known, only the information on the density is sufficient to 
determine the energy. However, this theorem is limited to the case where the 
energy can be represented as a unique functional of an external potential V (r), 
which does not necessarily account for all possible electron densities. 

e Mel Levy developed a general theorem [51], which overcame the limitation 
of the theorem by Hohenberg and Kohn and proved the existence of a 
universal functional for the ground state energy as a constrained minimum. 
This extended the applicability of DFT significantly. 

e Kohn and Sham [52] used the variational theorem and derived the following 
effective one-electron equation: 


nr’) | Exen) 
ete ôn(r)) 


{-302+ vin + far | vier) = Give, 


(11.82) 


where atomic units were used and n(r) = ee Iyi (r)|?, and Exe(n(r)) is 
the functional of exchange interaction. The above equation can be solved 
iteratively as long as the form of Exe(n(r)) is known. This approach is known 
as Kohn-Sham DFT and has served as the major approach in the application of 
DFT. 


DFT as stated above is a powerful theory that allows calculation of almost infinite 
number of many electron systems by a simple set of equations if the exact functional 
form is known. This is a beautiful theoretical statement, but the exact form of the 
functional is impossible to know in practice. Over many decades, great advances 
have been made in devising approximate but fairly accurate forms of functional, 
which have established the DFT method as one of the most efficient and reliable 
electronic structure calculation methods [50, 53, 54]. 
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Later, further extension of the above proof for the cases of time dependent 
potential was established, leading to time dependent DFT (TD-DFT) theory [55]. 
This theory states that any time dependent potential energy that can be expanded as 
polynomials of time variable can be shown to be a functional of the single electron 
density, which in turn allows calculation of the excited state properties in terms of 
the single electron density as well. Actual proof of TD-DFT is more involved and 
the implementation of the resulting TD-DFT method also requires additional set 
of new assumptions and approximations. As yet, this method has also made great 
progress and is now considered as one of the leading computational methods for the 
calculation of excited state properties. 


11.3 Summary and Questions 


For a many-electron state given by a Slater determinant of orthogonal single 
electron spin-orbit states such as Eq. (11.4), the expectation value of the electronic 
Hamiltonian, Eq. (11.11), is expressed as a sum of single electron and two electron 
terms. The latter two electron terms in turn consist of Coulomb interactions between 
electrons, which have classical analogues, and exchange interaction terms that have 
negative sign originating from the Pauli exclusion principle. Thus, these exchange 
interaction terms have purely quantum mechanical origin and are responsible for 
unique quantum mechanical properties of many-electron systems. 

The simplification of the total electronic energy for many electron states, even 
though the Slater determinant involves all electronic states, reflects that the potential 
energy of the Hamiltonian has only one and two electron interactions. It is also 
an outcome of the orthogonality of single electron states, which changes only 
the coefficient of the Slater determinant and does not restrict the nature of many 
electron Slater determinant state. On the other hand, it is important that the condition 
of orthogonality has to be actually incorporated as constraints in applying the 
variational principle. 

Application of the Lagrange multiplier method to combine the minimum energy 
requirement and the orthogonality condition, leads to a general form of the HF 
equation, Eq. (11.26). Further simplification of this equation into a canonical form, 
Eq. (11.34), can be made using the fact the a unitary transformation diagonalizing 
the Lagrange multiplier matrix A can be applied to single electron states, which 
does not alter the Slater determinant except for a numerical factor of unit magnitude. 
The canonical HF equation has the appearance of standard eigenvalue problem, but 
it in fact needs to be determined self consistently because both the Coulomb and 
exchange interaction operators are functionals of one-electron spin-orbit states yet 
to be determined. 

Considering the types of spin states more explicitly, it is possible to reduce the 
canonical HF into a form that involves only spatial orbitals. For the case of singlet 
many-electron states where all the spatial orbitals are doubly occupied, the resulting 
expression is given by Eq. (11.49). In this expression, Coulomb terms have a factor 
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of 2 multiplied, which reflect two possible cases of single electron spins up and 
down that do not affect the spatial integral of the Coulomb potential energy. On the 
other hand, the exchange interaction terms do not have that factor. This is because 
the exchange interaction terms become zero when the two spin-orbit states being 
exchanged have opposite, thus orthogonal, spin states. 

For developing efficient and general methods for solving the HF equation, it is 
convenient to introduce basis states that can represent single electron orbital states 
as their linear combinations. For a general nonorthogonal basis, the HF equation 
can thus be converted into a HF-Roothaan equation, Eq. (11.58), which are more 
amenable for numerical iterative procedures. In combination with the development 
of practical and efficient ways to construct a general class of basis functions, the 
HF method has been established as one of the most successful approaches for 
calculating the ground electronic state energy and determining the structure of 
polyatomic molecules. The HF method also serves as the starting point for more 
advanced calculations for general electronic states. 

Alternatively, it is possible to express the electronic energy in terms of single 
and two electron densities as in Eq. (11.77). According to the proof by Hohenberg 
and Kohn, the ground electronic state energy can in fact be defined as a unique 
functional of a single electron density. This reduces calculating the ground state 
energy of many-electron system into determining the universal functional and the 
electron density that minimizes the energy for a given system, leading to the DFT 
method that serve as an important alternative to the direct wavefunction formulation. 
Extension of this perspective to the case of time dependent external potential led to 
the TD-DFT method, which now serves as one of the most widely approaches used 
for calculating the excited states of many polyatomic molecules. 


Questions 


e Is Fock operator always Hermitian regardless of the nature of basis set? If yes, 
does it also mean that it can be related to a physical observable? 

e Under what conditions, a many-electron state cannot be represented by a single 
Slater determinant but requires linear combination of many Slater determinants 
at least? 

e Under what conditions, a many-electron state cannot be represented even by a 
linear combinations of Slater determinants but requires description at the level 
of density operator? 

e Can any electronic state energy of a general many-body system be uniquely 
determined once its single electron density is known? 
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Exercise Problems with Solutions 


11.1 The Hamiltonian for a certain three-electron system is as follows: 


ee Fe R 1 1 1 
H = hi +h +h3 + — + +- 
r2 f3 f3 


where h j with j = 1, 2, 3 are one electron Hamiltonians that are identical except for the 
index and rj, = |r; — rg] is the distance between electron j and electron k. The state of 
the three electrons is represented by the following Slater determinant: 


Iv (1)) y2) 1¥3)) 
IY) = — | 1 D) y2) I¥3@2)) |. 
ue IWG) 1¥23)) 13) 


where |w,(j)) is the kth single electron spin-orbit state with electron j. Answer the 
following questions. 


(a) Calculate the determinant explicitly and express |W) as a linear combination of 
direct products of the single electron spin-orbit states. 


(b) Express (Y| (ñi+h2+h3) |W) in terms of the Ag where hy = (We (J) Aj We) 
(c) Express (Y| (4 God ae +) |W) in terms of all possible Coulomb and exchange 


r12 r23 r31 
interaction terms. 


Solution 11.1 
(a) 
1 
|W) = 973 dy Alyy G) + W20) 13 (2)) v1 B)) 
+y (Dvi (2)) ¥2)) 
—|W3(1)) | ¥2(2)) 141 3)) — Iy (1) 13 (2)) 123) 
—|W2(1))1W1(2)) 1W3(3))) - 
(b) 


A 1 1 
(Why |W) = z (hy + h2 + h3 + h3 + hi + h2) = z% + hz + h3), 


A 1 1 
(Wlh2|W) = 6 (h2 +h3+hy + h2 + h3 + hı) = 34 + h2 + h3), 


3 1 1 
(YIh3|Y) = z (hg + hı + h2 + hi + h2 + h3) = z% + h2 + h3). 
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Therefore, (W|(hy + ho + h3)|W) = hy tho + h3. 
(c) Let us define 


1 

Tik = (Vj MOM av) h Wey)? & 
pv 
1 

K jk = (Wj (Ya) Wao) 15 (»)), 
pv 


which are the same for any jz and v. Then, 


1 1 
(ele |W) = 6 (Ji2 — K12 + Jo3 — Kz + J31 — K31 


2 
+J32 — K32 + Ji3 — K13 + J21 — K21), 


1 1 
IS |W) = Z (J23 — K23 + J31 — K31 + Ji2 — Ki2 + Ji — Kai 


+J32 — K32 + Ji3 — K13), 


1 1 
(ele |W) = 6 (J31 — K31 + Ji2 — K12 + J233 — Kz + Ji3 — K13 


+J21 — Kai + J32 — K32). 


Since all three lines above the same and Jj, = Jj; and K jx = Kx;, we find that 


1 1 1 
wi(; +3—-+3 Jm = J Ki2 + J33 — Kz + J31 — K31. 
f2 fa fn 


Problems 


11.2 Prove that the Coulomb and exchange operators defined by Eqs.(11.17) 
and (11.18) are Hermitian. 


11.3 Prove Eq. (11.51) explicitly. 


11.4 The Hamiltonian for a certain four-electron system is as follows: 


where the Å u are one electron Hamiltonians that are identical except for the index u and 
Tuv = |ru — ry] is the distance between electron u and electron v. The state of the four 
electrons is represented by the following slater determinant: 
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Ii (1)) Iy2C)) 13) Iya) 

— 1 a) I¥2(2)) 13(2)) y4) 
== f 

V24 | 1¥1(3)) 26) 1¥3(3)) Iva) 

IW (4) 2A) y) ya) 


where |Wg(u)) is the kth single electron spin-orbit state with electron u. Answer the 
following questions. 


(a) Calculate the determinant explicitly and express |W) as a linear combination of 
direct products of the single electron spin-orbit states. 


(b) Express (Y| (Tia fia) |W) in terms of the hg where he = (Wr (W) lul Wk W). 


(c). Express (W|A |W) in terms of the Ag and all possible Coulomb and exchange 
interaction terms. 


11.5 Prove that the kinetic energy term in Eq. (11.77) satisfies the following identity: 
/ / 1 2 / / / 1 2 / 
dr dr yir; r); Yrôt-r)= dr drôt -r); Vrvi; r). 


11.6 Equation (11.76) provides the definition of y2(r; r’), which is related to a density 
operator for an electron defined in the single electron position space. Find out an exact 
form of such a density operator, which is normalized and defined in the basis of |r; 1), 
the position state of an electron 1. 


11.7 Equation (11.75) provides the definition of y2(r, r’; r”, r”), which is related to a 
density operator for two electrons defined in the two electron position space. Find out 
an exact form of such a density operator, which is normalized and defined in the basis of 
|r; 1) ® |r’; 2), the position state of two electrons 1 and 2. 


11.8 Find out expressions for the single and two electron densities for the case of Ne 
electron state represented by the Slater determinant, Eq. (11.4). 


Chapter 12 A 
Special Topics P 


No problem is too small or too trivial if we can really do 
something about it. 


— Richard P. Feynman 


Abstract This chapter introduces three special topics as follows: (i) path integral 
representation of quantum dynamics and equilibrium properties; (ii) open system 
quantum dynamics and quantum master equation approaches; (iii) Green’s function 
approach. These topics have played important roles in theoretical and computational 
investigation of quantum processes in complex environments. Some of the core 
concepts and relations will be derived and explained. 


Three special topics being introduced in this chapter serve as important theoretical 
tools for investigating quantum processes in complex environments and for manipu- 
lating quantum effects beyond simple measurement processes. Each of these topics 
has a long history of its own and has been developed for decades. Thus, even a 
reasonable overview of these topics requires substantial effort that goes beyond the 
scope of this book. Rather, a few key concepts, identities, and relations that can help 
readers gain better understanding and develop reasonable perspective of these topics 
will be presented. Due to informative nature and incompleteness of presentations 
here, no summary or problems are provided in this chapter. 


12.1 Path Integral Representation 


Both the time evolution operator of a quantum system and the density operator of 
a canonical ensemble can in general be expressed in forms of path integrals [16, 
17, 56, 57]. This is because the latter can be obtained from the former by using 
t = —iPh. Although development of a path integral expression is possible with 
respect to any complete basis [17, 57], the most well-known and powerful basis is 
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that of position states. Thus, we will consider here only conventional path integrals 
in position basis. 


12.1.1 Real Time Propagator 


Take for example the time evolution operator for a time independent Hamiltonian, 
given by Eq. (2.47), in one dimension. For the corresponding time evolution operator 
Up (t) defined by Eq. (2.82), let us introduce the following real time propagator 
between x; and x: 

P(x ps ts xi, 0) = (xp|Un Olx) = (x ple" |x). (12.1) 
The time evolution operator shown above can be expressed as a product of Np 
propagators for smaller time steps. Thus, 


e`itÂ/h 4 -ist/h | ist jh (12.2) 


where ôt = t/Np. Inserting the identity resolution in position space, Eq. (2.25), 
Np — | times in between each time evolution operator for ôt, we can express 
Eq. (12.1) as 


N 


p 
P(xf,t; xi, 0) = f ax o f diua [ | Pk, tk; xk-1, tk-1), (12.3) 
k=1 


where Xy, = Xf» X0 = Xi, and t = tôt for k = 0, --- , Np. 
For small enough df, one can make the following Trotter factorization [58] 
approximation for each time evolution operator for ôt. 


eo ist /h _ eo ist Ý /(2h) ,—i8tT /h o—iôt Ý /(2h) + 0(8t3), (12.4) 


where O(5t?) implies that the error for the above Trotter factorization is of order 
ôt?. Within this approximation, the corresponding propagator can be calculated 
employing the identity resolution in the momentum space, Eq. (2.34), as follows: 


oo ie a ee 
Pk ths Ah, th) © f dp ale MPO” | py ple Fe a YO aka) 


=00 


[0.6] 
= aac a) dp (xg| pje iP CMD plg) 


—00 


[0,0] 
L emit V EDV D/A f dp e~t51P?/Qmh)+iGx—m)P/h (12.5) 
=00 


20h 
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In the last equality of the above expression, Eq. (2.36) and its complex conjugate 
have been used. 

Note that the integration over momentum in the above expression can be done 
by completing the square in the exponent and conducting Gaussian integration as 
follows: 


[0,6] 
J dp e™i® P? Ombi —)p/h 
-00 


— gi (xk k-11) / 28N) F dp eidt/(2mh)(p—m (x4 x41) /3t) 


—oo 


[ZMA im xy —x4—1)?/ORS1) (12.6) 
idt 


Employing the above identity in Eq. (12.5), we obtain 


elm Okre)? ORDIS V (RIV Or- 4 OC). 


P (Xk, tk; Xkı» tk-1)= SARSI 


(12.7) 


As is clear from the second term, the error involved in using the first term in the 
above expression is of order ôt? = (t/Np)*. When this expression is used in 
Eq. (12.3), this error is added N, times and the net error of the resulting expression 
is of order t? /N3. Thus, Eq. (12.3) can be expressed as 


N E 
P(xf, t; xi, 0) = a fan f asy i e in, np d/h +0 (=). 


(12.8) 


where Xy, = (x0, X1, X2, Xx Np ), the vector of discrete position trajectories from 
xo = x; att = O to xy, = xy at t, and Ay (Xy, ) is a function of this vector defined 
as 


ee Np pez — x1)? Vap Hee) al 
k=1 
al m (Xk — Xk-1 2 V (xo) + V Œy) 
D 2 ( 5 ) V (xz) 
k=1 t 2 


(12.9) 
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Let us now consider the limit of Np — ov, for which x Np becomes a continuous 
trajectory of time x(t) and Eq.(12.9) becomes the following functional of the 
trajectory known as action functional: 


N 2 dt 


t {3 dx(t)\? 
lim Ay, yy) = ALC = | dt =( ) —V(x(t)) 7 - 
Pow 0 

(12.10) 


In the above expression, x(-) represents a given function x(t) as a whole defined for 
the entire domain of time, t. The dot - is used as an argument here to distinguish it 
from a particular value of the function at a certain time t. 

Let us also define the following path integral as the limit of the multidimensional 
integration in Eq. (12.8) as follows: 


mNp Mp x(t)=xf 
li Aves hig ee Dx()C+*), 
Wes (se) J "i J Xnp-i( ) Pa a 


(12.11) 


where dots within parentheses imply any functional that is well defined and remains 
integrable as the discrete trajectory becomes continuous. Whether this limit of path 
integration is well defined is a nontrivial mathematical issue and also has practical 
significance. For example, for a free particle or a particle subject to a potential 
bounded from below, it is generally accepted that the path integral is well-defined as 
the limit of the multidimensional integration. However, for singular potentials such 
as Coulomb potential, it is not the case and more careful definition of the measure 
of integration! becomes necessary [17]. 

Since £?/N 2 becomes zero in the limit of Np — oo for any finite value of t, the 
error term in Eq. (12.8) becomes zero in that limit. Thus, we obtain the following 
path integral expression for the propagator: 


x(t)=xf 


POs, t; xi, 0) = / Dr (JAO, (12.12) 


x(0)=x; 


Noting the definition of the propagator, Eq. (12.1), the above expression can now be 
used to obtain the following expression for the real time propagator: 


7 x(t)=xf ; 
Un (t) = fas; f as (/ Dre Muon) xp) (xil. (12.13) 


(O)=x; 


' Even for integration of functions, this is an important issue because there are kinds of singular 
functions for which conventional Riemann measure integration fails but more elaborate Lebesgue 
measure produces convergent result. 
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Employing the above expression and its Hermitian conjugate in Eq. (10.45), the time 
dependent density operator can now be expressed as 


pe = f ary f ax f axy f axi Iepen ce 


t= ‘O= 
x [ "oof 7 Í Dx) el Alo -Ale ODA | 
x(0)=x; x'(O)=x; 


(12.14) 


Accordingly, the time dependent average for any operator O, as defined by 
Eq. (10.48), with 6 replaced by (t), can be expressed as 


(Ô) = Tr {6po| 


= fax (x|OA(t)|x) 


= f axy f axi f ax, f ax (x'p| Olxp) lilli 


(t= ‘O= 
x f T Dè es Í px! (.) ef AkO- Ale Chan 
x(0)=x; x/(0)= x} 


(12.15) 

In the second equality of the above expression, (xi |x) = S(x’ — x) has been used. 
Extension of expressions derived here to general multidimensional Cartesian 
coordinates is straightforward [17, 57]. However, for curvilinear coordinates or 


for cases with cyclic coordinates such as angles, care should be taken for proper 
definition of path measures [17]. 


12.1.2 Imaginary Time Propagator 


Let us consider the canonical equilibrium density operator, Eq. (10.63), which can 
also be expressed as 


e—iihp)Â/h 


Tr VRET 


ôs = (12.16) 


Thus, the path integral expression for the canonical equilibrium density operator can 
be obtained by simply replacing t with —iff. Let us introduce an imaginary time ty 
such that 
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t=—it,,0<t, <hB (12.17) 


Then, the definition of the real time propagator, Eq. (12.1), can be extended to an 
imaginary time propagator as follows: 


(x ple BÊ lxi) = P(xp, —iBhs xi, 0) = (xple i CIPRA yy, (12.18) 
Thus, the action given by Eq. (12.9) can be extended to the imaginary time at 


t, = Bh, by simply replacing the time integration variable t with —it and also 
introducing x¢(t) = x(—iT), as follows: 


Bh m (dx-(t)\7 
Alx(-); BA] = -i f dt =( ) — V(xe(t)) 


2 \ -idt 


eh (sey | l 
= / del” + V(xe(t)) | = i8fxe(); BA, 
0 2 dt 


(12.19) 


where &[x¢(-); BA] is called Euclidean action and is equal to the average energy 
along the path time leading to Bf. Note that xe(t) and x(—it) are the same except 
that the former is viewed as a function of a real valued parameter t whereas the latter 
is viewed as that of an imaginary time —it. Thus, the imaginary time propagator 
defined by Eq. (12.18) can be expressed by the following path integral form: 


m Xe(Bh)=x f 
(x ple" |x;) = 1 Dxe() eT EOS BAY/A (12.20) 
Xe (=X; 


where the detailed form of the path integral measure can be obtained by using t = 
—iPh in Eq. (12.11) and is given by 


7 Np 
f E E tia ( mNp ) fam f asy Ee. 
=n Np—co 2n Bh? p- 


(12.21) 


Equations (12.20) and (12.21) complete the derivation of the path integral repre- 
sentation for the imaginary time propagator. Alternatively, these expressions can be 


obtained directly by expressing e7” as a product of those for higher temperature, 


e~©4, where € = B/Np = 1/(kgT Np). Application of the Trotter factorization for 


each of e~*” as in Eq. (12.4), conducting Gaussian integration as in Eq. (12.6), but 
for ôt = —iBh/ Np, and sending the limit of Np — oo directly leads to Eqs. (12.20) 


and (12.21). 
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Employing Eq. (12.20) for xf = x’ and x; = x”, the unnormalized canonical 
density operator can be expressed as 


x Xe(Bh)=x! 
e fH — 1 dx’ J dx" |x’) (x"] / Dxe() e~EeOsBMVAY 0222 
Xe(0)=x” 


Taking the trace of this, we also obtain the following path integral expression for the 
partition function: 


Zg=Tr je" | = facie tie) 


x(t)=x’ 
= faf Dxe(-) ele (); Bal/h 
x(0)=x' 


= fao elre O BAIA (12.23) 


where the path integration in the last line represents sum over all the cyclic paths that 
end at the same position as the starting point. Combining Eqs. (12.22) and (12.23), 
we thus obtain the following path integral expression for the canonical equilibrium 
density operator: 


grae fafa Se Dre) e Ska) 


2p f Dx(-) e—ELxe(-); BAI/A 


bp = 
(12.24) 


Therefore, the average of any operator over the canonical ensemble can be expressed 
as 


xe (0)=x" 
f Dx(-) e~Elxe(s BI/h 


. Jan f dx! x"|Olx') aT Dre) A) 
Tr | O Ôg | = i 
(12.25) 


Extension of the expressions derived above to the case of multidimensional 
Cartesian coordinate system is straightforward [17, 57]. As is the case with the 
time evolution operator, mathematical difficulty arises in identifying correct path 
measure for curvilinear or cyclic coordinates [17]. 


12.2 Quantum Master Equation for Open System Quantum 
Dynamics 


Consider a quantum system interacting with its environment. Assume that we are 
interested only in the net effects of the environment on the system and are not 
concerned about details of the environment. For these cases, it may be possible 
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to develop ways to consider a reduced quantum dynamics for the system only 
while only accounting for the net effects of the environment on the system. To 
what extent is this approach feasible? How can one identify the whole environment 
and its interaction with the system of interest? These are some of difficult and 
fundamental questions that still remain active issues of research in open system 
quantum dynamics. However, in this section, we will bypass asking such questions 
and simply assume that it is possible to identify the environment, which will be 
called bath, and its interaction with the system of interest. 

To be more specific, let us assume that it is possible to identify a well-defined 
system Hamiltonian H,, a bath Hamiltonian Hp, and a system-bath interaction 
Hamiltonian H,,, which are all defined in the direct product space of the system 
and the bath and can be added together to define a total Hamiltonian as follows: 


H = A, + Ay) + Ay = Êo + Êi, (12.26) 


where, in the second equality, we have also introduced the zeroth order reference 
Hamiltonian, A, and the first order term H , that is assumed to be small? compared 
to Ap. Definitions of these can vary depending on the nature of the problem. If Asp 
is small, defining Ho = = H, + Hp and H l= = Hy, is a natural choice. However, an 
alternative choice is possible if Hyp is not small enough. 

Given that the system and bath as a whole is completely isolated from the rest 
of the universe, the time evolution of the total density operator representing the 
sum of system and bath at time ft is determined according to the following quantum 
Liouville equation: 


d, wr 
Fra, = —iL/P(t) 
= —i (Ls + Lsb + Lob) p(t) 
—i (Lo + £1) p(t). (12.27) 


In the above expression, L(---) = [H, (---)]/A and Lo(--+) = [Hg, (++) ]/h, for 
each of a = s, sb, b, and 0, respectively. 

There are two major approaches to reduce the dynamics of the total density 
operator represented by Eq. (12.27) into that involving only the system degree 
of freedom. One is to use the path integral influence functional approach, which 
accounts for the net effect of the bath on the system dynamics in the path integral 
representation of the density operator. This is a powerful approach that has widely 
been used in the condensed matter physics and remains a promising approach for 
simulating molecular systems, but is not described here. Readers can refer to an 
excellent monograph [59] and a review paper [60] on this approach. The other 


? The meaning of “small" here is the extension of the concept used in the perturbation theory in 
that the effects of Hı on the eigenstates of Ho are small. 
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approach is to use a quantum master equation (QME) [37, 61—64], which has longer 
history and has been well-established as one of the most general approaches for 
investigating open system quantum dynamics. 

One of the most systematic approaches to derive QMEs is to employ a projection 
super-operator in the interaction picture with respect to the zeroth order Hamilto- 
nian. For this, let us first introduce the density operator in the interaction picture 
with respect to Hp as follows: 

by (t) = EPA Bp) et Hot /h (12.28) 
The dynamics of this is governed by the following interaction picture quantum 
Liouville equation: 


i Lo pr (t) — ePi Ci Lo + iLi) PAT Êh 


a (t) 
ae 


_ —eiHot/hi Li ete Poth 


1A). p10] = —i Li (Ð) r(t), (12.29) 


where Êi r(t) = ei ®ot/h Fy, ei Hot/h, 


12.2.1 Projection Operator Formalism and Exact Time 
Evolution Equations for a Projected Density Operator 


If only a partial information on the density operator is needed, a projection super- 
operator P, which is assumed to be time independent, can be introduced such that 
P7(t) contains all such information. The complement of the projection super- 
operator is denoted as Q = 1 — P. So, let us call Pô; (t) the projected part of the 
density operator and Qô; (t) the unprojected part of the density operator. First, we 
will show that a general exact time evolution equation involving only the projected 
part of the density operator can be derived without detailed specification of the form 
of the projection super-operator. In deriving this, it is convenient to assume that the 
following identity holds: 


PLi rP = 0. (12.30) 
It is important to note that the above condition is not so restrictive and can always 


be satisfied by an appropriate definition of Hy. As will be clear, this identity helps to 
simplify final expression for the formal solution and its perturbative approximations. 
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Applying P on the left-hand side of Eq. (12.29), inserting the identity P +Q = i 
between £1.7 (t) and 6;(t), and employing the identity of Eq. (12.30), we obtain 


d 
a (t) = iP Li 1 (QP C). (12.31) 


Similarly, applying Q on the left-hand side of Eq. (12.29) and inserting the identity 
of P +Q = 1, we also obtain 


d, A Š 
ge O = -i QLI (OQA A) — iQLi, r ()Ppr(t). (12.32) 


A formal solution of the above equation can be found easily. For this, it is convenient 
to introduce time ordered exponential super-operators as described below. 


Time Ordered Exponential Super-Operators 


Given a certain time dependent super-operator M(t) such as interaction 
picture Liouville or projected/unprojected interaction picture Liouville super- 
operator and for t > 0, a positively time ordered exponential super-operator 
is defined as 


—i fa dr M4) T 
ee ad =i dt M(t) 


t T 
H= / dt f dt'M(t)M(t’) 
0 0 


t vf Tn—1 
+i" f an f di f" dn MaD Ma 
0 0 0 
enn, (12.33) 
which satisfies the following time evolution equation: 


d ih dtM«) = -i ff dtM«) 


Wee = -iM(e,,5 (12.34) 


On the other hand, a negatively time ordered exponential super-operator is 
defined as 


i f! dtMa) ; t 
eih A =i+if dtM(t) 


t 1 
ae f dt f dt’ M(t')M(t) 


(continued) 
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does 
t Ti Tn-1 
+f an: | dv: | din M(t) --- M(t1) 
0 0 0 
ee (12.35) 


which satisfies the following time evolution equation: 


Be dtM(r) _ 5 je 0 dtM«) 
ce) 


Ai e) M(t). (12.36) 


The two time ordered exponential super-operators defined above form an 
inverse relationship as follows: 


eit dtM«) ail dtMcr) _ aio dtMc) eit dtM«) A 
&4) ce) = 8) eH =l. (12.37) 


Moving the first term on the righthand side of Eq. (12.32) to the lefthand side, 


and applying e; eh ddla) , which is defined by Eq. (12.35) for M(t) = QL1,1 6) 
on both sides oft the egitian, we find that 


i h QL, 10) d i ih dLa) 


eD ne 1(t) +e iQL,1(t)Q/67(t) 
=< («8 natoa) = ~ie FOE QL, PAI, 


(12.38) 


where the second equality is obtained by using Eq. (12.36) with M(t) = QL) 7(t). 
Integrating the above equation over time from 0 to t, we obtain 


t ot 1 , 
¢ A 5 4) — 8,0) = -i f dreh POOL, PSE). 


(12.39) 
Applying e; at Sach setni by Hq: 4093) for MG) = OL, 


on both sides of the equation, we find that 


: i f! dt! T -i ff dtQLy aa 
Qô) =-i [ ar eif Mar Pie) +e ap), 


(12.40) 
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where the following relationship has been used. 


oil dtQL, s(t) ei ar'QLı, D) oid dt Lı, r0) 


e) =e (12.41) 


The validity of Eq. (12.40) as the solution of Eq. (12.32) can also be proven by direct 
substitution. 

Note that Eq. (12.40) expresses QJ; (t) in terms of Pôr (Tt) for 0 < t < t and the 
initial value of the unprojected part of the density operator at t = 0. Thus, when this 
expression is used in Eq. (12.31), we obtain a closed form of differential equation 
for P 6; (t) as summarized below. 


Exact Time-Nonlocal Evolution Equation for the Projected Part of the 
Density Operator 


Using Eq. (12.40) in Eq. (12.31), we obtain the following time evolution 
equation for the projected part of the density operator: 


=i fi dv'QL1(t') 


dae. A 
T PÔ) = — k dtPLy Oei QLi(t)PAr (2) 


ot fo dL 1) 9 aq) (12.42) 


iP Li Deg 
where the inhomogeneous term (the second term) retains the information on 
the initial preparation of the system and the bath at tf = 0. Note that the 
above expression involves only the positively time ordered exponential super- 
operator involving QL; 7(t). Thus, as long as this is well defined, the above 
solution is also well-defined and valid. 


The time evolution equation, Eq. (12.42), is non-local in time and shows that 
even calculating the time derivative of PO; (t) requires full information on its past. 
This is not unexpected since the effect of the bath on the dynamics of the system 
builds up over the history of its time evolution. However, it turns out that it is also 
possible to account for such memory effect employing a fully time local form. This 
is because the full dynamics for 6; (t) is unitary and can be reversed backward. That 
is, one can always find a formally exact solution for Eq. (12.29), which can relate 
(1 (t) to 6; (t) fort < t as follows: 


eels 


ÊI) =e p(T). (12.43) 


Equivalently, one can also find the following relationship: 


ih dU Lir) a 


Pi(t) =e Pr (t). (12.44) 
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Employing the above identity in Eq. (12.40), we find that 


j Jf), ~i fiavQLi a 9 
ai =i f drei) E 


Fe zih dL, 1A 0). (12.45) 


aren 


(t)Pe = Pi (t) 


Inserting P + Q = Î in front of Ôr (t) on the righthand side of the above equation 
results in two terms. One involves P6;(t) and the other involves Qz (t). Moving 
the term involving the latter to the lefthand side of the equation and applying the 
inverse? of the entire operator being applied to Qf;(t) [65], we now obtain the 
following key relationship: 


QÔ) = (1 + iri)! 


x l- f dreif A uor apik A Apa) 
0 


tei OE. apo} ; (12.46) 
where 
r= f dre, a T (Pe? if de Lane) (12.47) 


Equation (12.46) can be combined with Eq. (12.31), to find an exact time-local 
equation governing the dynamics of P6;(t) as summarized below. 


Exact Time-Local Equation for the Projected Part of the Density 
Operator 


Using Eq. (12.46) in Eq. (12.31), we obtain the following time evolution 
equation for the projected part of the density operator: 


al. A E: 
E PEO O 5 


x f dreg -i fi d'AL 9 Li (type! a Lis pr cy 


if’ dtQL @) aA 
Ere a 


(12.48) 


(continued) 


3 It is assumed here that this inverse can always be found. 
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Note that the righthand side of the above equation involves the information 
on P Ôr (t) only at the same time as that for the lefthand side. This is achieved 
by expressing the information on z(t) for t < t in terms of 6;(t) by 
evolving backward in time and then dividing their effects on projected and 
unprojected parts again. As a result, the final forms of super-operators in the 
above expression is more complicated than those in Eq. (12.42). 


Equations (12.42) and (12.48) are both exact and general for any form of 
the Liouville and projection super-operators. Alternative methods to derive these 
equations exist as well. For example, one can employ the generalized cumulant 
expansion method [66] for the total density operator and then apply chronological 
time ordering or partial time ordering prescription [67, 68]. 


12.2.2 Quantum Master Equations for a Reduced System 
Density Operator 


If we are interested in finding out the general information on the system of interest, 
we need to be able to determine at least the reduced system density operator defined 
as 


As 1(t) = Tro{61(0}. (12.49) 
For this, we can introduce the following projection super-operator [37, 62—64]: 
PC) = ôb @ Tro {()} = Tr {QO}, (12.50) 


where p is a bath density operator, which is commonly assumed to be an 
equilibrium density operator, and the second equality is a short notation for the 
direct product form. In addition, let us define the zeroth order and the first order 
Hamiltonians as follows: 


Ho = H, + Ab, (12.51) 
A, = Ay. (12.52) 


Then, the time evolution operator for Ĥo can be expressed as 


g(t) = en Ês /h gi Hot/h (12.53) 
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Therefore, 
Âi. = Ês. 1(t) = ei Êst/h ei Hot /h f oiHot/h o-i Êst/h, (12.54) 


For the above case, the condition of Eq. (12.30) implies that, for any operator Ô that 
depends on both system and bath degrees of freedom, the following identity holds. 


PLi (t)P(O) = l aTr {[ As, PoT rp {o]} 


1 


= = ôb (Trs Êi 1O ÊbTro [ô}] 


-Trs {AvTr» ô} A.1()}) 
= = oh (Tro {D} Tr fô} 
-Trs [Ô] Tr, {AoFi.1(0}) 
Z [Trs [AO ô} Trp {6} ] =0. (12.55) 


In the second equality of the above equations, the fact that 6, commutes with 
Trp [ô]. which becomes independent of the bath after trace over the bath has 


been used. However, note that Trp [ô] and Trp [A 1,7 (t) jo}, which still remain 


operators in the system space, do not commute in general. Thus, for the identity to 
hold for any kind of O, the latter has to become zero as follows: 


Tr, | th.1() 66} = PAT ae Hye Nps etHst/h 0, (12.56) 


For pp = ePAb Try fe- ) or any other form of 6, that commutes with Hy, the 


above condition implies Trp [A sb po = 0, which means that the average of system- 


bath interaction over the bath density operator is zero. In case Hyp does not satisfy 
this condition, it is always possible to redefine the system Hamiltonian by adding 


Trp | Asp po and then define Hep — Trp Hyp jo} as a new system-bath interaction 
term. Thus, in order to guarantee the condition of Eq. (12.30), here we assume that 


[ A. ôn | =0, (12.57) 


Trp [Avô] =0. (12.58) 
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12.2.2.1 Formally Exact QMEs 


For the present case, the time-nonlocal time evolution equation for the projected 
part of the density operator, Eq. (12.42), is expressed as 


d N t ; t P j n 
g aO = -f dtPLsb,1 (t) EXP) |- f dt'QLsb,1(T | QLsp,1(T)P Or (T) 


t 
—iP Lsb,1 (t) EXP) E 1 drabo | Qôr(0), (12.59) 
to 


where £55,7(t)(-) = [Asp.1 (t), (-)]/h. The above equation can be used to obtain the 
exact time-nonlocal QME for the reduced system density operator in the interaction 
picture, as defined by Eq. (12.49). 


Exact Time-Nonlocal QME for Reduced System Density Operator 


Taking trace of Eq. (12.59) over the bath degrees of freedom, we obtain the 
following formally exact time-nonlocal QME for reduced system density 
operator in the interaction picture, Ps 7(t) : 


d , : A 
— fs, (t) = -f At Ksp(t, T)Ps 1T) +Le,so(t), (12.60) 
0 


dt 
where 
=i ft d'Lat Be 
Kult.) = Trof Lorie = ‘an s(eir}, (12.61) 
Teso(t) = “iT | Lass Deg" ean OF (12.62) 


In the Schrédinger picture, the corresponding time-nonlocal QME 
can be obtained by taking derivative of (;(t) = eiL (joi) = 
en tHst/h p, p (tjet Pst and employing Eq. (12.60). The resulting expression 
is as follows: 


d 7 P me t aes f Ee 
< jst) = -iLsps(t) -e a de Kle) Ea Ean 
0 


eiL T, s(t). (12.63) 


On the other hand, under the same assumptions of Eqs. (12.57) and (12.58), the 
time-local QME for (6.7 (t), Eq. (12.48), is expressed as 
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d, , _ 
FP Ait) = -PLs OA + iPs6,1(0) i 


x f de S dt'Q Lsv") f diL 
(0) 


ae QLsv,1(T)Pe, Port) 


=i ff dtQL4p,1(z) 


iP Lop, (OA + iP 9,1) eG Q/(0). 


(12.64) 


where I'sp,7(t) is defined by Eq. (12.47) with £,7;(t) replaced by L£sp,7(t). The 
exact time-local QME for /s,;(t) thus can be obtained easily from the above 
equation as summarized below. 


Exact Time-Local QME for Reduced System Density Operator 


Taking trace of Eq. (12.64) over the bath degrees of freedom, we obtain the 
following exact time-local QME for the reduced system density operator in 
the interaction picture: 


d a A 
qO = —Rsb(t)Ps 1 (t) + T1, sbt), (12.65) 


where 


t 
Rsp (t) = l der Lars +iT sb, 1 (6)! 
0 


ft 1 : 1 : m , ae Dy 
xe gh dv QLy.1(t AL» (opel eae a), 
(12.66) 
; -17i fo dtQL 5,17) AA 

TiO = -iTr LOU H Past) a HOO, 
(12.67) 
In the Schrödinger picture, the corresponding time-local QME can 
be obtained by taking the derivative of p,(t) = eft sı) = 
e™iHst/h payee and employing Eq. (12.65). The resulting expression 


is 
oe ae p E 
FOO = iL sale) — Rele) (ef a (eeh) 
eiL T, y(t). (12.68) 
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12.2.2.2 Second Order QMEs 


The kernel in time-nonlocal QME, the relaxation super-operator in time-local 
QME, and the inhomogeneous terms in both equations can be expanded in terms 
of Hyp. I(t). The lowest order approximations with respect to Asp. I(t) for both 
equations in the interaction picture are of second order. 

Let us first consider the time-nonlocal QME, Eq. (12.60). Keeping only terms 
up to the second order of £5, 7(t) in Eqs. (12.61) and (12.62), and employing the 
identity of Eq. (12.30), we obtain the following second order approximations for the 
terms involved in the time-nonlocal QME, 


KPT) = Trof Lars OLDA), (12.69) 
ie > eral > ; 
Ley) = iTr Lens o) 


t 
-f dt Pryf Lars OL (OG of. (12.70) 


For the time-local QME, Eq. (12.65), similar 2nd order approximations can be 
made in Eqs. (12.66) and (12.67) as follows: 


t t 
Rip (1) = [ dt Trof Lars Lar oA] = [ dt K2 (1,7), (12.71) 
I0, O= -iTr | L400 - iT) O)Q61 o) 
t 
- Í deT rf Lnr OAL RAO]. (12.72) 
0 


In the above expression, Pry (t) = Ja dtQL£5p,1(T)P. Clearly, PG Ar (0) = 0 
because PQ = 0. Therefore, 


t 
i 0) = -iTr |2080) - / drTro| Lao, Lans 2961 0} 
fi 


0 


_ 7 


c,sb 


(t). (12.73) 


Thus, the relaxation super-operator for the 2nd order time-local QME is equal 
to the integration of the kernel of the 2nd order time-nonlocal QME, while the 
inhomogeneous terms for both equations are the same. 

In the Schrédinger picture, the corresponding second order equations can 
be obtained by using the above second order approximations in Eqs. (12.63) 
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and (12.68). Before presenting these equations, it is instructive to consider a generic 
form of the system-bath interaction Hamiltonian given by 


Hsb = Sn Bn, (12.74) 
n 


where KA and Ê, are not necessarily Hermitian. Since Asp is Hermitian, this means 
that the sum should also includes those for Hermitian conjugates of a and Bn in 
such cases. With this convention, Hy, given by Eq. (12.74) can now represent a wide 
range of system-bath interactions. 

In the interaction picture, 


Psv 1) = Y Sn. OBn 10. (12.75) 
7 
where 
Sao e A a Hst/h (12.76) 
By 1 (t) 2 ei Patih B emi Poth, (12.77) 


Inserting Eq. (12.75) into Eq. (12.69), we find that 


KPE DA = YY Trs {181.10 Bn.» n O Âw 0, Pôr} 


n n 
DDI DOTEA 
n w 
+C0? (T, DLÊs 1T) Sw 1 (T), 5,101] > (12.78) 
with 
Dm= Ên 1 (t)B ô 12.7 
Con (ts T) = pe Mot Bn, Bn. 1 7) Po}. ( . 9) 


In the second equality of Eq. (12.78), the fact that S,1(t). Sa 1(t), and ps z(t) all 
commute with Bn, I(t), By. I(T), and ô, and the cyclic invariance in the trace of bath 
operators have been used. Also, note that the first and second sums in the second 


equality of Eq. (12.78) are Hermitian conjugates of each other since C @) (t,t) and 


nn’ 
go (t,t) are complex conjugates of each other. Combining Eq. (12.78) with the 
integrand in the second term on the righthand side of Eq. (12.63), we find that 
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ei Lt qe, r) (e iĤst/ħ ^ As(t)e7 Hae) 
Se Ge SOS 7 gee 
eN p A el N (eye HEIN S, (cz), Sy r(ey elt} 


2 g — 
= LE {cwt T)ESp, HOON S y pp (rei Êh] 


(2) —ifl,(t—1)/h ^ H,(t—1)/h & 
4% (r, Dle B(x) pr iO, Sp 1} . (12.80) 
Similarly for the second order inhomogeneous term Eq. (12.70), we find that 


Fea =~) [$10 O] 
a >, D Í dt ([S:.00. Su (OF lt, r)| 


+ [Frnt Sy), SaO). (12.81) 

where 
PPO = 5 TrolBn.1 08O), (12.82) 
Fills D = ST ro By O EnA O (12.83) 


Note that the above two terms are still operators in the system space. Therefore, the 
inhomogeneous term in Eq. (12.63) within the second order approximation can be 
expressed as 


: x PEN a(l fn 
gibt? a) = 3 > [&. ei ang, (Crm 


n 


t A ok a a2 is 
-D5 f dr ([5:. eiA- S EO og, gea] 
0 
n n 
„5A a(2 x a à 
+ E a eM, §,]) 
= fF), (12.84) 


Now the general second order time-nonlocal QME for Agp given by Eq. (12.74) can 
be obtained by combining expressions obtained above. 
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Second Order Time-Nonlocal QME in the Schrédinger Picture 


For the type of the system-bath interaction Hamiltonian given by Eq. (12.74), 
employing Eqs. (12.80) and (12.84) in Eq. (12.63), we obtain the following 
second order time-nonlocal QME in the Schrödinger picture: 


@ Ree 
ne = —IL; ps(t) 


t 
>D) dt eee Dln, ei Âs- t)/h§ Seis (ref fs 0-1)/h] 
a g A 


ED Dje’: s(t— o a s(T) Sn sei Ês (t— t)/h , Sai 


n'n 


ONG): (12.85) 


For the derivation of the second order time-local equation in the Schrödinger 
picture, first note that the oe super-operator RO (t) given by Eq. (12.71) is 


simply the integration of KS sh q, t) over t. Thus, for Hyp given by Eq. (12.74), we 
find that 


t 
RO Ast) = >>> Í dt (CRE, Dn O, Sn OAO] 


+€° (í, Diês 1 Sw 10), §,,1(01| . (12.86) 


Therefore, the second term on the righthand side of Eq. (12.68), employing the 
second order approximation given above, can be expressed as 


Lig) (e iHst/h 6 (eei An) 


= -EX J, dilan ETS e TAS pe EA 8) 


40? (t, DIS (eÊ EO S pei Ps0 Sal}. (12.87) 


n'n 


The above expression in combination with the inhomogeneous term leads to a 
general second order time-local QME as summarized below. 
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Second Order Time-Local QME in the Schrödinger Picture 


For the type of the system-bath interaction Hamiltonian given by Eq. (12.74), 
employing Eqs. (12.87) and (12.84) in Eq. (12.68), we obtain the following 
second order time-nonlocal QME in the Schrödinger picture: 


@ Ree 
ne = —IL; ps(t) 


t , E 
>D) i eG DÂ, eÊ- GS ei Bst- & (gy) 
0 
n w 


A 


+O (T, Dose EEA Spei tO Sn] 


n'n 


ONE): (12.88) 


The approach of deriving second order approximations described above can be 
extended further to derive higher order perturbative approximations in both time- 
nonlocal and time-local forms [37, 69, 70]. However, such perturbative expansions 
result in much more complicated expressions in general while they may not lead to 
significant improvements. Rather, approaches to account for terms up to the infinite 
order (in principle) through hierarchy of equations of motion approach [71-74] or an 
approach to solve unprojected part through numerical solution of integral equation, 
which is called generalized QME [75, 76], have been more successful. Alternatively, 
it is possible to account for some higher order terms through unitary transformation 
that effectively reduces the system-bath interaction, while still using the second 
order approximation [77, 78]. 


12.3 Green’s Function Approach 


Mathematically, Green’s function is an inverse of a differential operator and 
enables finding the solution of an inhomogeneous differential equation employing 
those for the homogeneous equation [30, 79, 80]. Let us consider the following 
inhomogeneous differential equation, 


LE) FE) = SE), (12.89) 


where Le ) is a differential operator with € as a variable and S(&) is the source 
term. Although one dimensional notation is used here, £ can be multidimensional in 
general. For example, € can represent either the time or spatial coordinates, or both 
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of them. Green function for the above differential equation is defined as the solution 
of the following equation with a delta function source term. 


LEGE, £) = 8E — £’). (12.90) 


Then, the general solution of Eq. (12.89) can be expressed as follows: 


fE) = AOH f GESE, (12.91) 


where f(E) is the homogeneous solution of the differential equation such that 
L(&) fa (E) = 0. The fact that f (£) given above indeed is a solution of Eq. (12.89) 
is shown below. 


Le) (no+ farag sse) = f arisa ense 


= fasse — &')S(é’) = SC). 
(12.92) 


Employing Green’s function is convenient because it can incorporate boundary 
conditions within its form. In addition, solutions involving Green’s functions are 
easier to develop systematic approximations. 

Green’s function can also be used for obtaining (or approximating) the homoge- 
nous solution of a complicated differential operator in terms of those for simpler 
ones. For example, assume that the differential operator Le ) can be divided into 
two terms, 


LE) = Lo) + Li), (12.93) 
and that the Green function for oE), which is denoted as Go(&, &’), can be 


obtained easily. Then, the differential equation for the homogeneous solution for 
L(&) can be expressed as 


Lo(é) f€) = —Lié)f@). (12.94) 


Treating the righthand side of the above equation as a source term, we can express 
the solution f (€) in term of Go(&, &’) as 


fE) = WE- f as'Goe LENSE (12.95) 


Although the above equation still involves unknown f(E’) on the righthand side, a 
formal solution can be obtained by iterating the righthand side as follows: 
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fE) = fol) - fas Gol€, &1)L£1(E1) PE) 


+ f dı f d& Gol, €1) Li (E1)Go(E1, &2)L1 E2) fo(é2) 


+(-1)" fas o fas, Gol, €1)L1(E1) «+ Go(En—1, En) L1 (En) fo(En) 
ee (12.96) 


Given that the above series converge quickly, one can truncate the above expansion 
at finite order, obtaining a perturbative approximation. More advanced approaches 
are to employ integral transformation and/or diagrammatic techniques [18] to 
account for major terms up to an infinite order. 

The standard Green’s function in quantum mechanics refers to that for the 
Schrödinger equation and has played an important role in scattering and dynamics 
problems [3, 17, 81]. In fact, the real and imaginary time propagators defined in the 
path integral representation can also be viewed as examples of Green’s function. 

However, more generally, Green’s function approach in quantum mechanics 
often refers to a general class of powerful technique to solve quantum many 
body problems in combination with quantum field theory [18, 81]. Operational 
definitions of Green’s functions in this approach are correlation functions of field 
operators, which retain all the major spatiotemporal dynamics of quantum particles 
in interacting environments and can be used for the calculation of all the relevant 
physical properties. The remainder of this section will provide a very brief account 
of this approach, starting from the definition of field operators. For comprehensive 
accounts of theoretical basis and important technical details of the Green’s function 
approach, readers are strongly recommended to refer to more advanced references 
[18, 82]. 


12.3.1 Second Quantization and Field Operators 


Let us consider the lowering and raising operators b and Ót for a harmonic 
oscillator as defined by Eqs. (3.51) and (3.52) in Chap. 3. The two operators satisfy 
Eqs. (3.53)—(3.55) and can be used to express the Hamiltonian as Eq. (3.57). For a 
given eigenstate |v) of the harmonic oscillator, application of bi produces |v + 1) 
according to Eq. (3.67) and application of b to |v) produces |v — 1) according to 
Eq. (3.70). 

In the second quantization formulation of quantum mechanics, each eigenstate 
|v) of the harmonic oscillator Hamiltonian can be viewed as a state with v number 
of phonons. Then, the ground vibrational state |0) can be defined as the “vacuum" 
state of phonons and bt and b now become creation and annihilation operators 
of phonons. This view of quantum harmonic oscillator is equivalent to the one 
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described in Chap. 3 and allows expressing all physical observables and states only 
in terms of products of b’s and b*’s applied to the vacuum state. 

The second quantization formulation is particularly useful when there are many 
(possibly infinite number of) harmonic oscillator normal modes because there is 
no need to introduce eigenstates with many (possibly infinite number of) indices. 
Instead, for a system of Ns independent harmonic oscillator normal modes, we can 
define bt and bj, with j = 1,--- , Ns, as the creation and annihilation operators of 
a phonon for each mode. 

Phonons for each mode are identical particles satisfying boson statistics. In fact, 
the definition of creation and annihilation operators for phonons can be extended to 
other types of bosons as well. For this, it is first necessary to define the occupation 
number space of bosons. Let us introduce a state in the occupation number space, 


a = Ak, >, ny) : A quantum state where there are nı particles 
in state 1, --- , ng particles in state k, --- 
and ny, particles in state Ns (12.97) 


Then, the creation and annihilation operators for bosons in the kth state, which are 
in general denoted as bi and bz, can be defined as described below. 


Creation and Annihilation Operators for Bosons 


For the state in the occupation number space defined by Eq. (12.97), creation 
and annihilation operators for bosons in the kth state are defined by 


biin, saa gigo My) = Vnk + lni, sme F aeae giy (12.98) 

bein, mat Mey so 4 My.) = vR > me — ly: ys (12.99) 
and satisfy the following commutator identities: 

(6), bf) = 84x, (12.100) 

[b', bt] = (6), bk] = 0. (12.101) 


Then, the state in the occupation number space, Eq. (12.97), can be expressed 
as 


oe. 
e za). (12.102) 


Rie nee any = 
nx! 


k= 


where |vac) is the vacuum state without any boson particles occupying the 
states. Note that the above definition is independent of the order of creation 
operators for different indices because they commute with each other. 
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The creation and annihilation operators introduced above define a number 
operator nz = ai ay for bosons in the state k as follows: 


blbx\ni, < Ank, My.) = ng|N1,°°° Nk: My.) (12.103) 
which can be shown directly by consecutive applications of Eqs. (12.98) 
and (12.99). 

The creation and annihilation operators defined above can also be used for 
photons, which are bosons, for each frequency and polarization direction. If photons 
are confined in a small volume, only certain frequencies satisfying the boundary 
conditions are allowed. Thus, the states of photons in such case are discrete. 
However, as the volume becomes infinite, the spectrum of photon frequencies 
becomes continuous and the corresponding Hamiltonian of light involves integration 
over the entire frequency range. 

For fermions such as electrons, the occupation number state such as Eq. (12.97) 
can still be used. However, the number of particles in each state can be only either 
0 or 1. In addition, exchange of the states of two particles should result in change 
of the sign of the state. All of these properties can be naturally encoded by defining 
creation and annihilation operators satisfying different identities as described below. 


Creation and Annihilation Operators for Fermions 


Creation and annihilation operators for states r and s of fermions, at and d,, 
satisfy the following anti-commutation relationship: 


(al, Gs} = Gla, + Ga) = bys. (12.104) 


On the other hand, between annihilation or creation operators, the following 
anti-commutation identities hold. 


{G,, âs} = {â}, ât} = 0. (12.105) 


S 


Then, the state, Eq. (12.97), can be expressed as 


AEN « ny) = ahm ah" ae ah" K (ai y"™ \vac), 
(12.106) 


where |vac) is the vacuum state without any fermion particles occupying the 
states and each n, = O or 1. 
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Equation (12.105) for r = s implies that â? = al? = 0 for each s. On the other 
hand, Eq. (12.104) for r = s implies that âlâ, = 1—4,4;. Thus, combining the two 
cases, we find that 


Ce (12.107) 


The above identity is true only if the eigenvalue of âlâ is either 0 or 1. Thus, the 
number operator for each state s in this case is given by fis = ai dis as well. On the 
other hand, the number operators for different states (r # s) commute with each 
other as shown below. 


A A Lo ATA ATA ATA aya ES atata A afa ata 

[nr Ns] = ajarājas — A, Asa; ay = —A} A, ârâs — A, åså} ay 
= GG Gs, — a! G.4} a, = —âtâ â â, — a! G.G} a, 
= âtââtâ, — a'a,a'a, = 0 (12.108) 
o i a e er aie a one a 


This means that simultaneous diagonalization of any set of the ñ, is possible, which 
validates the occupation number state defined by Eq. (12.106). 

In general, creation of a single boson or fermion particle does not have to be 
limited to a specific state but can be any linear superposition of those for different 
states. In addition, it is often useful to have a definite spatial information on 
the created particle because interactions between particles are local in space, in 
particular, for actual particles such as electrons. For this reason, it is useful to 
consider a general linear combination of creation or annihilation operators projected 
onto the position space. These are called field operators and are defined below. 


Field Operators 


Field operators are linear combinations of creation or annihilation operators 
defined as 


wr) = X veer, (12.109) 
k 


vO => yiwi, (12.110) 
k 


where cx and é. are annihilation and creation operators for either bosons 
or fermions, and w;(r) is the wavefunction (or vector of wavefunctions for 
particles with nonzero spins) for the state k. it is assumed that the summation 
index k runs over a complete set of single-particle quantum states. 
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For the case of bosons, the field operators defined above satisfy the following 
commutator identity: 


VO. WO = Ove ibe bel = Do OVE) 
k 


k K 


= X (riy) yle’) = 8 — r’). (12.111) 
k 


On the other hand, for fermions with spin half such as electrons, the field operator 
defined above satisfy the following anti-commutator identity: 


[iw jie} = D Mar OVE) anak] = Diver OW) 
= Syy Yel We) Welt’) = byyS(r — r’), (12.112) 
k 


where y, y’ represent either spin up or down. 

The field operators defined above can be used to represent physical observables. 
For example, the operator for any one-body function given by a sum of all the 
particles, A = Yj A(r;), can be expressed as 


A= fu TIMAN). (12.113) 


It is also possible to prove that the Hamiltonian operator for identical particles of 
mass m subject to external potential vexr (r) and with pair-wise interaction potential 
Vint (r, r’) can be expressed as 


2 
H= I dr f dr’ $~) (-Evie- o) wr’) + f dr Wi Over $r) 


+5 f far fa FIOD ©) Vint, ODDO). (12.114) 


12.3.2 Ground State (Zero Temperature) Green’s Functions 


For the total Hamiltonian H of an interacting many particle system, let us define 
time dependent field operators in the Heisenberg picture, 


Pay (rt) = BMG, (yet Ah, (12.115) 


Vip, (t) = HEIN GT ye THA, (12.116) 
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Then, the single particle Green’s function with respect to the normalized ground 
state | Wo) is defined as 


Gy (tt, rt) = =i(VolT (day, yO r) |Wo), (12.117) 


where 7 is the chronological time ordering super-operator. Thus, the above Green’s 
functions can be expressed as 


-i (voltu OW h (T, to) 0 > t 


Gy (rt, rt) = i A 3 
Fi(Wol Wy, Ot Way (rt)|Wo) t >t 


(12.118) 


In the second row on the righthand side of the above equation, the — sign is for 
bosons and the + sign is for fermions. This sign convention makes the above 
definition of Green’s function consistent with the commutator and anti-commutator 
identities of bosons and fermions, respectively. Green’s functions for two particle 
field operators can be defined in a similar manner. 

The Green’s function defined above provides direct information on the excitation 
properties. For example, in the Fourier transforms of this Green’s function with 
respect to time and position, the location and strength of poles respectively give 
direct information on excitation energies and strengths. Thus, in combination with 
powerful diagrammatic techniques [18] and more recently with direct numerical 
iteration techniques, which allow calculation of Green’s functions for interacting 
many-particle systems from those for simple reference systems, one can calculate 
the key properties related to ionizations or excitations without going through 
calculation of many-body wavefunctions. 


12.3.3 Nonequilibrium Green’s Functions 


Nonequilibrium Green’s functions serve as important tools for calculating transport 
properties [83, 84] in open environments including the case where there is particle 
exchange with reservoir. Within the Keldysh formalism [85], this can be done by 
defining contour ordered correlation functions of field operators. For this, let us 
omit writing explicitly the spatial coordinates and denote each operator in terms of 
time. Let us also drop the subscript H denoting the Heisenberg picture. 

For any nonequilibrium process that can be defined to have evolved from an 
equilibrium grand canonical distribution in the infinite past, one can define the 
following contour ordered Green’s function : 


Gt, t’) = —i (T; Poth. (12.119) 


where (---) means trace over the grand canonical density operator at infinite past 
(t = —oo) and J; is the normal time ordering operator along the closed time contour 
that starts from —oo to oo and then comes back to —oo. In case t comes later than 
t’ along the contour, G (t, t’) becomes the following greater Green’s function: 
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G> (t, t) = —i lý (TỌ (T). (12.120) 


On the other hand, in case t’ comes later than t along the contour, G(r, t’) becomes 
the following lesser Green’s function: 


G“ (t, t") = Fi lýt (rH). (12.121) 


where the — sign is for bosons and + sign is for fermions. Note that these greater 
and lesser Green’s functions are well defined even when the averaging is over the 
ground state. In fact, the two cases of Eq. (12.118) correspond to these greater and 
lesser Green’s functions. 

It is also useful to define retarded and advanced Green’s functions as follows: 


G” (t, t) = -i O(t — WOW) + HOV) 

= O(t — tT’) (G* (t, t^) — G“ (t, =), (12.122) 
G! (t, t) =iOM — (vO (D+ HCV) 

= Q(t’ — T) (G<(t, Tt^) — G7 (t, T’). (12.123) 


Finally, let us also define two regular time ordered Green functions defined along 
a straight real time line as follows: 


GPG, r) = -iT [itta (12.124) 
GO (t, t’) = -ilit ah, (12.125) 


where 7 is the chronological time ordering super-operator and T is the anti- 
chronological time ordering super-operator. Then, we can show that 
GW (t, t) = O(t — t')G? (t, t) + O(t’ — 1) GX<(z, 7’), 
(12.126) 
GO t,t’) = O(t — 1)G? (t, t) + O(t — t')G<(z, 7’). 
(12.127) 
Combining Eqs. (12.122), (12.123), (12.126), and (12.127), we can also establish 
the following identities: 
G< (t, t) = GP (t, t) — G" (t, t’) 
= GO (t, t’) + G° (t, 1’), (12.128) 
G> (t, t) = GP (t, t) — G2 (t, 7’) 
= GO (r,t) + G" (t, 7’). (12.129) 
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A great deal of dynamical properties in nonequilibrium processes can be 
expressed in terms of the following convolution of contour-order Green’s functions: 


A(t, t) = fanga t1)C (T1, T^). (12.130) 


Langreth [86] showed that the above convolution can be related to those for standard 
types of Green functions employing a two-looped contour which passes through oo 
twice with ¢ and t’ on each loop. Important examples of these are 


AX(t,t') = iz dt {B'(t,)C<G,.0) + B<@,n)C7G,0)}, 2.131) 


A’ (t,t) = T dt, {B7 (t, t1)C" (ti, t) + B" (t, C7 (ti, th}, (12.132) 


OO 
A’(t,t’) = f dt, B” (t, ))C"(t, 1’), (12.133) 
CO 


[0,6] 
AT (t, t) = / dt, B“(t, t))C@(t, t^). (12.134) 
CO 


Application of the above identities makes it possible to reduce expressions for 
nonequilibrium transport properties to those involving standard Green’s functions 
that have clear analogues in the equilibrium case and thus can be calculated 
extending well established techniques for equilibrium Green’s functions. 
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Born-Oppenheimer potential energy, 279 
Bose-Einstein condensation, 185 
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Boundary condition, 21 
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Cauchy-Schwarz inequality, 59, 60 
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principle of, 10 

relationship of, 26 
Center of mass coordinates, 113 
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constant, 157 
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Classical mechanics, 1 
Classical point particles, 1 
Commutator, 47 
Commutator identities, 48 
Configuration interaction, 380 
Coulomb gauge, 357, 359 
Coulomb integral, 265 
Coulomb interaction, 369 
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Density operator, 341, 342 
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reduced system, 404, 406 
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Effective single-electron potential, 242 
Eigenfunction, 15 
Eigenvalue, 15 
Einstein, A., 7 
Electromagnetic field, 3 
Electromagnetic wave, 4 
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Gauge transformation, 357 
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Green’s function, 412 
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Abelian, 300 
definition of, 300 
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matrix representation of, 301 
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order of, 300 
representation of, 301 
theory, 120, 299 
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Hamiltonian operator, 15 
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effective single electron, 268 
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Hamilton’s equations, | 
Harmonic oscillator, 69 
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quantum, 80 
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Hartree approximation, 260, 261, 263 
Hartree-Fock (HF) 
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energy, 268 
equation, canonical form, 372 
equation, restricted, 373 
method, 378 
Heisenberg picture, 333 
Heisenberg’s uncertainty principle, 9 
Helium atom, 254 
Hermite equation, 73 
Hermite polynomial, 75, 154 
Hermite polynomial, recursion relationship, 77 
Hermitian conjugate, 40 
Hessian matrix, 117, 379 
HF-Roothaan equation, 376, 377 
Highest occupied molecular orbital (HOMO), 
310 
Hiickel approximation, 292 
Hund’s rules, 251, 291 
Hydrogen atom, 173 
Hydrogen-like system, 187 


I 

Identity resolution, 392 

Improper rotation, 299 
Independent electron model, 242, 255 
Influence functional, 398 
Interaction picture, 335, 399 
Internal conversion, 316 
Intersystem crossing, 316 
Inversion symmetry, 288, 292 

IR absorption, 87 

IR spectroscopy, selection rules, 86 


J 
Jacobi identity, 49 
jj-coupling, 249 


K 
Keldysh formalism, 419 
Ket, 36 

position, 42 

space, 37 
Kinetic energy, rotational, 149 
Koopmans’ theorem, 287, 288 
Kronecker-delta symbol, 25 


L 
Lagrange multiplier, 367 
Laguerre equation, 179 
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Laguerre polynomial, 178 
Laguerre polynomial, associated, 179 
Lande’s interval rule, 252 
Laplacian, 175 
Laporte’s rule, 253 
LCAO-MO 
approximation, 289, 292, 379 
symmetry adapted, 302, 309 
Legendre equation, associated, 139 
Linear combination, 19 
Lowest unoccupied molecular orbital (LUMO), 
310 
LS-coupling, 248 
Lyman series, 174 


M 
Magnetic permeability, 357 
Magnetic quantum number, 182 
Many-electron atoms, 243 
Marcus rate, 354 
Material wave, 9 
Matrix representation, 303 
Matrix representation, character of, 303 
Maxwell’s equations, 3, 7, 357 
Measurement, 12, 50 

positive operator valued measure (POVM), 

$1 

projective, 51 
Minimum uncertainty state, 78 
Molecular orbital, linear combination of 

atomic orbitals as (LCAO-MO), 280 

Moment of inertia, 135, 138, 150, 153 
Momentum operator, three dimensional, 104 
Morse potential, 88 
Multidimensional space, 101 
Multi-reference, 380 
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Neutron, 185 

Non-radiative transition, 316 
Norm, 39 

Normalization condition, 22 

Normal mode, 118 

Normal mode frequency, 118 


(0) 
Observables 

compatible, 49 

maximally compatible, 49 
Occupation number space, 415 
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Operator, 40 
annihilation, 414, 416 
canonical momentum, 113 
compatible, 49 
creation, 414, 416 
field, 414 
Hermitian, 17, 41, 54 
identity, 41 
linear, 16 
lowering, 79 
number, 416 
raising, 79 
time evolution, 54, 332, 392 
time-ordered exponential, 348 
unitary, 52 
Orbital, 243 
anti-bonding, 284 
bonding, 284 
degenerate, 243 
Orthogonality, 18 
Orthogonality theorem, 307, 317 
Overlap matrix element, 206 


P 
Paschen series, 174 
Path integral, 391 
Pauli exclusion principle, 242 
Pauli principle, 290 
P-branch, 155, 159 
Perturbation approximation, first order time 
dependent, 338 
Perturbation energy 
degenerate first order, 219 
degenerate second order, 221 
first order, 214 
second order, 215 
Perturbation state 
degenerate first order, 222 
degenerate zeroth order, 219 
first order, 214 
second order, 216 
Perturbation theory 
complete active space (CAS), 380 
degenerate, 217 
non-degenerate, 212 
time dependent, 335, 348 
time independent, 210 
Phonon, 414 
Phosphorescence, 316 
Photoelectric effect, 7 
Photon, 8, 185, 416 
energy of, 8 
speed of, 8 
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spin of, 253 
Physical observable, 42 
Planck constant, 7 
Planck, M., 6 
Plane wave, 358 
Point particle, 3 
Point symmetry operation, 298 
Polarizability tensor, 120 
Position basis, 392 
Position bra, three dimensional, 102 
Position ket, three dimensional, 102 
Position representation, 112 
Position representation, multidimensional, 

112 

Potential well-depth, 89 
Principal quantum number, 181, 245 
Product 

associative rule, 39 

direct, 56 

distributive rule, 40 

inner, 38 

outer, 39 
Projection super-operator, 399, 404 
Propagator 

imaginary time, 396 

real time, 392 
Proper rotation, 299 
Proton, 185 


Q 

Q-branch, 155 

Quantum Liouville equation, 342 

Quantum Liouville equation, interaction 

picture, 399 

Quantum Liouvillian, 343 

Quantum master equation (QME), 399 
second order time-local, 408, 411 
second order time-nonlocal, 408 
time-local, 406, 407 
time-nonlocal, 406 

Quantum mechanics, 11 

Quantum number, 22 

Quantum state 
mixed, 341, 342 
pure, 332 

Quantum Trouvaille equation, 398 


R 

Radial probability density, 179 
R-branch, 155, 159 
Rearrangement theorem, 318 
Reduced mass, 115 


Index 


Reflection operator, 299 
Reflection symmetry, 292 
Refractive index, 358 
Relativistic effect, 269 
Representation 

irreducible, 304 

reducible, 304 
R-head reversal, 159 
Ritz combination principle, 174 
Rotating wave approximation, 339 
Rotational Raman 

anti-Stokes transition, 152 

selection rule, 152 

Stokes transition, 152 
Rotational wavefunction, 136 
Ro-vibrational transition, 150, 153 
Russell-Saunders coupling, 248 
Rydberg constant, 173 


S 
Schönflies notation, 301 
Schrödinger equation, 11 
Dirac notation, 106 
time dependent, 24, 55, 332 
time independent, 15 
time independent and three dimensional, 
105 
Schrödinger picture, 332 
Schrédinger’s theory, 9 
Schur’s Lemma, 320 
Second quantization, 414 
Secular equation, 208 
Selection rules, 291 
general many-electron atoms, 253 
orbital angular momentum, 188 
spin, 188 
Self consistent field (SCF) 
approximation, 254, 258, 260 
complete active space (CAS), 380 
Self consistent field (SCF) method, 
multi-configuration (MC), 380 
Separation of variables, 109 
Separation of variables method, 102, 111 
Shell, 243 
Singlet-singlet transition, 254 
Slater determinant, 263, 364 
Slater-type basis function, 379 
Sodium D lines, 254 
Spectroscopy 
atomic, 252 
electronic absorption, 315 
IR, 86, 120, 311 
microwave, 150 
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photoelectron, 288 
Raman, 120, 311 
rotational Raman, 150, 152 
selection rule, 311 
vibrational, 86 
vibrational Raman, 87 
Spherical harmonics, 141, 175 
Spin eigenstate, 185 
Spin multiplicity, 290, 316 
Spin operator, 185 
Spin-orbit coupling, 187, 316 
Spin-orbit interaction, 269 
Spin quantum number, total, 245, 247 
Spin states 
antisymmetric, 246 
symmetric, 246 
Stationary state, 14 
Stokes vibrational transition, 88 
Super-operator 
negatively time ordered exponential, 400 
positively time ordered exponential, 400 
Symmetry, 297 
Symmetry element, 298 
Symmetry operation, 298 
Symmetry operation, point, 298, 301 


T 

Term symbol, molecular, 289 
Time local equation, 403 

Time ordering, chronological, 348 
Total spin quantum number, 185 
Trace, 343 

Transition dipole, 339 

Trial state, 206 

Triplet, 246 

Triplet-triplet transition, 254 
Trotter factorization, 392 
Two-electron spin-orbit state, 246 
Two-electron orbital state, 246 
Two-electron spin state, 246 


U 

Ultraviolet divergence, 7 

Uncertainty principle, Heisenberg’s, 61 
Uncertainty relationship, general, 59, 61 
Ungerade, 283 

Unitary transformation, 53, 344 


v 
Vacuum state, 414 
Variational principle, 204, 280 
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Velocity, phase, 4 
Vibrational modes 
IR active, 120 
Raman active, 120 
silent, 120 
Vibrational Raman 
anti-Stokes transition, 88, 120 
selection rules, 88 
Stokes transition, 88, 120 
Vibrational term, 87 


Ww 

Wave, 3 

Wavefunction, | 1 
Wavelength, 4 

Wavelength, de Brogile’s, 9 
Wave-particle duality, 10 
Wavevector, 4 


Z 
Zeeman effect, 182 
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